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a b s t r a c t 

Subspace clustering refers to the problem of finding low-dimensional subspaces (clusters) for high- 

dimensional data. Current state-of-the-art subspace clustering methods are usually based on spectral 

clustering, where an affinity matrix is learned by the self-expressive model, i.e., reconstructing every data 

point by a linear combination of all other points while regularizing the coefficients using the � 1 norm. 

The sparsity nature of � 1 norm guarantees the subspace-preserving property (i.e., no connection between 

clusters) of affinity matrix under certain condition, but the connectedness property (i.e., fully connected 

within clusters) is less considered. In this paper, we propose a novel affinity learning method by incor- 

porating the sparse representation and diffusion process. Instead of using sparse coefficients directly as 

the affinity values, we apply the � 1 norm as a neighborhood selection criterion, which could capture the 

local manifold structure. An effective diffusion process is then deployed to spread such local information 

along with the global geometry of data manifold. Each pairwise affinity is augmented and re-evaluated by 

the context of data point pair, yielding significant enhancements of within-cluster connectivity. Extensive 

experiments on synthetic data and real-world data have demonstrated the effectiveness of the proposed 

method in comparison to other state-of-the-art methods. 

© 2018 Elsevier Ltd. All rights reserved. 
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. Introduction 

Many computer vision problems, such as image compression

1] , motion segmentation [2] and face clustering [3] , have to deal

ith high-dimensional data. The high-dimensionality of data not

nly results in high computational cost of time and memory for

elated algorithms, but more importantly, could also degrade their

erformances due to the inevitable noise and insufficient number

f samples with respect to its feature dimension, commonly re-

erred to as the “curse of dimensionality” problem [4] . Fortunately,

ven though many data are high-dimensional, their intrinsic di-

ension is often much lower than the dimension of the ambient

pace [5] , which has motivated many researchers to develop var-

ous techniques for finding low-dimensional subspaces for high-

imensional datasets. A natural idea is dimensionality reduction,

uch as Principal Component Analysis (PCA), Linear Discriminant

nalysis (LDA), in which a common assumption is that the data lie

n only one low-dimensional subspace. However, the assumption

s generally not true in practice. High-dimensional data are usually

rawn from several low-dimensional subspaces corresponding to

ultiple categories or classes to which the data belong [6] . In such

cenarios, the task of clustering a high-dimensional dataset into
∗ Corresponding author. 
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ultiple classes becomes a task of assigning each data point to

ts own subspace while preserving the underlying low-dimensional

ata structure, a problem known in the literature as subspace clus-

ering [5] . 

In terms of machine learning and computer vision, existing sub-

pace clustering methods can be categorized into four groups, in-

luding algebraic methods [7,8] , iterative methods [9,10] , statistical

ethods [11,12] , and spectral clustering-based methods [6,13–16] .

mong them, the spectral-clustering based methods have become

xtremely popular due to their theoretical foundation, and empir-

cal success. They generally include two steps: (1) constructing an

ffinity matrix; and (2) applying spectral clustering to the affinity

atrix. In this paper, we focus on the first step as it is of essence

or the success of spectral clustering. 

The most commonly used affinity learning method is the Gaus-

ian kernel, where a global bandwidth σ has to be carefully tuned.

uite a few approaches have been proposed for learning a local

daptive σ [17–19] . The ideas are somewhat similar as stated be-

ow: for each data point, use a local σ which is defined by the

istances to its k -nearest neighbours. However, when dealing with

igh-dimensional data, these methods are susceptible to the pres-

nce of noisy and irrelevant features [20] . Instead of using Eu-

lidean distance based Gaussian kernel, a tree-structure affinity

earning method was proposed in [21] . Considering the travel path

rom root node to leaf node, this method derives the affinity val-

es that are proportional to the number of nodes travelled together

https://doi.org/10.1016/j.patcog.2018.07.002
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patcog
http://crossmark.crossref.org/dialog/?doi=10.1016/j.patcog.2018.07.002&domain=pdf
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Fig. 1. Visualization of affinity matrices after different iterations of the diffusion process: (a) C 0 is the original coefficient matrix obtained by SSC( � 1 norm), (b) −(d) C t are 

the matrices after t steps of diffusion process applied on C 0 . Clearly, as the diffusion process goes forward, the block-diagonal structure of the affinity matrix becomes more 

evident. 
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by a pair of data points. More recently, a novel affinity learning

approach based on fuzzy set was proposed in [20] . By exploit-

ing discriminative feature subspaces, this method can capture and

combine subtle similarity information distributed over feature sub-

spaces, resulting in more accurate and robust affinity estimation. 

State-of-the-art methods for constructing the affinity matrix in

terms of subspace clustering are based on the self-expressiveness

property of the data [6] , i.e., each data point in a union of sub-

spaces can be efficiently reconstructed by a linear combination of

all other data points: x j = 

∑ 

i � = j c i j x i , where the coefficient c ij is

used to define the affinity between points i and j as w i j = | c i j | +
| c ji | . However, this leads to an ill-posed problem with many possi-

ble solutions [5] . In order to deal with this issue, the principle of

sparsity is employed. Specifically, every point is represented by a

sparse linear combination of all other data points while regulariz-

ing its coefficient matrix. The problem can be formulated as: 

min 

C 
|| C || s . t . X = XC, diag (C ) = 0 , (1)

where X = [ x 1 , . . . , x N ] is the data matrix, C = [ C 1 , . . . , C N ] is the co-

efficient matrix, and || · || is a properly chosen norm. 

Which norm is a sensible choice? In Sparse Subspace Cluster-

ing (SSC) [6] , the � 1 norm is used for || · || as a convex relaxation

of the � 0 norm to promote the sparseness of C . As pointed out

by [6,22,23] , even though the coefficients obtained by SSC could

be subspace preserving ( c i j = 0 when x i and x j are not in the

same subspace), its connectivity may be poor (i.e., c i j = 0 even if

x i and x j are in the same subspace) as the coefficient matrix is

sparse. In the Low-Rank Representation (LRR) [16] and Low-Rank

Subspace Clustering [24] , the nuclear norm || · || ∗ is applied as a

convex relaxation of the rank function. One benefit of the nuclear

norm is that the coefficient matrix is generally dense, in which the

common connectivity issue for sparse representation-based meth-

ods is alleviated. However, such representation matrix is known to

be subspace preserving only when the subspaces are independent

[25] , which significantly limits its applicability since such condition

is not satisfied generally. 

In this paper, the � 1 norm is still used for sparsity constraint in

order to best retain the subspace preserving property, but a diffu-

sion process is adopted for deriving the subspace of affinity graph

to mitigate the connectedness problem. Specifically, the first step

is to learn a sparse affinity matrix by applying the � 1 norm on the

optimization problem of (1) . A diffusion process is then adopted

to spread the affinity values through the entire graph built upon

the affinity matrix. Such a process can be interpreted as a Markov

random walk, where the stochastic affinity (transition) matrix de-

termines the probabilities of walking from one node to another.

Since the affinity matrix learned by � 1 norm is subspace preserv-

ing, the random walk on this matrix is guaranteed to be sub-

space constrained. Therefore, the connectivity within subspace is

significantly enhanced while the subspace preserving property re-

mains unaltered. An illustrative example is given in Fig. 1 . It clearly
emonstrates that based on the sparse affinity matrix obtained by

 1 norm, the proposed method could evidently improve the affin-

ty within subspaces while retain the sparsity between subspaces,

ielding an affinity matrix with exactly block-diagonal structure. 

The paper is organized as following. In Section 2 , we briefly dis-

uss the general model of subspace clustering and several state-of-

he-art diffusion strategies. In Section 3 , we present and justify the

roposed method. The interpretation of our method from graph

nd random walk view is also given. In Section 4 , we compare the

erformance of the proposed method with other state-of-the-art

ethods through experiments on both synthetic and real data. The

onclusion is presented in Section 5 . 

. Related work 

.1. Subspace clustering 

State-of-the-art subspace clustering methods are all built on the

elf-expressiveness property. The choice of the regularizers for the

oefficient matrix is the main difference among these methods.

hile different regularizers have their own advantages and draw-

acks [25–27] propose to use mixed norms. The low-rank sparse

ubspace clustering (LRSSC) method [26] combines the � 1 and nu-

lear norm regularizer as: 

| C || ∗ + λ|| C || 1 , (2)

here λ plays the trade-off between the two regularizers. Like-

ise, a mixture of � 1 and � 2 norms is proposed in [25,27] as: 

|| C || 1 + 

1 − λ

2 

|| C || 2 , (3)

here the value λ represents the trade-off between the two

orms. These methods basically attempt to bridge the gap between

he subspace preserving and connectedness property by controlling

he trade-off between different norms. 

Feng et al. [28] proposes to explicitly impose a block-diagonal

onstraint by fixing the rank of Laplacian matrix. One benefit of

his approach is that it can be applied to all the affinity construc-

ion methods directly. The Structured Sparse Subspace Clustering

SSSC) [29] integrates the two stages, affinity learning and spectral

lustering, into one unified optimization framework. Their observa-

ion is that the clustering results can help the self-expressiveness

odel to yield a better affinity matrix. 

All these subspace clustering methods are based on spectral

lustering, where the affinity matrix is of great importance. Re-

ardless of the various norms used by existing methods, the affin-

ty values are often learned independently. Without considering

he context information when the pairwise affinity is obtained, it

s less likely to capture the underlying manifold. We hence pro-

ose to adopt a diffusion process to iteratively make full use of the

ocal neighborhood structure. Each pairwise affinity is augmented
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nd re-evaluated by their affinities with others, yielding an affinity

atrix which can better represent the true geometry of the data

anifold. 

.2. Diffusion process 

The diffusion process is widely used in the field of information

etrieval [30–34] , where the goal is to retrieve the most similar in-

tances with respect to certain query samples from a potentially

arge database. Conventional approaches are usually based on cal-

ulating pairwise affinity/distance values which are directly used

o rank the most similar elements. One evident limitation of such

pproaches is that the structure of the underlying data manifold is

ntirely neglected. To tackle this, instead of considering pairwise

ffinity individually, a diffusion process can be adopted to derive

ontext sensitive measures, and it has become an indispensable

ool for improving retrieval performance [34] . 

Diffusion process has also been used for image segmentation as

ell [33,35] , where the task is formulated as a clustering problem

sing the image pixels or image patches as the data points. The

iffusion process could learn context-aware affinity by spreading

he affinity following the data manifold. By combining the diffu-

ion process with standard image segmentation method, e.g., Nor-

alized Cut (NCut) [36] , the combined algorithm not only signifi-

antly outperforms the NCut with the original affinities, but also

utperforms many state-of-the-art image segmentation methods

35] . 

There is also work using the diffusion process in the scenario

f semi-supervised learning [37] , where the diffusion is applied on

he class labels. The keynote is to let every data points iteratively

pread its label information to its neighbors until a global stable

tate is achieved. The same idea is adopted by [38] for data de-

oising, where a linear relationship can be derived between class

abels before and after the diffusion process, and then be used to

alculate the coherence error between data before and after de-

oising. However, as claimed by the authors, they do not explicitly

erform any diffusion, rather using a closed form solution of diffu-

ion from [37] to reconstruct a virtual label indicator. 

To obtain a N × N affinity matrix A using diffusion, an undi-

ected graph G = (V, E) is first constructed, consisting of N nodes

 i ∈ V, and edges e i j ∈ E that connect pairs of nodes. The affinity

alues a ij are used to weight the corresponding edges. Then the

iffusion process can be interpreted as a Markov random walk on

 , where the edge weights e i j determine the probabilities of walk-

ng from node i to node j . To illustrate this clearly, we first define

he transition matrix of a random walk as: 

 = D 

−1 A, (4) 

here D is a diagonal matrix with D ii = 

∑ n 
k =1 A (i, k ) . Clearly, P is a

ow-stochastic transition matrix corresponding to the random walk

n the graph G . With a simple update rule A t+1 = A t P, the affinity

atrix after t steps of random walks can be obtained by 

 t = AP t . (5) 

This model was adopted by another well-known retrieval al-

orithm, the Google PageRank system [39] , in which the standard

andom walk is modified in a way that at each time step t , there is

 small probability 1 − α to jump onto an arbitrary node, whereas

he probability of the standard operation of walking to the neigh-

ouring nodes is α. This leads to the following update strategy: 

 t+1 = αA t P + (1 − α) Y, (6)

here Y defines the possible choice of random jump, which en-

bles personalization for individual web user. A similar method

as proposed in [40] , namely the Ranking on Manifolds. The differ-

nce is in the slightly adapted transition matrix P = D 

−1 / 2 AD 

−1 / 2 . 
One drawback of the diffusion process mentioned above is that

he process is applied to the entire graph, in which the noisy

dges could heavily impact its performance. Current state-of-the-

rt methods [35] restricted the diffusion process to the K nearest

eighbor (KNN) graph. Given affinity matrix A , this method sets

 i j = A i j only if x j ∈ KNN ( x i ), otherwise A i j = 0 , and results in a new

pdate strategy as: 

 t+1 = PA t P 
T . (7) 

hile this approach consistently yields the state-of-the-art perfor-

ance in the field of diffusion, it is observed that in practice the

eighborhood number K needs to be set manually and the perfor-

ance is sensitive to the choice of K [34] . 

Paper contributions . In this paper, we exploit the diffusion

rocess to mitigate the connectedness problem of � 1 norm in terms

f subspace clustering. We show that by combining the � 1 norm

nd diffusion process, the learned affinity matrix can be extremely

ffective when used in the scenario of subspace clustering. To the

est of our knowledge, this is the first attempt to adopt the idea

f diffusion process into this field. Since the idea of using � 1 norm

or subspace clustering is originally from Sparse Subspace Cluster-

ng (SSC), we name our method Diffusion-based Sparse Subspace

lustering (DSSC). Our main contributions can be summarized as: 

1. For subspace clustering, instead of combining and balancing

different norms for subspace preserving and connectivity prop-

erty, the � 1 norm is used in the proposed approach and the

corresponding connectivity problem is alleviated by an efficient

diffusion process. We argue that instead of using the sparse

coefficients directly as the affinity values, the � 1 norm serves

more like a neighborhood selection in the DSSC, while the affin-

ity learning is managed by the diffusion process. 

2. From the diffusion point of view, we show that instead of

choosing K nearest neighbors in the Euclidean space, the sparse

property of � 1 norm provides manifold-aware neighborhood

construction, which is locally constrained in the corresponding

subspaces. Applying the diffusion process on the affinity matrix

obtained by � 1 norm yields more appropriate estimation of the

true geodesic distances between data points on the manifold. 

It should be noted that � 1 affinity matrix and KNN affinity ma-

rix are both sparse. However, to construct the neighborhood struc-

ure, � 1 is much more flexible. The reason is that the number of

on-zero elements of each column of � 1 affinity matrix is varia-

ional, which is controlled by the optimization method, while in

NN affinity matrix, they are all fixed to K . Clearly, it is often in-

ppropriate to set a uniform K for all data points, as they are often

ot uniformly distributed. Dense areas need a larger K to cover the

ocal structure, while sparse areas need a smaller K . 

. Diffusion based sparse subspace clustering 

Before introducing the proposed approach, we first formulate

he problem to be addressed in this paper. 

roblem 1. Given a set of data points { x j ∈ R 

D } N 
j=1 

drawn from an

nknown union of k subspaces { S i } k i =1 
of unknown dimensions d i =

im (S i ) , 0 < d i < D, i = 1 , . . . , k, the goal is to cluster these points

nto their corresponding subspaces. 

Sparse Subspace Clustering (SSC) attempts to solve the above

roblem based on the so-called self-expressiveness model, which

tates that each data point can be expressed as a linear combina-

ion of all other data points, i.e., X = XC + E, where C is the co-

fficient matrix and E is the matrix of error (noises or outliers).

n order to guarantee the uniqueness of the solution, the sparsity

onstraint on C is invoked by � minimization, which leads to the
1 
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optimization problem: 

min 

C 
|| C|| 1 + λ|| E|| � s . t . X = XC + E, diag (C) = 0 , (8)

where || · || � represents the Frobenius norm or � 1 norm to handle

noise or outliers. With any � 1 solver, e.g., ADMM, an optimal coef-

ficient C can be obtained by solving the optimization problem (8) ,

which is used to build a symmetric affinity matrix | C| + | C T | later

on. The final data segmentation is obtained by applying spectral

clustering using the affinity matrix. 

As mentioned previously, the key difference among existing

subspace clustering methods lies on the choice of the regularizer.

Clearly, � 1 norm of the coefficient matrix C is the core of SSC. It

gives an optimal unique solution of C with a sensible property,

sparsity. While the reconstruction of a single data point is forced

to use as few coefficients as possible, it is believed that the data

points located in the same subspace should be used as they are

much more similar. Nevertheless, the sparsity property could cause

some problems. In the case of clean data, SSC is guaranteed to be

subspace-preserving, i.e., there are no connections between points

from different subspaces. However, the within-subspace connec-

tions are usually sparse, i.e., C ij could be zero even when x i and x j 
are in the same subspace. It is not a problem as long as the con-

nections are still subspace-preserving. However in the case of noisy

data, there is no theoretical guarantee that the nonzero coefficients

correspond to points in the same subspace. It is then possible for

SSC to make an inappropriate segmentation of the data since the

within-subspace connections are weak while there are noisy con-

nections between subspaces. 

We argue that such a drawback exists in all SSC based algo-

rithms as SSC seeks the sparse coefficients of each data point in-

dependently. The diffusion process is capable of dealing with such

an issue by exploiting the contextual affinities. Given an affinity

matrix W = | C| + | C T | , where C is obtained by solving (8) , we first

normalize the row of W by W = D 

−1 W, where D is a diagonal ma-

trix with D ii = 

∑ n 
k =1 W (i, k ) , then classic diffusion process can be

encoded into computing the power of the affinity matrix, which is

 t = W 

t , (9)

where t corresponds to t steps of the diffusion process. It is obvi-

ous that such a process is sensitive to the step t . In order to make

the diffusion process robust in terms of t , we can consider the ac-

cumulation of all t s. Thus, the diffusion process is reformulated as

below: 

 t = 

t ∑ 

i =0 

W 

i , (10)

where W is assumed to be nonnegative and the sum of each row

is smaller than 1. A stochastic matrix can be used to construct

the matrix that satisfies the requirements. Note that the absolute

eigenvalues are bounded by the largest row sum. Therefore, the

maximum eigenvalues of W is less than 1, resulting in a converged

closed form given by lim t→∞ 

W t = (I − W ) −1 of (10) , where I is the

identity matrix. 

In a graph representation, the relationship between samples are

normally represented by pairwise affinities. Such naive pairwise

representation is too simple to reveal the complex real world data

structure, especially when the data lie on a intricate manifold, and

squeezing the complex relationships into pairwise ones will cer-

tainly result in information loss. A natural was of remedying this

issue is to represent the data as a higher order tensor graph, where

the edge can connect more than two vertices. As demonstrated

by several works [35,41,42] , the higher order tensor graph is in-

deed helpful for revealing the intrinsic relationships among data

points and leads to better performance. Given a graph G = (V, E)

constructed from an affinity matrix W , the tensor product graph
s defined as the Kronecker product of the original graph with it-

elf, G = G 

⊗ 

G . The corresponding affinity matrix is W = W 

⊗ 

W .

n particular, we have 

 (α, β, i, j) = W (α, β) · W (i, j) = w α,β · w i. j . (11)

hus, if W ∈ R 

n ×n , W = W 

⊗ 

W ∈ R 

nn ×nn . The diffusion process is

hen defined on the higher order tensor as 

 t = 

t ∑ 

i =0 

W 

i . (12)

ith the assumption that the maximum row sum of W is less than

, we have 
 

β j 

W (α, β, i, j) = 

∑ 

β j 

w αβw i j = 

∑ 

β

w αβ

∑ 

j 

w i j < 1 . (13)

imilar to (10) , the process (12) also has a closed form solution, 

lim 

→∞ 

W t = lim 

t→∞ 

t ∑ 

i =0 

W 

i = (I − W ) −1 . (14)

ince our goal is to learn a new affinity matrix W 

∗ of size n × n , it

an be defined as 

 

∗ = v ec −1 ((I − W ) −1 v ec(I)) , (15)

here I is the identity matrix and vec is an operation that transfers

 matrix to a vector by stacking all the columns one after another.

he inverse of vec is denoted as v ec −1 . 

While the tensor graph provides an adequate underlying struc-

ure of the data, it is impractical for large scale problems due to

he high storage and computing cost. Therefore, we use an itera-

ive algorithm for the diffusion process on tensor graph. Firstly, we

efine A 0 = W and the update strategy as 

 t+1 = WA t W 

T + I, (16)

here I is the identity matrix. The diffusion process becomes the

teration of (16) until convergence. To prove the convergence of

16) , we transform (16) to 

 t+1 = WA t W 

T + I = W (WA t−1 W 

T + I) W 

T + I 

= W 

2 A t−1 (W 

T ) 2 + W IW 

T + I = . . . 

= W 

t W (W 

T ) t + W 

t−1 I(W 

T ) t−1 + . . . + I 

= W 

t W (W 

T ) t + 

t−1 ∑ 

i =0 

W 

i I(W 

T ) i . (17)

ince the sum of each row is assumed to be less than 1, W 

t = 0 ,

herefore we have lim t→∞ 

W 

t W (W 

T ) t = 0 . Consequently, 

lim 

→∞ 

A t+1 = lim 

t→∞ 

t−1 ∑ 

i =0 

W 

i I(W 

T ) i . (18)

s shown in [35] , it can be proven by induction that 

lim 

→∞ 

t−1 ∑ 

i =0 

W 

i I(W 

T ) i = v ec −1 ((I − W ) −1 v ec(I)) . (19)

ence we have 

lim 

→∞ 

A t+1 = v ec −1 ((I − W ) −1 v ec(I)) . (20)

he iterative algorithm (16) produces the same affinity matrix as

he diffusion process on tensor graph. Once the final affinity matrix

s obtained, the clustering result can be achieved by performing

pectral clustering as described in Algorithm 1 . 
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Algorithm 1 Diffusion based Sparse Subspace Clustering (DSSC). 

Input: A set of data points X n ×d , the regularization parameter λ, 

the number of clusters k . 

1: Solve the � 1 -minimization problem 8 to get the coefficients c i . 

2: Form an affinity matrix W = | C| + | C| T , where C = 

[ c 1 , c 2 , . . . , c n ] . 

3: Normalize the row of W by W = D 

−1 W , where D is a diagonal 

matrix with D ii = 

∑ n 
k =1 W (i, k ) . 

4: Initialize the iteration A 0 = W , t = 0 

5: while not converged do 

6: A t+1 ← WA t W 

T + I

7: t ← t + 1 

8: end while 

9: Construct the corresponding Graph Laplacian matrix L = 

I − D 

−1 / 2 AD 

−1 / 2 , where D is a diagonal matrix with D ii = ∑ n 
k =1 A (i, k ) . 

10: Form the matrix V n ×k by stacking the first k normalized eigen- 

vectors of L corresponding to its k smallest eigenvalues. 

11: Treat each row of V as a data point, and perform k -means to 

get the cluster labels. 

Output: The cluster labels Y . 

Fig. 2. An example of affinity graph for clean data, obtained by different methods: 

(a) sparse, (b) sparse with diffusion. While the cuts remain the same, the within 

subspace connections are clearly enhanced after the diffusion process. The value of 

edge weights are reflected by the thickness of the edges. 
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Fig. 3. An example of affinity graph for noisy data, obtained by different methods: 

(a) sparse, (b) sparse with diffusion. By enhancing the within subspace connections, 

the diffusion process could help to find the ideal cut of the affinity graph. The value 

of edge weights are reflected by the thickness of the edges. 
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.1. A graph view of the diffusion process 

With � 1 minimization, SSC seeks sparse representation for each

ata point individually. The corresponding affinity graph reveals

he pairwise affinity as the “shortest path” between them, which

s susceptible to noise. The proposed DSSC derives the affinity by

onsidering the “volume of paths” through a diffusion process. One

ignificant property is, with � 1 norm, the “volumes of paths” are

estricted in subspaces, resulting in the enhancement of within-

ubspace affinity and the preservation of between-subspace affin-

ty. 

Fig. 2 shows that in the case of clean data, SSC is guaran-

eed to be subspace-preserving, i.e., there are no connections be-

ween subspaces. In such situations, spectral clustering can prop-

rly cut the graph. However, due to the sparse property of � 1 norm,

t is very likely that two points in the same subspace are not

onnected. A diffusion process can accurately complete the graph
or each subspace in such cases, leading to more robust subspace

raphs. 

In the case of noisy data, the advantage of diffusion becomes

ven more significant. As shown in Fig. 3 , when there are noisy

dges between subspaces, spectral clustering might not be able to

nd the ideal cut of the graph. As the pairwise affinity is indi-

idually established in SSC, it can be difficult to distinguish “noisy

dges” from “real edges”. With DSSC, due to the ability to combine

ontextual information, the within-subspace affinities are evidently

nhanced so that the noisy edges can be properly severed by spec-

ral clustering. Real world data are usually noisy, which explains

he significant improvements of DSSC over SSC on real world data

ets, shown in the experiments. 

.2. A random walk view of the diffusion process 

As derived by [43] , the objective function of spectral clustering

an be expressed in the framework of random walk as follows. For

wo disjoint subsets A , A ⊂ V, assume that we run a random walk

tarting with X 0 in the stationary distribution π , we have 

 ( A | A ) = P (X 1 ∈ A | X 0 ∈ A ) (21)

s the probability of the random walk transition from set A to set

 . Then, the goal of spectral clustering is to minimize the objective

unction 

 = P ( A | A ) + P (A | A ) . (22)

As mentioned previously, the proposed diffusion process can

e interpreted as Markov random walks [44] , where the stochas-

ic affinity matrix is the transition matrix that defines probabilities

or walking from one node to another. One crucial observation is

hat for an affinity graph, there will be many connections within a

ubspace, and fewer connections between subspaces. Therefore, if

e start a walker at one node and randomly travel to a connected

ode, the random walk is more likely to stay within the same sub-

pace than travel between different subspaces. Intuitively, diffusion

rocesses can be imagined as random walks starting at every node

n the graph. As the random walks continue, the probabilities of

raveling between nodes within the same subspace increase, while

he probabilities of traveling between subspaces decrease, which

eans P t ( A | A ) < P ( A | A ) as well as P t (A | A ) < P (A | A ) , where P t is the

ransition probabilities after t steps of diffusion process. Let F ∗ be
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Fig. 4. Example of showing how the diffusion process could improve the affinity matrix by leveraging the context information. a (1) 
13 

= 0 , after one iteration a (2) 
13 

= a 12 · a 23 ·
(a 11 + a 22 + a 33 ) . 
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the objective of spectral clustering applied on the affinity matrix

obtained by the diffusion process. In conjunction with Eq. (22) , we

have 

F ∗ = P t ( A | A ) + P t (A | A ) < P ( A | A ) + P (A | A ) = F , (23)

which explains why the diffusion processes can improve the per-

formance of spectral clustering. 

4. Experiments 

The experiments are divided into three parts. In Section 4.1 , we

compare the proposed DSSC to some other state-of-the-art affinity

learning methods. As the proposed DSSC method uses ideas from

both the diffusion and subspace clustering fields, it is necessary to

examine whether DSSC is superior to the state-of-the-art methods

in both fields. In Section 4.2 , we compare DSSC with a state-of-the-

art diffusion method. In Section 4.3 , DSSC is compared with quite

a few subspace clustering methods. The clustering results are eval-

uated using several performance metric: clustering accuracy, clus-

tering error and Normalized Mutual Information (NMI). 

Experimental settings . For the experiments of Hopkins 155

and Extended YaleB, the regularization parameter λ is set to be

the same as they are in the SSC [6] for fair comparison. For all

other experiments, the λ in DSSC and all other parameters in other

methods are chosen by grid search, and those given the best re-

sults are used. The iteration step t in DSSC is set to be 200 for all

experiments, which is found to be large enough to converge. Note

that to speed up the process, one could also set up a convergence

condition, such as || A t+1 − A t || < ε, where ε = 1 e − 4 , and check

this condition in every iteration. The number of classes k is set to

be the true number of classes for all methods. 

Toy example . We first use a toy example to show how the pro-

posed method could improve the affinity matrix by taking the con-

text information into account. Suppose we have an affinity matrix

W 33 that contains affinity values of three data points, as shown in

Fig. 4 ( a ij represents the affinity value between i and j ). For sim-

plicity, we show the affinity value between 1 and 3, a 13 , after one

iteration. According to the updating strategy A t+1 = WA t W 

T + I, we

have 

a (2) 
13 

= a 12 · a 23 · (a 11 + a 22 + a 33 ) . (24)

It can be seen that initially a 13 = 0 , but after one step of the dif-

fusion process, it starts to re-evaluate the affinity value by consid-

ering the context data ( a 12 and a 23 ). Intuitively, we know if A is

similar to B and B is similar to C , then A should be somewhat sim-

ilar to C , i.e., a 13 should not be 0 when a 12 , a 23 > 0. From this toy

example, it can be clearly seen that, the diffusion process can aug-

ment the original affinity values by spreading the context affini-

ties. Instead of considering each pair of data points individually,

the affinity values obtained by the proposed method could lever-

age all affinity information of neighbor data points, yielding more
recise affinity values. We stress its effectiveness when combined

ith � 1 norm. Due to its sparsity constraint, � 1 norm will produce

any 0 affinities within subspace, resulting in poor clustering per-

ormance. By integrating the diffusion process, data pairs will share

heir neighbors and update their affinities iteratively, leading to

ore compact within-subspace affinities. 

.1. Comparison with state-of-the-art affinity learning methods 

The proposed algorithm DSSC, at its core, is an affinity learn-

ng method, where the affinity value is initialized by � 1 -norm and

pdated by the diffusion process. To evaluate the effectiveness of

SSC on affinity learning, we compared it to several other affinity

earning methods: 

• SC . A widely used NJW spectral clustering [45] , where the affin-

ity is obtained by the Gaussian kernel with global bandwidth

sigma. 
• STSC . Self-tuning spectral clustering [17] . The affinity is ob-

tained by the Gaussian kernel with adaptive sigma, which is

defined by the KNN distance. 
• RFSC . Random forest based spectral clustering [21] , is a tree-

structure affinity inference model, where the affinity value is

proportional to the number of nodes traveled together by a pair

of data points, starting from the root node to the leaf node. 
• AFSSC . Fuzzy based affinity learning method [20] , in which the

affinity is defined by data-driven fuzzy membership function.

Instead of using all features in the ambient space, this model

can capture and combine subtle proximity distributed in dis-

criminative feature subspaces. 

While the affinity matrices are learned by different algorithms,

he results are obtained by applying the same NJW spectral clus-

ering on them. The parameters in each method are chosen by grid

earch, as the same in [20] . 

Following the same settings, we redo two experiments in [20] .

he first one is digits clustering on the widely used USPS dataset

46] . This dataset consists of numeric data sampled from the scan-

ing of handwritten digits on the envelopes from the U.S. Postal

ervice. There are in total 9298 images, and each digit image is

ormalized to 16 × 16 grayscale, resulting in a feature vector with

56 dimensions. To fully investigate the performance with respect

o the number of clusters and data points, digit subsets {0,8}, {4,9},

0,5,8}, {3,5,8}, {1,2,3,4}, {0,2,4,6,7} and the full set {0 –9} are used

o test the algorithms. 

Table 1 shows the clustering accuracies of different methods

n the USPS datasets. It can be seen that the proposed DSSC out-

erforms all other competitors in all test cases. While the other

ethods only perform well only on the easy cases, i.e., {0,8} and

1,2,3,4}, DSSC achieves satisfactory results in all cases. Particularly,

n the hard cases, significant accuracy improvements are observed,

4% and 12% in the case of {4,9} and {3,5,8}, respectively. 
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Table 1 

Clustering accuracy on the USPS datasets. 

Dataset {0,8} {4,9} {0,5,8} {3,5,8} {1,2,3,4} {0,2,4,6,7} {0 ∼ 9} 

SC 0.966 0.756 0.829 0.713 0.937 0.713 0.538 

STSC 0.843 0.776 0.724 0.604 0.921 0.622 0.624 

RFSC 0.872 0.738 0.814 0.767 0.945 0.737 0.698 

AFSSC 0.985 0.781 0.902 0.833 0.981 0.805 0.722 

DSSC 0.991 0.922 0.975 0.950 0.987 0.979 0.850 

Table 2 

Clustering NMI on the USPS datasets. 

Dataset {0,8} {4,9} {0,5,8} {3,5,8} {1,2,3,4} {0,2,4,6,7} {0 ∼ 9} 

SC 0.752 0.110 0.653 0.352 0.597 0.706 0.515 

STSC 0.430 0.248 0.424 0.253 0.632 0.609 0.578 

RFSC 0.649 0.235 0.607 0.474 0.854 0.782 0.652 

AFSSC 0.912 0.268 0.682 0.496 0.920 0.834 0.775 

DSSC 0.920 0.607 0.877 0.797 0.946 0.924 0.824 

Fig. 5. Example images from Yale datasets. Each row corresponds to one subject. 
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Table 2 shows the NMI of different methods on the USPS

atasets. The results are consistent with clustering accuracy that

SSC outperforms all other methods in all test cases, and espe-

ially in the hard cases and multi-cluster cases with a large num-

er of clusters, DSSC wins with a large margin compared to the

econd best. 

Next, to fully evaluate the robustness of the affinity matrices,

e test the clustering performances using the KNN affinity matrix,

.e., given an affinity matrix W , we set W i j = W i j if j ∈ knn ( i ), oth-

rwise, W i j = 0 . In the scope of spectral clustering, even though

here is no theoretical result showing that which type of affinity

atrix is better, it has been reported in [21,47] that in practice

NN affinity matrix is more effective than the full affinity matrix,

specially for noisy data. In our experiment, we use face images

rom Yale [48] and CMU-PIE [49] . The Yale dataset contains 165

rayscale images of 15 subjects, and each subject has 11 images

f frontal face with various lighting conditions and minor expres-

ions. CMU-PIE contains 41,368 images of 68 people, each with 13

ifferent poses, 43 different illumination conditions, and 4 differ-

nt expressions. We use all the frontal faces of the 68 people with

o expression or pose, resulting in 20 images per person. Example

mages are shown in Figs. 5 and 6 . All the images are cropped and

own-sampled to 32 × 32 resolution. The raw pixel values are used

s features. 

Fig. 7 presents the clustering performances NMI with respect

o different number of neighbors in the affinity matrices. It can be
een that the proposed DSSC achieves the best results for all values

f neighbourhood size k . It is worth to mention that DSSC achieves

ignificant improvements in the CMU-PIE dataset. One possible

eason is that the face images of PIE used are purely frontal face

ithout any poses or expressions (as shown in Fig. 6 ), resulting

n the satisfaction of our assumption that face images of a single

ubject lie in a linear subspace. It also can be observed that as k

ncreases, DSSC produces more robust results against other meth-

ds. This is very important in real applications where the number

f samples in each class is unknown, or the numbers of samples

re different for each class. Note that we observe the best cluster-

ng results can be obtained with a very small value of k (typically

 < 10). This observation agrees with [21,47] : in practice KNN affin-

ty matrix is more effective than the full affinity matrix ( k = N) for

oisy data, which are face images in our case. 

.2. Comparison with the state-of-the-art diffusion method 

Although the diffusion process has been used for clustering

roblem [33,35] , it is not clear how it will perform on the sub-

pace clustering, where the data is often of high dimension while

he intrinsic dimension is much smaller. To show the effectiveness

f the proposed DSSC, we compare it to: 

• Gaussian . Gaussian affinity based on Euclidean distance. The

bandwidth sigma is locally tuned as in [50] , where it is deter-

mined by the neighbor distance. 
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Fig. 6. Example images from CMU-PIE datasets. Each row corresponds to one subject. 

Fig. 7. Clustering performance (NMI curve) with respect to the neighbourhood size of affinity matrix. Left : Yale. Right : CMU-PIE. 
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• TPG . Affinity learned on Tensor Product Graph [35] , the state-

of-the-art diffusion criteria. It starts with a Gaussian affinity

matrix sparsed by k-nearest neighbor. 
• SSC . Sparse Subspace Clustering [6] . Affinity is learned with � 1 -

norm minimization. 

The clustering results are obtained by applying spectral cluster-

ing on the affinity matrices learned by these methods on synthetic

data and real data. 

Synthetic data . We construct 5 subspaces { S} 5 
i =1 

⊂ R 

100 whose

bases { U i } 5 i =1 
are obtained by U i = T i U, 1 ≤ i ≤ 5 , where U is a ran-

dom matrix of dimension 100 × 5 and T 100 ×100 
i 

is a random rota-

tion. We sample 50 data points from each subspace by X i = U i Q i ,

where the entries of Q i ∈ R 

5 ×50 are independent and identically

distributed samples from a standard Gaussian. To further evaluate

the robustness of these methods, certain percentage of data sam-

ples x are randomly chosen to be corrupted by Gaussian noise with

zero mean and variance 0.2|| x ||. 

Fig. 8 demonstrates the clustering performances of these meth-

ods with respect to different ratio of corruption on the synthetic

data. It can be seen that the proposed DSSC outperforms other

methods on all cases. Gaussian affinity is obviously not working on

such a subspace clustering problem, as it achieves only 50% accu-

racy even with no corruption. Clearly, based on Euclidean distance,

Gaussian affinity cannot capture the geometry of the data mani-
old, which in this case is the low-dimensional subspaces that lie

n the high-dimensional ambient space. SSC performs quite well

hen the corruption ratio is low, which implies that the sparse

epresentation based on � 1 -norm is able to reveal the manifold

tructure of noise-free data. For each data point, the other data

oints invoked by the sparse reconstruction are indeed its “true”

eighbors on the manifold. However, as the noise level increases,

hese subspaces are not mutually independent anymore, result-

ng in inadequate reconstruction coefficients (affinities), which ex-

lains the dramatic degradation of the performance. 

TPG and the proposed DSSC are two methods that involve the

iffusion process. Their crucial advantage is that instead of consid-

ring pairwise measurement, the diffusion process will re-evaluate

he affinity using the context information. As TPG starts with Gaus-

ian affinity, the performance gain of TPG over Gaussian clearly

hows that the diffusion process is able to appropriately estimate

he geodesic distance on the data manifold. However when noise

ercentage is high, the performance of TPG decreases significantly.

ne possible reason is that TPG starts with a KNN version of Gaus-

ian affinity ( W ij � = 0 if and only if x j ∈ knn ( x i )). When the noise

evel is low, the data manifold is closer to a convex subset of

he feature space, where the Euclidean distances of local neigh-

ors are still a sensible estimation of the geodesic distances. As the

oise level increases, the data manifold becomes arbitrary and of-
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Fig. 8. Clustering performance with respect to different ratio of corruption on the synthetic data. 
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Table 3 

Clustering accuracy on face images. 

Methods Gaussian TPG SSC DSSC 

ORL 0.60 0.68 0.72 0.82 

PIE 0.30 0.48 0.75 0.95 
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en curved. In such cases, the Euclidean distances of neighbors can

o longer provide good approximations of the geodesic distances. 

DSSC consistently performs the best on this synthetic dataset.

he success comes from two folds: firstly, DSSC starts with

ffinity matrix learned with � 1 -norm. Such sparse representa-

ion could effectively reveal the true geometry of the data man-

fold, compared to the Gaussian affinity based on Euclidean dis-

ance. Secondly, all the pairwise affinities are augmented by the

ontext of each pair, where the context is defined by the pre-

ious sparse representation. As we can see, in the proposed

SSC method, � 1 -norm serves more like a neighborhood selec-

ion due to its sparse property. Local manifold is revealed by

he sparse coefficients, and then the diffusion process combines

uch local manifolds to a complete global manifold by prop-

gating the neighbor affinities following the geometry of the

ata structure. Using such a coarse-to-fine process, DSSC could

ppropriately estimate subspaces and achieve better clustering

erformance. 

Face images . Given face images of different subjects ob-

ained under various illumination conditions and a fixed pose,

e consider the problem of clustering the images with respect

o their subjects. Under the Lambertian assumption, it has been

hown that the face images of a single subject with varying il-

umination and fixed pose lie in a linear subspace of dimen-

ion 9 [51] . Thus, face clustering can also be considered as a

ubspace clustering problem, where each subject lies in a 9D

ubspace. 

The face image datasets used here are ORL and CMU-PIE [49] .

RL contains 400 grayscale face images of 40 subjects, each with

0 images of near frontal poses, various lighting conditions and

light facial expressions. 

To demonstrate the effectiveness of DSSC, we first evaluate the

ffinity matrices obtained by different methods, which could qual-

tatively reflect the performance of affinity learning. Fig. 9 shows

he visualization of these affinity matrices, obtained directly by ap-

lying MATLAB function imagesc() . The ground truth of affinity ma-

rix should have block-diagonal structure, as all data samples are

rganized so that samples in the same cluster stay together. 

F

It can be seen that the affinity matrices obtained by DSSC show

uch more clear block-diagonal structure and more sparse off-

iagonal parts (between-class affinities), compared to the other

ethods. Specifically, in the case of ORL, due to the existence

f noise produced by face expressions and minor face poses, the

ain concern is the between-class affinity. Comparing the affinity

atrices of SSC and DSSC, it clearly shows that DSSC could sig-

ificantly reduce the between-class affinity. In the case of CMU-

IE, the within-class affinity is the concern. SSC produces highly

parse affinity matrix by � 1 -norm, which causes low affinity val-

es even within the same class. By propagating the local con-

ext affinities, DSSC successfully re-evaluates the affinity values and

roduces nearly perfect block-diagonal structure. The affinity ma-

rices of Gaussian and TPG are clearly worse as they are all based

n Euclidean distance. These face images lies in high-dimensional

eature space (1024D) while their intrinsic dimension is very low

9D), hence the Euclidean distance cannot represent the geodesic

istance. 

Table 3 shows the clustering performances obtained by ap-

lying spectral clustering on these affinity matrices. It can be

een that clustering performance coincides well with the qual-

ty of the affinity matrix. Gaussian and TPG, based on Gaus-

ian affinity, achieve unsatisfactory results on both ORL and PIE

atasets. While SSC produces reasonable results on these face im-

ges, clustering performances have been boosted with large mar-

ins by the proposed DSSC, 10% and 20% on ORL and PIE, re-

pectively. It should be noted that DSSC achieves nearly per-

ect clustering on PIE, which is also shown by the optimal

lock-diagonal structure of the corresponding affinity matrix in

ig. 9 . 
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Fig. 9. Visualization of affinity matrices obtained by different methods. Top : ORL. Bottom : PIE. 

Fig. 10. Example frames from videos in the motion segmentation dataset Hopkins 155 [52] . 

Table 4 

Motion Segmentation Errors (%) on Hopkins 155 Dataset. 

Methods LRR [16] LRSC [24] LSR [54] BDSSC [28] SSC [6] SSSC [29] DSSC 

2 motions 3.76 3.69 2.20 2.29 1.95 1.94 1.68 

3 motions 9.92 7.69 7.13 4.95 4.94 4.92 4.64 

All 5.15 4.59 3.31 2.89 2.63 2.61 2.35 
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4.3. Comparison with state-of-the-art subspace clustering methods 

In this section, we evaluate the proposed DSSC algorithm on

two commonly used datasets in the field of subspace clustering,

Hopkins 155 [52] and Extended Yale B [53] , against other state-of-

the-art subspace clustering methods, i.e., SSC [6] , SSSC [29] , LRR

[16] , LSR [54] , BDSSC [28] , LRSC [24] . The experimental results of

these methods are cited directly from [29] , which provides a fair

comparison as we use exactly the same experimental settings, as

introduced in [6] . 

Hopkins 155 . Motion segmentation refers to the problem of

segmenting a video sequence of multiple rigidly moving objects

into multiple spatiotemporal regions that correspond to different

motions in the scene [6] (see Fig. 10 ). The objects are often rep-

resented and tracked by a set of feature points through all frames

in the video. Stacking the trajectories of all feature points, we ob-

tain a data vector that represents the motion of the corresponding

object. Under the affine projection model, all feature trajectories

associated with a single rigid motion lie in an affine subspace of

dimension not more than 3 [6] . Therefore, motion segmentation

reduces to the problem of clustering these trajectories in a union

of subspaces. 
We evaluate the proposed DSSC algorithm against the state-

f-the-art subspace clustering methods on the Hopkins 155 mo-

ion segmentation dataset [52] . It consists of 155 video sequences,

here 120 of them contain two motions and 35 contain three

otions. We evaluate the average performance on three different

ases: 2 motions, 3 motions, and all. It can be clearly seen from

able 4 that the proposed DSSC achieves the best performances on

ll cases. 

Extended Yale B . In the last experiments, we evaluate the clus-

ering performance of the proposed DSSC against the same state-

f-the-art subspace clustering methods used for Hopkins 155 on

he Extended Yale B dataset [53] . This dataset contains 2414 frontal

ace images of 38 subjects, with 64 images per subject acquired

nder different illumination conditions. In terms of subspace seg-

entation, this dataset is more challenging than the Hopkins 155

ataset due to the heavy noise, high-dimensional space, and large

umber of subspace in the data. In our experiments, we fol-

ow exactly the same settings as introduced in [6] : (1) each im-

ge is down-sampled to be 48 × 42 pixels, resulting in a 2,016-

imensional data point per image; (2) all the 38 subjects are

ivided into 4 groups, i.e., 1–10, 11–20, 21–30, and 31–38. For

he first three groups, we conduct experiments using all possible
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Table 5 

Clustering errors (%) on the Extended Yale B Dataset. 

Methods LRR [16] LRSC [24] LSR [54] BDSSC [28] SSC [6] SSSC [29] DSSC 

2 subjects 6.74 3.15 6.72 3.90 1.87 1.27 0.61 

3 subjects 9.30 4.71 9.25 17.70 3.35 2.71 1.25 

5 subjects 13.94 13.06 13.87 27.50 4.32 3.41 2.80 

8 subjects 25.61 21.25 25.98 33.20 5.99 4.15 4.04 

10 subjects 29.53 29.58 28.33 39.53 7.29 5.16 4.84 
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hoices of n ∈ 2, 3, 5, 8, 10 subjects, and all possible choices of n ∈ 2,

, 5, 8 for the last group. 

Experimental results are presented in Table 5 . It can be ob-

erved that the proposed DSSC once again achieves the best results

n all cases. It is worth noting that on this more challenging data

et, DSSC records more significant improvements compared to the

tate-of-the-art methods. 

. Conclusion 

In this paper, we proposed a novel affinity learning method

hat combined with spectral clustering, named as Diffusion based

parse Subspace Clustering, which successfully incorporates the

deas from both diffusion and subspace clustering. Comparing to

he original diffusion method, which uses Gaussian affinity and

anually enforced KNN sparsity, DSSC applies � 1 norm that nat-

rally produces sparse affinity based on the optimal reconstruc-

ion. For subspace clustering problem, where the data are often

rawn from low-dimensional subspaces which lies in very high-

imensional feature space, we have qualitatively and quantitatively

hown that � 1 norm affinity is a more sensible choice to estimate

he geometry of the data manifold than the Euclidean distance

ased Gaussian affinity. Comparing to Sparse Subspace Clustering,

e have demonstrated that � 1 norm could serve as a neighborhood

election criteria which captures local manifold structure, while a

imple yet effective diffusion process can be used to reevaluate all

he affinities by spreading the local structure following the global

eometry of the data manifold. Extensive experiments on various

ypes of data have shown the superiority of the proposed DSSC

ethod over the state-of-the-art methods, both in diffusion and

ubspace clustering fields. 

In the future, it will be interesting to study the effect of differ-

nt methods for solving � 1 minimization. It has been observed that

ome small reconstruction coefficients could degrade the clustering

erformance. Hence, the DSSC could be further improved when a

 1 solver producing more clean coefficients is employed. Another

ossible work would be the combination of the proposed affinity

earning method with other clustering algorithms that make use of

n affinity matrix. 
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