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Abstract—Chow and Liu considered the problem of ap-
proximating discrete joint distributions with dependence tree
distributions where the goodness of the approximations were
measured in terms of KL distance. They (i) demonstrated that the
minimum divergence approximation was the tree with maximum
sum of mutual informations, and (ii) specified a low-complexity
minimum-weight spanning tree algorithm to find the optimal
tree. In this paper, we consider an analogous problem of approx-
imating the joint distribution on discrete random processes with
causal, directed, dependence trees, where the approximation is
again measured in terms of KL distance. We (i) demonstrate
that the minimum divergence approximation is the directed tree
with maximum sum of directed informations, and (ii) specify
a low-complexity minimum weight directed spanning tree, or
arborescence, algorithm to find the optimal tree. We also present
an example to demonstrate the algorithm.

I. INTRODUCTION

Numerous statistical learning, inference, prediction, and
communication problems require storing the joint distribution
for a large number of random variables. As the number of
variables increases linearly, the number of elements in the joint
distribution increases multiplicatively by the cardinality of the
alphabets. Thus, for storage and analysis purposes, it is often
desirable to approximate to the full joint distribution.

Bayesian networks is an area of research within which
methods have been developed to approximate or simplify a
full joint distribution with an approximating distribution [1]-
[10]. In general, there are various choices of the structure
of the approximating distribution. Chow and Liu developed
a method of approximating a full joint distribution with a
dependence tree distribution [11]. The joint distribution is
represented as a product of marginals, where each random
variable is conditioned on at most one other random variable.
For Bayesian networks, graphical models are often used to
represent distributions. Variables are represented as nodes and
undirected edges between pairs of variables depict statistical
dependence. A variable is statistically independent of all of the
variables it does not share an edge with, given the variables it
does share an edge with [10]. The dependence tree distribu-
tions have graphical representations as trees (a graph without
any loops). Chow and Liu’s procedure efficiently computes
the “best” approximating tree for a given joint distribution,
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where “best” is defined in terms of the Kullback-Liebler (KL)
divergence between the original joint distribution and the
approximating tree distribution [11]. They also showed that
finding the “best” fitting tree was equivalent to maximizing a
sum of mutual informations [11].

This work will consider the specific setting where there are
random processes with a common index set (interpreted as
timing). In this setting, there are several potential problems
with using the Chow and Liu procedure. First, applying the
procedure would intermix the variables between the different
processes. For some research problems, it is desired to keep
the processes separate. Second, the procedure would ignore the
index set, which would result in a loss of timing information
and thus causal structure, which could be useful for learning,
inference, and prediction problems. Third, the Chow and Liu
procedure becomes computationally expensive. For example,
if there are four processes, each of length 1000, the Chow and
Liu procedure will search for the best fitting tree distribution
over the 4000 variables (trees over 4000 nodes). Even if there
are simple, causal relationships between the processes, the
procedure will be computationally expensive.

We will present a procedure similar to Chow and Liu’s, but
for this setting. To do so, we will use the framework of directed
information, which was formally established 20 years ago by
James Massey in his ISITA paper [12]. Analogous to the result
of Chow and Liu, finding the “best” fitting causal dependence
tree (between the processes) is equivalent to maximizing a sum
of directed informations. Unlike the Chow and Liu procedure,
however, our procedure will keep the processes intact and will
not ignore the timing information. Thus, our procedure will be
able to identify causal relationships between the processes.
Also, we propose an efficient algorithm which will have
a computational complexity that scales with the number of
processes, but not the length of the processes. In the above
example of four processes of length 1000, the search for
the best fitting causal tree distribution will be over the four
processes (directed trees over four nodes). Lastly, we present
an example of the algorithm, where it identifies the optimal
causal dependence tree distrubtion, in terms of KL distance,
for a set of six random processes.



II. DEFINITIONS

This section presents probabilistic notations and
information-theoretic definitions and identities that will
be used throughout the remainder of the manuscript. Unless
otherwise noted, the definitions and identies come from
Thomas and Cover [13].

« For integers ¢ < j, define xf 2 (24, ..

define 2" £ 27 = (21,...,2,).

o Throughout this paper, X corresponds to a measurable
space that a random variable, denoted with upper-case
letters (X)), takes values in, and lower-case values © € X
correspond to specific realizations.

o Define the probability mass function (PMF) of a discrete
random variable by

Px (r) 2 P (X =1).

, ;). For brevity,

o For a length n, discrete random vector, denoted as X" £
(Xy,---,X,), the joint PMF is defined as

Let Pxn (-) denote Pxn (z™) (when the argument is
implied by context).

e For two random vectors X" and Y™, the conditional
probability P(X™|Y™) is defined as

P(X™Y™)
P(Yym™)

o The chain rule for joint probabilities is

P(X"|y™) 2

n
PXn‘Yn (In‘y") = HPX”X'L'fl’Yn ($i|.13i71,yn) .
i=1

o Causal conditioning Pxn|jy« (z"||y"), introduced by
Kramer [14], is defined by the property

PXnHyn (anyn) £ HPXi|X7:—17y7: ($i|$i_1,yi) (l)
i=1
o For two probability distributions P and @) on X, the

Kullback-Leibler divergence is given by
PX) P(x)

D(PIQ) £ Ep [mg} = 3" P(x)log
ax) " 2,

Q(x)

e The mutual information between random variables X and
Y is given by

> 0.

I(X;Y) 2 D (Pey ()| Px()Pr() (2a)
~ Ep, [mg W] (2b)
_ e o Py x (y|r) .
= ;{%PX,M ) log = 5= 20)

The mutual information is known to be symmetric:
I(X;Y) = I(Y; X).

o We denote a random process by X = {X;}7,, with
associated Px(-) which induces the joint probability
distribution of all finite collections of X.

o The directed information from a process X to a process
Y, both of length n, is defined by

(X —Y) G
1
2 Lo ) )
n
1 — .
=—) VXY™ o)
=1
1> PY‘\Xi yi-1 (Yi|Xi7Y1'_1)
= 2 Prae o8 R - 3d
n ; Pyi yi og P}Q‘Yi71 (}/HY’Lfl) ( )
= 7E " n 1 3
Pxn v |: Pyn (Yn) ( e)
1
= ED (PynHX" (Y™||X™) || Pyn (Y”)) . 3D

Directed information was formally introduced by Massey
[12]. It was motivated by Marko’s work [15]. Related
work was independently done by Rissanen [16]. It is
philosophically grounded in Granger causality [17]. It has
since been investigated in a number of research settings,
and shown to play a fundamental role in communication
with feedback [12], [14], [15], [18]-[20], prediction with
causal side info [16], [21], gambling with causal side
information [22], [23], control over noisy channels [18],
[24]-[27], and source coding with feed forward [23],
[28]. Conceptually, mutual information and directed in-
formation are related. However, while mutual information
quantifies correlation (in the colloquial sense of statistical
interdependence), directed information quantifies causa-

tion.
o Denote permutations on {1,--- ,n} by 7(-).
o Define functions, denoted by j(-), on {1,--- ,n} to have

the property 1 < j(i) <i <n.
III. BACKGROUND: DEPENDENCE TREE APPROXIMATIONS

Given a set of n discrete random variables X" =

{X1,Xo,---,X,}, possibly over different alphabets, the
chain rule is
Pxn () = Px,xn1 () Px,_jjxn—2() " Px, ()

= Py O] Praxes ()
1=2

For the chain rule, the order of the random variables does not
matter, so for any permutation 7(-) on {1,---n},
Pxe () = HPXﬂanw(z‘—l)an(i—a)»"' Koy ()
i=1

Chow and Liu developed an algorithm to approximate a
known, full joint distribution by a product of second order
distributions [11]. For their procedure, the chain rule is ap-
plied to the joint distribution, and all the terms of the form
Py Xty X iay o X1y (+) are approximated (possibly
exactly) by Px_(x, ., (-) where j(i) € {1,---,i—1}, such
that the conditioning is on at most one variable. This product
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Fig. 1. Diagram of an approximating dependence tree structure. In this exam-
ple, Pr =~ Px (1) Px, x4 () Pxs)x6 () Pxy1 x5 () Pxo) x5 () Pxg) x5 ()

of second order distributions serves as an approximation of
the full joint.

Pxn (1) = H PX_ Xy () -
i=1

This approximation has a tree dependence structure. Depen-
dence tree structures have graphical representations as trees,
which are graphs where all the nodes are connected and there
are no loops. This follows because application of the chain
rule induces a dependence structure which has no loops (e.g.,
no terms of the form Py p (a|b) Ppjc (b|c) Poja (cla)), and
this is a reduction of that structure, so it does not introduce
any loops. An example of an approximating tree dependence
structure is shown in Figure 1. In general, the approximation
will not be exact. Denote each tree approximation of Pxn (z")
by Pr(z™). Each choice of m(-) and j(-) over {1,--- ,n}
completely specifies a tree structure 7. Thus, the tree approx-
imation of the joint using the particular tree 7" is

Pr(a}) £ T P %o (@l 2ngian) @)

i=1

Denote the set of all possible trees T by T.

Chow and Liu’s method obtains the “best” such model
T € T, where the “goodness” is defined in terms of Kullback-
Liebler (KL) distance between the original distribution and
the approximating distribution [11].

Theorem 1:

arg min D(Px«||Pr) = arg max ZI(Xﬂ(i);Xﬂ(j(i))) (5)

TeT TeT i—1
See [11] for the proof. The optimization objective is equivalent
to maximizing a sum of mutual informations.

They also propose an efficient algorithm to identify this
approximating tree [11]. Calculate the mutual information
between each pair of random variables. Now consider a
complete, undirected graph, in which each of the random
variables is represented as a node. The mutual information
values can be thought of as weights for the corresponding
edges. Finding the dependence tree distribution that maximizes
the sum (5) is equivalent to the graph problem of finding a
tree of maximal weight [11]. Kruskal’s minimum spanning tree
algorithm [29] can be used to reduce the complete graph to a
tree with the largest sum of mutual informations [11]. If mutual
information values are not unique, there could be multiple
solutions. Kruskal’s algorithm has runtime of O(nlogn) [30].

IV. MAIN RESULT: CAUSAL DEPENDENCE TREE
APPROXIMATIONS

In situations where there are multiple random processes, the
Chow and Liu method can be used. However, it will consider
all possible arrangements of all the variables, “mixing” the
processes and timings to find the best approximation. An alter-
native approach, which would maintain causality and keep the
processes separate, is to find an approximation to the full joint
probability by identifying causal dependencies between the
processes themselves. In particular, consider finding a causal
dependence tree structure, where instead of conditioning on
a variable using one auxiliary variable as in Chow and Liu,
the conditioning is on a process using one auxilliary pro-
cess. A causal dependence tree has a corresponding graphical
representation as a directed tree graph, or “arborescence.”
An arborescence is a graph with all of the nodes connected
by directed arrows, such that there is one node with no
incoming edges, the “root,” and all other nodes have exactly
one incoming edge [30].

Consider the joint distribution P,»~ of M random processes
Ay, As,---, Ay, each of length n. Denote realizations of
these processes as dy, ds,--- ,dps respectively. The joint
distribution of the processes can be approximated in an anal-
ogous manner as before, except that instead of permuting the
index of the set of random variables, consider permutations
on the index set of the processes themselves. For a given
joint probability distribution Py (™) and tree T, denote the
corresponding approximating causal dependence tree induced
probability to be

M

B =My A o -
pPr(a”) = H PArr(h)HA‘rr<j(h)) (aﬂ(h)Haﬂ(j(h)))'
h=1

(6)

Let 7¢ denote the set of all causal dependence trees.

As before, the goal is to obtain the “best” such model T,
where the “goodness” is defined in terms of KL distance
between the original distribution and the approximating
distribution.

Theorem 2:

N

arg min D(P||Pr) = arg max > (A, — Anmy) (7)
g m (PlPr) g In: };( () ()



Fig. 2. Diagram of an approximating causal dependence tree structure. In
tﬁis example,
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Proof:
arg min D(P)||Pr)
TeTe
3 PAI\/I (A]VI)
= arg min Ep |[log—=——* ®)
T P PT(A]M)
arg min Ep |[lo 1 ©
—ar mn -y
Tgeﬁ F & PT(AM)
M
= arg mlnz EP|:10gPA-,.-(h)HAﬂ.(7(h))( W(h)HATr(J ):|(10)
TeTle o
M
Pa_ il 1Ar oy A i) || A (n))
= arg max Epllog Arm)|[Ax (i (n))
TeTe ; l PAW(;L (A, (h))
JrZEP [log Pa., ) (Ar(ny) (1)
h=1
M
= arg max "y Arom), 1)
TeTe f; (An(i(n)) (n)

where (8) follows from definition of KL distance; (9) removes
the numerator which does not depend on T; (10) uses (6); (11)
adds and subtracts a sum of entropies; (12) uses (3) and that
the sum of entropies is independent of T. [ |

Thus, finding the optimal causal dependence tree in terms
of KL distance is equivalent to maximizing a sum of directed
informations.

V. ALGORITHM FOR FINDING THE OPTIMAL CAUSAL
DEPENDENCE TREE

In Chow and Liu’s work, Kruskal’s minimum spanning tree
algorithm performs the analogous optimization procedure effi-
ciently, after having computed the mutual information between
each pair [11]. A similar procedure can be done in this setting.
First, compute the directed information between each ordered
pair of processes. This can be represented as a graph, where
each of the nodes represents a process. This graph will have
a directed edge from each node to every other node (thus is a
complete, directed graph), and the value of edge from node X
to node Y will be I(X — Y). An example of an approximating
causal dependence tree, which is depicted as an arborescence,
is in Figure 2. There are several efficient algorithms which
can be used to find the maximum weight (sum of directed
informations) arborescence of a directed graph [31], such as
Chu and Liu [32] (which was independently discovered by

Edmonds [33] and Bock [34]) and a distributed algorithm by
Humblet [35]. Note that in some implementations, a root is
required a priori. For those, the implementation would need to
be applied for each node in the graph as a root, and then the
arborescence which has maximal weight among all of those
would be selected. Chu and Liu’s algorithm has runtime of

O(M?) [31]

VI. EXAMPLE

We will now illustrate the proposed algorithm with an
example of jointly gaussian random processes. For contin-
uously valued random variables, KL divergence and mutual
information are well-defined and have the same properties as
in the discrete case [13]. Since directed information is a sum
over mutual informations (3), it too has the same properties,
hence Theorem 2 analogously applies. Additionally, for jointly
gaussian random processes, differential entropy, which is used
in this example, is always defined [13].

Let Ay, Ao, ---, and Ag denote six zero-mean, jointly
gaussian random processes, each of length n = 50, which we
constructed. Denote the full joint PDF as f(dy,ds, -+ ,ds),
and let f(z) denote the corresponding marginal distribution
of any subset z € {dy,ds, - ,dg}. Let Z be an arbitrary
vector of jointly gaussian random variables. Let Kz denote Z’s
covariance matrix and |K7| its determinant. Letting m denote
the number of variables in Z, the differential entropy h(Z)
is 3 log[(2me)™|K|] [13]. For two jointly gaussian random
processes X" and Y™, the causally conditioned differential
entropy h(Y"||X™) is

Zh Y‘Y’L 1 i)
= Zh(yi,xi) —

n

1 _
= Z B log [(2me)* | Ky xi]

=1

h()/i*l7 XZ)

1 .
—5 log [(271’6)21_1 ‘Kyi—17Xi

= Z % log [(271'6)

=1

]

‘Kyi7Xi

|KYi—1,Xi

The directed information values can be calculated as fol-
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lows. For jointly gaussian processes X" to Y™,
(X" —-Y")

=> IV X'y

i=1

13)

SRV + AV — h(Y, XYY (14)
=1

YY) =AY+ (XL YY) =AY
i=1

—[n(Y", X") = h(Y*"™ )] (15)

DY) = (YT + h(X YT — (Y, X7) (16)
=1
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5 10g )
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where (14) and (15) use identities [13].

The normalized, pairwise directed information values for
all pairs of processes are listed in Table I. The identified
maximum weight spanning tree, using Edmond’s algorithm
[33], [36], is shown in Figure 3. The resulting structure corre-
sponding to the optimal causal dependence tree approximation
is given by

f(ds) f(dallds) f(@sl|ds)
f(@2llds) f(dsl|ds) f (1| ds)-

The KL distance D(f||fr) between the full PDF f(-) and the
tree approximation fr(-) can be computed as follows.

D(f||fr)

fr(dy,da, -, dg)

f(A17A2a"'7A6):|
=E; |lo
f[ ng(A17A27"'aA6)
1
—E|lo Ch(Ay, Ay, A
f[ ng(A17A27"'7A6)] (A1, Ao 2

= h(As) + h(A4||As) + h(A3]|As5) + h(Az]|A3)
+h(Ac||As) + h(A1]|As) — h(A1, Az, -+, Ag).

In this example, the normalized KL distance is z-D(f|| fr) =
0.1968. (The normalization is -= because there are 6n total

: on
variables.)

TABLE I
DIRECTED INFORMATION VALUES FOR EACH PAIR OF THE SIX JOINTLY
GAUSSIAN RANDOM PROCESSES

S A B C D E F

A [ 000000 002339 0.00241 0.00028 0.00026  0.03487
B | 0.15180 0.00000 0.17765 0.00305 0.00322  0.00438
C | 003242 027683  0.00000 0.00385 0.00747  0.01084
D | 0.00995 020656 0.15782  0.00000 0.10509  0.00287
E | 000979 0.19596 0.18543  0.12439  0.00000  0.00233
F | 039425 001782  0.00702  0.00278  0.00265  0.00000

VII. CONCLUSION

This work develops a procedure, similar to Chow and
Liu’s, for finding the “best” approximation (in terms of KL
divergence) of a full, joint distribution over a set of random
processes, using a causal dependence tree distribution. Chow
and Liu’s procedure had been shown to be equivalent to
maximizing a sum of mutual informations, and the procedure
presented here is shown to be equivalent to maximizing a sum
of directed informations. An efficient algorithm is proposed
to find the optimal causal dependence tree, analogous to an
algorithm proposed by Chow and Liu. An example with six
processes is presented to demonstrate the procedure.
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