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ABSTRACT

Visual attributes are high-level semantic descriptions of visual
data that are close to the human language. They have been
used intensively in various applications such as image clas-
sification, active learning, and interactive search. However,
the usage of attributes in subspace learning (or dimension-
ality reduction) has not been considered yet. In this work,
we propose to utilize relative attributes as semantic cues in
subspace learning. To this end, we employ Non-negative Ma-
trix Factorization (NMF) constrained by embedded relative
attributes to learn a subspace representation of image content.
Experiments conducted on two datasets show the efficiency
of attributes in discriminative subspace learning.

Index Terms— Subspace learning, non-negative matrix
factorization, relative attributes

1. INTRODUCTION

Image content representation plays a key role in computer vi-
sion and pattern recognition. Modern techniques such as Bag-
of-Words models of local features (e.g., SIFT [1], Weber [2],
Gabor [3]) represent an image by a very high-dimensional
feature vector. Although this representation leads to relatively
high accuracy in visual recognition and search, it increases
the computation time and, consequently, is improper for real-
time applications. Therefore, developing new algorithms that
generate a compact and informative representation of image
content is highly needed. Perhaps, the most common way
to tackle this problem is learning a subspace of the original
feature space and using this representation for the recognition
tasks. For instance, Principal Component Analysis (PCA) [4]
is the most commonly used algorithm to reduce the dimen-
sionality of feature space. However, the obtained results are
not necessarily discriminative.

Non-negative Matrix Factorization (NMF) [5, 6] is a
parts-based representation technique that has been widely
used in different data mining applications such as blind source
separation and document clustering [7, 8, 9]. In many cases,
NMF is employed to generate a new representation of the
image content from high-dimensional features. The beauty of
this technique is the ability to constrain the NMF to generate a
new representation with desirable properties. For instance, in

Graph regularized NMF (GNMF) [10], a regularizer based on
the Laplacian of the original neighborhood graph is coupled
with the main objective function of NMF, in order to pre-
serve locality within the subspace representation. The label
information of a fraction of data points is used in Constrained
NMF (CNMF) [11] to generate a discriminative subspace.

For several years, the representation of images with vi-
sual attributes has been studied intensively by researchers in
the fields of clustering, classification, object recognition, and
face verification [12, 13, 14, 15]. Generally, these attributes
are observable semantic cues, which can be learned from
low-level features. For example, “smiling” and “dry” can
be considered as attributes of a face or a scene, respectively.
Recently, it has been proposed that relative attributes provide
a richer source of semantic information in images [15] than
binary attributes. They depict the strength of attributes in an
image and can be predicted by pre-learned rank functions. For
each attribute, a single rank function, which is a rank-SVM,
is learned from a set of training data [15]. In this work, we
use predicted relative attributes, as discriminant constraints
to guide a NMF to generate a new subspace of images. More
precisely, the relative attributes are embedded in a regularizer
coupled with the NMF objective function. We call our pro-
posed method Attribute constrained NMF (ANMF).

The rest of the paper is organized as follows: In Section 2,
we briefly recapitulate NMF. In Section 3, we describe our
proposed method. We describe and discuss our conducted
experiments in Section 4. Finally, we draw our conclusion in
Section 5.

2. A REVIEW OF NMF

We consider a data matrix X = [x1, ...,xN ] ∈ RM×N ,
where xi is a feature vector, N is the number of samples
and M is the dimension of the feature vectors. Given a new
reduced dimension K, the NMF algorithm approximates the
matrix X by a product of two non-negative matrices U =
[uik] ∈ RM×K and V = [vjk] ∈ RN×K :

X ≈ UV T (1)

In the new representation, U can be considered as a set of
basis vectors and V = [v1, ...,vN ]T as the coordinates of
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each sample with respect to these basis vectors. One popular
cost function that quantifies the quality of the approximation
is the Frobenius norm of the matrix differences [5]. For the
Frobenius norm, the problem is stated as:

minOF =
∥∥X − UV T

∥∥2
s.t. U = [uik] ≥ 0

V = [vjk] ≥ 0

(2)

While the minimization problem is convex with respect to U
and with respect to V , it is not convex in both variables to-
gether. Therefore, there typically exist many local minima.
In [5], Lee and Seung present update rules for the two mini-
mization problems and prove their convergence. These update
rules are

uik ← uik
(XV )ik

(UV TV )ik
, vjk ← vjk

(XTU)jk
(V UTU)jk

(3)

3. ATTRIBUTE CONSTRAINED NMF

Relative attributes are a rich source of semantic information.
They indicate the strength of an attribute in an image with re-
spect to the others. LetQ ∈ RS×N hold the relative attributes
learned from the images in a separate step, where S is the
number of attributes and N is the number of images. Based
on the introduced matrix, we define a regularizer to be added
to the main objective function of NMF:

OL = α
∥∥Q−AV T

∥∥2 , (4)

where V ∈ RN×K is a K-dimensional subspace representa-
tion of image content to be learned and the matrixA ∈ RS×K

linearly transforms and scales the vectors V in order to obtain
the best match for the matrix Q. The matrix A is allowed to
take negative values and is computed as part of the NMF min-
imization. We arrive at the following minimization problem:

minO =
∥∥X − UV T

∥∥2 + α
∥∥Q−AV T

∥∥2
s.t. U = [uik] ≥ 0

V = [vjk] ≥ 0

(5)

3.1. Update rules

For the derivation of the update rules we expand the objective
to:

O =Tr
(
XXT)− 2Tr

(
XV UT) + Tr

(
UV TV UT

)
+ αTr

(
QQT)− α2Tr

(
QV AT) + αTr

(
AV TV AT

)
(6)

We introduce Lagrange multipliers Φ = [φik], Ψ = [ψjk] for
the constraints [uik] ≥ 0, [vjk] ≥ 0, respectively. Adding the
Lagrange multipliers and ignoring the constant terms leads to

the Lagrangian:

L =− 2Tr
(
XV UT) + Tr

(
UV TV UT

)
+ Tr (ΦU) + Tr (ΨV )

− α2Tr
(
QV AT) + αTr

(
AV TV AT

)
.

(7)
The partial derivatives of L with respect to U , V and A are:

∂L
∂U

= −2XV + 2UV TV + Φ (8)

∂L
∂V

= −2XTU + 2V UTU − α2QTA+ α2V ATA+ Ψ

(9)
∂L
∂A

= −2QV + 2AV TV (10)

For the derivation of the update rules for U and V we solve
the equations ∂L

∂U = 0 and ∂L
∂V = 0 in terms of Φ and Ψ,

respectively, and apply the Karush-Kuhn-Tucker (KKT) con-
ditions φikuik = 0, ψjkvjk = 0 [16]. For A, since we have
no Lagrange multiplier, the update rules can be derived di-
rectly by setting ∂L

∂A = 0 and solving for A. We arrive at the
following equations:

uik ← uik
[XV ]ik

[UV TV ]ik
(11)

vjk ← vjk
[XTU + α(V ATA)− + α(QTA)+]jk

[V UTU + α(V ATA)+ + α(QTA)−]jk
(12)

A← QV (V TV )−1 (13)

where for a matrix M we define M+
ij = (|Mij |+Mij)/2 and

M−ij = (|Mij | −Mij)/2. As expected, the update rule for
U remains the same as in the original algorithm [5], since the
newly introduced terms depend only on the variables V and
A.

4. EXPERIMENTS

We perform our experiments by applying the proposed
method on two image datasets, namely Outdoor Scene Recog-
nition (OSR) and Public Figure Face Database (PubFig) [15].
The OSR dataset contains 2688 images from 8 categories and
PubFig contains 772 images from 8 different individuals. The
OSR images are represented by 512-dimensional GIST [17]
features, while PubFig images are represented by a concate-
nation of GIST descriptors and a 45-dimensional Lab color
histogram [15]. We also utilize the learned relative attributes
for both datasets from [15].

4.1. Evaluation metrics

We use two metrics to evaluate the performance of k-means
clustering on the learned subspaces, each computed by a dif-
ferent method. These metrics are accuracy (AC) and normal-
ized Mutual Information (nMI) [18]. The accuracy indicates
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the percentage of correctly clustered data points, whereas the
normalized mutual information depicts how well the obtained
clusters match the ground truth. The details of these evalua-
tion metrics can be found in [10, 11].

4.2. Setting

We apply the proposed method (ANMF), PCA, and NMF
on the original representations of both datasets to generate
(learn) different subspaces of the data. Then we apply k-
means clustering on the new subspaces and also on the origi-
nal data with k equal to the dimension of subspaces. We per-
form the experiments with k different classes, sampled from
each dataset. In order to obtain representative results, we re-
peat the experiments 10 times for each k. The k-means runs
20 times per experiment and the best result is selected. For the
subspace learning techniques (i.e., PCA, NMF, ANMF), we
always set the new dimension equal to the number of classes.
In ANMF, the regularization parameter is chosen by running a
cross-validation on each dataset. For the OSR dataset and the
PubFig dataset, this parameter was 10 and 100, respectively.

4.3. Results

To visualize the datasets in 2D, we set the subspace dimen-
sion to two. The results are depicted in Figs. 1(a) and 1(b)
for OSR and PubFig datasets, respectively. Here, it is clearly
observable that those images which share similar attributes
are located close to each other. For instance, the OSR images
sharing the openness attribute reside in the bottom left part of
the layout.

The clustering results on the learned subspaces are de-
picted in Fig. 2. Figs. 2(a) and 2(b) show the accuracy
and normalized Mutual Information (nMI) of the cluster-
ing results for the PubFig dataset. The OSR results are
depicted in Figs. 2(d) and 2(e). It can be seen that the pro-
posed method outperforms the other techniques significantly
on both datasets. For the PubFig dataset we even achieve
75% − 85% accuracy. The convergence rate of the proposed
algorithm applied on each dataset is presented in Figs. 2(c)
and 2(f). The algorithm converges quickly after 20 iterations
and therefore can be considered computationally efficient.

The experimental results confirm that the proposed method
learns the bases with different semantic attributes success-
fully.

5. CONCLUSIONS

We proposed to use relative attributes in the context of NMF
to learn different discriminative subspaces of image content.
In contrast to other works, where label information is used
to increase the discriminative property of the subspace repre-
sentation, the proposed algorithm uses predicted relative at-
tributes. We embedded these relative attributes in a regular-

(a)

(b)

Fig. 1. 2D visualization of the datasets computed by the pro-
posed method (ANMF); (a) OSR dataset; (b) PubFig dataset.
Images sharing the same attribute are located close to each
other.

izer coupled with the main objective function of NMF. We
solved the optimization problem by deriving an updating rule
for the subspace representation. Our experiments on two im-
age datasets confirm that the learned subspaces are very dis-
criminative and produce good clustering results in compari-
son to other state-of-the-art methods. It will be interesting to
examine whether the usage of relative attributes is also ben-
eficial in other domains such as dictionary learning, kernel
learning, automatic search and recognition.
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Fig. 2. Clustering results computed by PCA (cyan), NMF (black), ANMF (blue) and original data (red) evaluated by accuracy
(AC) and normalized mutual information (nMI). (a) and (b) show the AC and nMI for the OSR dataset, respectively. (c) and (d)
show the AC and nMI for the PubFig dataset, respectively.

Table 1. Clustering results of different subspace learning methods on the PubFig dataset

Accuracy (AC) normalized Mutual Information (nMI)
k KMeans PCA NMF ANMF KMeans PCA NMF ANMF
2 86.0± 14.5 85.7± 14.6 86.0± 14.2 85.1± 16.1 52.2± 27.8 51.4± 28.1 51.5± 27.7 53.2± 34.0
3 73.4± 12.6 73.3± 12.4 72.8± 13.2 75.4± 11.7 43.8± 16.1 42.8± 16.0 40.7± 18.6 48.4± 15.3
4 66.2± 8.6 65.4± 7.1 71.8± 9.0 76.7± 9.4 41.8± 11.3 39.9± 9.4 47.0± 11.1 55.7± 10.5
5 61.9± 8.6 59.5± 10.2 62.4± 8.9 68.2± 8.8 42.3± 7.7 41.0± 7.2 43.1± 8.1 50.0± 9.3
6 58.1± 9.6 57.0± 9.4 61.4± 8.2 67.5± 7.4 41.3± 9.5 40.9± 9.4 43.4± 7.5 49.6± 6.6
7 54.9± 5.0 53.7± 4.5 58.9± 3.5 62.1± 5.1 41.5± 4.3 40.2± 4.1 43.4± 2.8 46.6± 4.2
8 53.5± 2.2 53.3± 2.4 58.6± 2.9 62.1± 3.1 42.6± 1.6 41.9± 1.1 44.9± 1.6 48.6± 3.3

Table 2. Clustering results of different subspace learning methods on the OSR dataset

Accuracy (AC) normalized Mutual Information (nMI)
k KMeans PCA NMF ANMF KMeans PCA NMF ANMF
2 70.3± 13.6 67.8± 14.2 63.3± 13.7 83.9± 14.8 19.3± 21.7 17.0± 21.7 11.5± 21.1 48.1± 26.9
3 53.1± 11.1 51.3± 9.1 53.1± 6.7 84.7± 6.9 16.1± 14.3 15.4± 12.3 18.3± 8.7 59.6± 9.7
4 46.6± 7.5 43.5± 6.3 45.0± 7.2 82.4± 4.1 16.7± 8.7 14.5± 6.6 15.9± 8.9 58.3± 6.8
5 41.2± 5.0 40.8± 4.8 42.6± 6.4 75.2± 9.2 18.7± 6.2 18.2± 5.8 19.9± 6.4 56.8± 7.9
6 38.9± 4.6 38.9± 4.2 39.3± 4.3 74.5± 5.1 19.0± 4.0 18.8± 3.7 19.7± 3.5 57.0± 4.8
7 36.7± 3.9 36.6± 3.6 38.0± 3.7 73.6± 4.3 19.9± 4.4 19.8± 4.0 20.9± 3.3 56.6± 3.1
8 34.0± 1.6 34.9± 1.4 35.1± 1.6 68.7± 4.2 19.5± 1.1 20.0± 1.7 20.7± 1.2 55.0± 3.2
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