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Abstract

We develop a common theoretical framework for com-
bining classifiers which use distinct pattern representations
and show that many existing schemes can be considered
as special cases of compound classification where all the
pattern representations are used jointly to make a decision.
An experimental comparison of various classifier combina-
tion schemes demonstrates that the combination rule devel-
oped under the most restrictive assumptions - the sum rule
- and its derivatives consistently outperform other classifier
combinations schemes. A sensitivity analysis of the various
schemes to estimation errors is carried out to show that this
finding can be justified theoretically.

1. Introduction

The ultimate goal of designing pattern recognition sys-
tems is to achieve the best possible classification perfor-
mance for the task at hand. This objective traditionally led
to the development of different classification schemes for
any pattern recognition problem to be solved. The results of
an experimental assessment of the different designs would
then be the basis for choosing one of the classifiers as a final
solution to the problem. It had been observed in such de-
sign studies, that although one of the designs would yield
the best performance, the sets of patterns misclassified by
the different classifiers would not necessarily overlap. This
suggested that different classifier designs potentially offered
complementary information about the patterns to be classi-
fied which could be harnessed to improve the performance
of the selected classifier.
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These observations motivated the relatively recent inter-
est in combining classifiers[1]-[13]. The idea is not to rely
on asingle decision making scheme. Instead, all the designs,
or their subset, are used for decision making by combin-
ing their individual opinions to derive a consensus decision.
Various classifier combination schemes have been devised
and it has been experimentally demonstrated that some of
them consistently outperform a single best classifier. How-
ever, there is presently inadequate understanding why some
combination schemes are better than others and in what cir-
cumstances.

From the point of view of their analysis, there are basi-
cally two classifier combination scenarios. In the first sce-
nario, all the classifiers use the same representation of the
input pattern. A typical example of this category is a set of k-
nearest neighbour classifiers, each using the same measure-
ment vector, but different classifier parameters (number of
nearest neighbours &, or distance metrics used for determin-
ing the nearest neighbours).

In the second scenario each classifier uses its own rep-
resentation of the input pattern. In other words, the mea-
surements extracted from the pattern are unique to each clas-
sifier. An important application of combining classifiers in
this scenario is the possibility to integrate physically differ-
ent types of measurements / features, In this case it is no
longer possible to consider the computed aposteriori prob-
abilities to be estimates of the same functional value, as
the classification systems operate in different measurement
spaces.

We provide a theoretical underpinning of the existing
classifier combination schemes. Furthermore, our analysis
of the sensitivity of these schemes to estimation errors en-



hances the understanding of their properties. As a byprod-

uct, we also offer a methodological machinery which can be

used for developing other classifier combination strategies
and for predicting their behaviour.

The paper is organised as follows. -In Section 2 we for-
mulate the classifier combination problem and introduce the
necessary notation. In this section we also derive the ba-
sic classifier combination schemes: the product rule and the
sum rule. These two basic schemes are then developed into
other classifier combination strategies in Section 3. The
combination rules derived in Sections 2 and 3 are experi-
mentally compared in Section 4. Section 5 investigates the
sensitivity of the basic classifier combination rules to esti-
mation errors. Finally, Section 6 summarises the main re-
sults of the paper and offers concluding remarks.

2. Theoretical Framework

Consider a pattern recognition problem where pattern
Z is to be assigned to one of the m possible classes
{wi, ....,wm }. Let us assume that we have R classifiers each
representing the given pattern by a distinct measurement
vector. Denote the measurement vector used by the i-th clas-
sifier by x;. Inthe measurement space each class wy, is mod-
elled by the probability density function p(x;|w) and its a
priori probability of occurrence is denoted P(wy). We shall
consider the models to be mutually exclusive which means
that only one model can be associated with each pattern.
Now according to the Bayesian theory, given measure-
ments X;,7 = 1,..., R, the pattern, Z, should be assigned
to class wy, i.e. its label 8 should assume value § = wj,
provided the aposteriori probability of that interpretation is
maximum, i.e.
assign 0 — w;

if

P(9=wjlx17

The Bayesian decision rule (1) states that in order to
utilise all the available information correctly to reach a deci-
sion, it is essential to compute the probabilities of the various
hypotheses by considering all the measurements simultane-
ously. This is, of course, a correct statement of the classifica-
tion problem but it may not be a practicable proposition. The
computation of the aposteriori probability functions would
depend on the knowledge of high order measurement statis-
tics described in terms of joint probability density functions
p(X1,..---,Xg|6 = wi) which would be difficult to infer.
We shall therefore attempt to simplify the above rule and ex-
press it in terms of decision support computations performed
by the individual classifiers, each exploiting only the infor-
mation conveyed by vector x;. We shall see that this will not
only make rule (1) computationally manageable, but also it
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will lead to combination rules which are commonly used in
practice. Moreover, this approach will provide a scope for
the development of a range of efficient classifier combina-
tion strategies.

Let us rewrite the aposteriori probability P(d

Wg|Xy, ..., Xg) using the Bayes theorem. We have
P(8 = wi|X1, ooy XR) = P31, XRlG = W) PlWr) o)
p(X1, .oy XR)
where p(xy,.....,xg) is the unconditional measurement

joint probability density. The latter can be expressed in
terms of the conditional measurement distributions as and
therefore, in the following, we can concentrate only on the
numerator terms of (2). ’

Product Rule

As already pointed out, p(X1,.....,Xg|# = wy) repre-
sents the joint probability distribution of the measurements
extracted by the classifiers. Since the representations used
by the classifiers are distinct, it may be true for some appli-
cations that these measurements will be conditionally statis-

tically independent. We will investigate the consequences
and write
xalf =wi) =ML pxld=wi) O

where p(x;|6 = w) is the measurement process model of
the i-th representation. Substituting from (3) into (2) we find

P(wi)IIL p(x:i|0 = wi)

p(x1,

Pl=w )y XR) = o= @)
(6= wnbxs, o XR) = SRR ol = )
and using (4) in (1) we obtain the decision rule
assign 8 — w; if
P(wj)Iap(x:|f = w;) = max Pw)IELp(x:|f = wi)
&)

or in terms of the aposteriori probabilities yielded by the re-
spective classifiers

assign 0 — w;

if
PRI PO = wilxi) =

Iégftpﬁm_”(wk)ﬂ?:xp(e = wklxi)

(6)

The decision rule (6) quantifies the likelihood of a hypoth-

esis by combining the aposteriori probabilities generated by
the individual classifiers by means of a product rule. It is ef-
fectively a severe rule of fusing the classifier outputs as it is
sufficient for a single recognition engine to inhibit a partic-
ular interpretation by outputting a close to zero probability
for it. As we shall see below, this has a rather undesirable
implication on the decision rule combination as all the clas-
sifiers, in the worst case, will have to provide their respective
opinions for a hypothesised class identity to be accepted or
rejected.



Sum Rule

Let us consider decision rule (6) in more detail. In some
applications it may be appropriate further to assume that the
aposteriori probabilities computed by the respective classi-
fiers will not deviate dramatically from the prior probabili-
ties. This is a rather strong assumption but it may be read-
ily satisfied when the available observational discriminatory
information is highly ambiguous due to high levels of noise.
In such a situation we can assume that the aposteriori prob-
abilities can be expressed as

P(0 = wi|x:) = P(O = wi)(1 + dxs) 7

where 0; satisfies 0x; << 1. Substituting (7) for the apos-
teriori probabilities in (6) we find

PRV (GOIE, P8 = wilx:) = P(we) I (1 + 61) (8)
If we expand the product and neglect any terms of second

and higher order we can approximate the right hand side of
(8) as

R
P)TIL (1 + 8ki) = Plws) + P(wi) Y S

=1

9)

Substituting (9) and (7) into (6) we obtain a sum decision
rule
assign 0= w; if

R
(1= R)P(w;) + D Plwjlx;) = max((1 ~ R)P(wx)
i=1 -
R
+ Y Plwxlxi)]
i=1
In the following section, we shall develop specific clas-

sifier combination strategies based on decision rules (6) and
(10).

(10)

3. Classifier Combination Strategies

Many commonly used classifier combination strategies
can be developed from rules (6) and (10) by noting that
H,}LJP(Q = wrlxi) < minfizlP(B = wi|xi)

1
<

=]

R
Z P8 = w|x:) < mazil, P( = wk|x:)
i=1

an

The relationship (11) suggests that the product and sum

combination rules can be approximated by the above upper

or lower bounds, as appropriate. Furthermore, the harden-

ing of the apostertori probabilities P(6 = wy|x;) to produce
binary valued functions Ay; as

Aki,:{(l)

if P(8 = wi|xi) = mazjL, P(8 = wj|x:)
otherwise

(12)

results in combining decision outcomes rather than combin-
ing aposteriori probabilities. These approximations lead to
the following rules(for details see [16]:

assign 0 = w;

iof

Max Rule

mazie, P(8 = w;|x;) = régxic maz® | P( = wi|x;)
(13)
Min Rule

minie, P(8 = wj|x;) = r;{réicminf':lP(G = wi|x;)

‘ (14)
¢ Median Rule
medZ P(w;|x) = max mediL, Plwilx:) (15
e Majority Vote Rule
R
:z Aj; = r{}:alnicZAki (16)
i=1 =1

4. Experimental Results

The problem of handwritten character recognition is used
to investigate the different schemes of combining classifiers.
We used 18468 samples as training set and 2213 samples as

_ test set. The data base is the CEDAR-CDROM which are
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images scanned from dead letter envelopes provided by the
US postal service.

Four different classifiers have been used: structural[14],
gausian , neural network and hidden markov model [15].

Six different combination schemes are applied and their
results are compared. These schemes can be divided into
two groups according to the format of the individual classi-
fiers used by the combiner. Hard-level combination uses the
output of the classifier after it is hardened( binarised). Soft-
level on the other hand uses the estimates of the a posteriori
probability of the class by each classifier. The majority vote
combiner is a representative of the first category while the
five different operators are the soft-level combiners. Table 1
shows the results of classification of the individual classi-
fiers as well as the different combining schemes.

Note that the worst results are achieved when using the
product rule which has exactly the same level of perfor-
mance as the min rule. The results using these two rules are
worse than any of the individual classifiers and the reason is
that if any of the classifiers reports the correct class aposteri-
ori probability as O the output will be 0 and the correct class
cannot be identified. Therefore the final result reported by
the combiner in such cases is either the wrong class(worst



Classifier Classification rate %
Structural: 90.85
Gaussian: 93.93
Neural Net; 93.20
HMM.: 94.77
Majority Vote: 97.96
Sum rule: 98.05
Max rule: 93.93
Min rule: 86.00
Product rule: 84.69
Median rule: 98.19

Table 1. The classification rate of individulal classifier
and different combiners.

case) or a reject when all of the classes are assigned zero
aposteriori probability. Another interesting outcome from
our experiments is that the Mean rule as well as the median
rule have the best classification results. Majority vote rule is
very close in performance to the mean and median rules.

5. Error Sensitivity

A somewhat surprising outcome of the experimental
comparison of the classifier combination rules reported in
Section 4 is that the sum rule (10), which has been devel-
oped under the strongest assumptions, namely those of

e conditional independence of the respective representa-
tions used by the individual classifiers, and

e classes being highly ambiguous (observations enhance
the apriori class probabilities only slightly)

appears to produce the most reliable decisions. In this sec-
tion we shall investigate the sensitivity of the two generic
classifier combination rules - the product rule (6) and the
sum rule (10) to estimation errors. We shall show that the
sum rule is much less affected by estimation errors. This the-
oretically established behaviour is consistent with the exper-
imental findings.

In the developments in Sections 2 and 3 we assumed
that the aposteriori class probabilities P(w;|x;), in terms of
which the various classifier combination rules are defined,
are computed correctly. In fact each classifier 7 will produce
only an estimate of this probability, which we shall denote

P(wﬂx,—). The estimate deviates from the true probability
by error ej;, i.e. )
P(wﬂxl):P(wj]xi)—{-ej,- 17)

It is these estimated probabilities that enter the classifier
combination rules rather than the true probabilities.

Let us now consider the effect of the estimation errors on
the classifier combination rules. Substituting (17) into (6)
we have

assign 0 = w;

if
PR D ()L [P(0 = wjxi) + e5] =

miax P~ (W)L [P(6 = wilx:) +exs]  (19)

Under the assumption that ex; << P(# = wyg|x;) which is
rather strong and may not represent the worst case scenario,
and further assuming that P(§ = wg|x;) # 0 we can rear-
range the product term as

L [P(8 = wilxi) +ewi] = (L P(8 = wilx:)]+
s TR+ P(e—jiu?l?c'ﬁ] (19)
which can then be linearised as
T, [P(6 = welx:i) + exi] =
R
[T, P(8 = wilxa)][1 + Z; P
Substituting (20) into (18) we ge;_
assign 0 = w; if
R o
[P~RD(w)TIE, P(6 = w,»|x,»)][1+; Wz‘ﬂm] =
= rl?gf{[p—w—l)(wk)nfilp(e = w|x)]...
£ €ki
1+ P @

Comparing (6) and (21) it is apparent that each term
(class wy hypothesis) in the error free classifier combination
rule (6) is affected by error factor

R
€ki
{1+Z_—'“P(9=wk|x,-)] (22)

i=1

A similar analysis of the sum rule (10) results in the cor-
responding error factor given as

Z?:1 ki
3oL [P welx:)
Comparing error factors (22) and (23) it transpires that the
sensitivity to errors of the former is much more dramatic
than that of the latter. Note that since the aposteriori class
probabilities are less than unity, each error eg; in (22) is am-
pl%ﬁed by 3(71—[;—) The compouqded effect of all thcs; am-
plified errors is equivalent to their sum. In contrast in the

1+ (23)

sum rule the errors are not amplified. On the contrary, their
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compounded effect, which is also computed as a sum, is
scaled by the the sum of the aposteriori probabilities. For
the most probable class this sum is likely to be greater than
one which wil] result in the dampening of the errors. Thus
the sum decision rule is much more resilient to estimation
errors as we observed experimentally in Section 3. It fol-
lows, therefore, that the sum classifier combination rule is
not only a very simple and intuitive technique of improving
the reliability of decision making based on different classi-
fier opinions but it is also remarkably robust. Moreover, as
the sum rule is a basis of a number of other classifier com-
bination strategies, this error resilience extends also to these
rules. Specifically, the max rule, majority vote rule, and the
median rule should inherit this robustness and this has been
confirmed by the experimental results.

6. Conclusions

The problem of combining classifiers which use differ-
ent representations of the patterns to be classified was stud-
ied. We have developed a common theoretical framework
for classifier combination and showed that many existing
schemes can be considered as special cases of compound
classification where all the pattern representations are used
jointly to make a decision. We have demonstrated that un-
der different assumptions and using different approxima-
tions we can derive the commonly used classifier combina-
tion schemes such as the product rule, sum rule, min rule,
max rule, median rule and majority voting. The various clas-
sifier combination schemes were compared experimentally.
A surprising outcome of the comparative study was that the
combination rule developed under the most restrictive as-
sumptions - the sum rule - and its derivatives consistently
outperformed other classifier combinations schemes. To ex-
plain this empirical finding, we investigated the sensitivity
of the various schemes to estimation errors. The sensitivity
analysis has shown that the sum rule is most resilient to es-
timation errors.
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