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Abstract

Subspace methods are a powerful class of statistical pattern classi	cation algorithms� They are traditionally

considered nonparametric or semiparametric models� which means that the classi	er does not produce the a

posteriori probability of the input vector� This paper� however� presents a novel density estimation interpretation

for the subspace methods� As a byproduct� the problem of unequal priors� which occurs if standard subspace

methods are used when the a priori probabilities of the classes are unequal� is eliminated� As well� the a

posteriori probability produced by the suggested method can be used to implement a plausible rejection method

for di
cultly classi	able patterns� At the end of this presentation� the applicability of the proposed probability

density function interpretation is demonstrated with experiments�

� Introduction

Subspace methods ��� are a powerful class of statistical pattern classi�cation algorithms� They are nonparametric
methods in the sense that the subspace formalism does not contain implicit probability density function model�
the parameters of which would be estimated from the training sample� Instead� the vectors of the training set are
used in a collective manner to span a lower�dimensional subspace for each pattern class� The input vectors are
then classi�ed according to the largest projection length on the class�conditional subspaces�
The classi�cation decision is thus based entirely on measurements in the feature space and the concept of

probability is not present in any form� As the likelihood of the occurrence of a particular input vector in its
decided class is not expressed� there is no way to ground a rejection mechanism on the a posteriori probabilities�
Another well�known shortcoming of the subspace classi�ers is their limited usage in cases in which the a priori

probabilities of the classes are unequal� This problem is not present in other classi�cation algorithms� such as the
density estimation� regression� or prototype based classi�ers�
We propose here a probabilistic interpretation of the subspace classi�cation rule� The interpretation is based on

modeling the distributions of the squared vector distances from the subspaces� It o	ers as a byproduct solutions
both to the selection of a plausible rejection decision and to the problem of unequal priors� The traditional
subspace formalism is shortly reviewed in Section 
 before the novel density estimation interpretation is presented
in Section �� Empirical evidence on the usability of the proposed method is presented in Section ��

� Subspace Classi�ers

In subspace classi�ers� a pattern class j is represented as an �j�dimensional subspace Lj of the feature space R
d by

using a set of orthonormal column vectors� fu�j � � � � �u�jjg� These vectors can further be combined into a matrix
Uj � which leads to notation

Lj � LUj
� f x j x �

�jX
i��

�ijuij � �ij � R g � f x j x � Ujzj � zj � R
�j g � 
��

By using orthogonal projection Pj � UjU
T
j � any vector x � R

d can be represented as a sum of two mutually
orthogonal vectors� bxj which belongs to the subspace Lj and exj � x � bxj which is perpendicular to it� The



orthogonal projection of x on the subspace of the class j is calculated as

bxj � Pjx � UjU
T
j x �

�jX
i��

�xTuij�uij �

�jX
i��

�iuij � 

�

In CLAFIC ���� the correlation matrix Rj � EfxxT j x � jg is estimated separately for each class j and its
�rst �j eigenvectors� u�j � � � � �u�jj with the largest eigenvalues� are used as the columns of the basis matrix Uj �
The classi�cation function g�x� � f�� � � � � cg� where c is the number of classes� makes the classi�cation decision
according to the maximal similarity in terms of projection length�

gCLAFIC�x� � argmax
j�������c

kbxjk � 
��

The coe�cients �ij � x
T
uij are the principal components of the input pattern vector on the subspace of the class

j� In the classical procedure� the sample mean b� of the pooled training set is subtracted from the pattern vectors
before they are classi�ed or used in initializing the classi�er� In a more developed version ���� class�conditional
means b�j are used instead of the common mean� and the class�conditional correlations Rj are thus replaced with
the covariances �j � The classi�cation function is then based on the minimization of the residual length�

gCLAFIC���x� � argmin
j

kexjk � argmin
j

k�I�UjU
T
j ��x � b�j�k � 
��

This latter formalism is used in the following illustrations� Otherwise� the two versions are mutually exchangeable in
all respects of the forthcoming discussion� Basically� there exist two possibilities to select the subspace dimensions
�� � � � � �c� Either� each subspace is given an equal dimension �� or� the selection of the dimensions is based on
observing the decay of the eigenvalues individually in each class� An iterative search algorithms may also be
formulated ����

� Density Function Interpretation

Pattern classi�cation methods based on density estimates often assume Gaussian distributed pattern vectors within
the classes� This assumption is not as such transferable to subspace formalism� and � possibly therefore � no
interpretation of subspace classi�cation in terms of density function estimation has been presented this far� In
this section� however� such an interpretation based on the gamma probability density function is introduced� The
course of the presentation is as follows� First� we demonstrate that the coe�cients �ij in Eq� 
 tend to be zero�
mean normally distributed� Second� we show that they may be regarded as mutually independent� Third� we argue
that the sum of their squares can be approximated with gamma distribution� Fourth� we show that the resulting
probability density function estimates prove e	ective in the sense of classi�cation accuracy�
The particular pattern recognition task studied in this section is the classi�cation of handwritten digits� The

binary input images were �rst segmented and normalized to the size of ����� pixels� The Discrete Karhunen�Lo�ve
Transform was then used to extract ���dimensional feature vectors� The total number of vectors in the ten equally
represented digit classes was ���� in both training and testing samples� The same sets of data were earlier used in
a benchmarking study �
��

��� Distribution of the Coe�cients

Fig� � shows histograms of the marginal probability densities of the coe�cients �ij obtained from handwritten
digits in class ��� on their own subspace L�� It can be seen that the distribution of ���� is somewhat �at� ����
is positively and ���� negatively slanted� Otherwise� the larger the i the more the distribution of �ij resembles
zero�mean normal distribution with decreasing variance� Whether the �ij coe�cients in a particular application
really are normally distributed or not� can be tested statistically� Applicable tests include the parametric �� test
and the nonparametric Lilliefors test ���� In this example case of handwritten ���s� both of the tests show� in general
terms� that the �rst half�dozen coe�cients are non�Gaussian� the succeeding coe�cients up to index i � �� are
normally distributed� and the remaining ones are again non�Gaussian�
An appealing explanation for the Gaussianity of the distributions can be found by observing how the feature

vectors x were formed in this particular case� the Karhunen�Lo�ve Transform performs �� inner products between
the ��
��dimensional input image and the estimated principal masks of the training sample� Thus� because the
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Figure �� Measured distributions of single�variable marginal probability densities of ����� � � � � ���� of a
sample of handwritten digits ����

coe�cients �ij are further inner products of the uij basis vectors and the feature vector x� they are actually sums of
����� products of to some extent independent but not identically distributed values� The Central Limit Theorem ���
may be interpreted to state that these kinds of series are asymptotically normally distributed�

��� Independence of the Coe�cients

Next� the potential mutual independence of the �ij coe�cients is examined� Again� the projections of the hand�
written digits ��� serve as an illustration� Some two�dimensional marginal distributions of the �ijs are displayed in
Fig� 
� Each sub�gure shows the dependence of two coe�cients �i� and �k� for some small indices� The distributions
in Fig� � were in fact one�dimensional marginal distributions of the distributions of Fig� 
� It is observable that
when� say� i �� � and k � i the distributions in the �i��k� plane are quite unimodal and symmetric around the
origin� thus resembling the bivariate Gaussian distribution�
In this exemplary case� the coe�cient pairs can truly be shown to be uncorrelated by calculating the correlation

coe�cient for each pair� The resulting t�statistics justi�es that the �ij variables are uncorrelated� From the
uncorrelatedness and the Gaussianity of the coe�cients� it follows that they are independent as wished� From the
Gaussianity it also follows that the coe�cients are not only pairwise independent but mutually independent in all
combinations�

��� Distribution of the Squared Residual Length

Now� we turn to analyze the lengths of the residual vectors exj � The squared residual length can be expressed as a
sum of a truncated series as in Eq� 
�

kexjk� � dX
i��j��

�xTuij�
� �

dX
i��j��

��ij 
��

The �rst �j coe�cients ��j � � � � � ��jj � which are normally used in calculating the projection length� are of no interest
when the length of the residual is concerned� Consequently� only those terms which above were observed to resemble
the Gaussian distribution are involved in forming the squared length kexjk�� If the �ijs really were independent
and Gaussian and� additionally� had equal variance� i�e�� ���ij � ��j � then ���j kexjk� would be distributed as ��d��j �

In reality� of course� the ���ij s decrease continuously as i increases and cannot be replaced with a common ��j �
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Figure 
� Projections of some ���s on subspace L�� Each sub�gure displays the marginal distribution in
the plane of the coe�cients �i� and �k�� shown on the left and on the top� respectively� The
ranges of the variables are 
���� ��� in all images�

Therefore� it is not reasonable to try to model the distribution of kexjk� with a �� probability density function�
Nevertheless� we make here the assumption that kexk� approximately follows the gamma probability density function
f��x�	� 
� which is the underlying form of the �� distribution but has two free parameters instead of the one free
parameter of the �� distribution� The gamma density is expressed as

f��x�	� 
� �
	�


�
�
x���e��x � x� 	� 
 � � � 
��


�
� �

Z
�




t���e�tdt � 
 � � � 
��

The �tting of the gamma distribution to the observed values may be executed either by maximum likelihood
estimation or � like here with the continuing example of handwritten digits ���� using the method of moments ����
Fig� � shows a distribution histogram of kexk� 
with �j � �� and d � �� in Eq� �� in the case of handwritten digits
���� The gamma probability density function which results from the estimated parameters is plotted aside�

Thus� a model which is able to estimate the value of the probability density function of a pattern class at the
location of the input vector x has been formulated� At the same time� it has been demonstrated that at least
the real�world data used for illustration follows that model with some degree of �delity� These observations can
be extrapolated to say that also other natural data may be modeled similarly and their probability function be
approximated with the gamma probability density function�
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Figure �� Empirical kexk� distribution of handwritten ���s plotted as a histogram� The corresponding
estimated gamma distribution model is drawn as a continuous function�

��� Reformulation of the Classi�cation Rule

In classical Bayesian theory of optimal decision estimation� the classi�cation decision is made under the circum�
stances that the a priori probabilities Pj and the probability density functions fj�x� are given and the a posteriori

probabilities qj�x� can be calculated thereof for all the classes�

gBAYES�x� � argmax
j�������c

qj�x� � argmax
j�������c

Pjfj�x� � 
��

We now de�ne a new classi�cation function by inserting the gamma models and the a priori probabilities to Eq� ��

gCLAFIC�PDF�x� � argmax
j�������c

�qj�x� � argmax
j�������c

�Pjf��kexjk�� �	j � �
j� � 
��

The kexjk values and the gamma distribution model can either be calculated from the projection of Eq� 
� or from
the Eq� � version� in which the class�conditional means are �rst subtracted� In either case� the classi�cation is no
longer based on maximizing the projection length nor on minimizing the residual length� but on maximizing the
a posteriori probability of the observed squared residual length� The intrinsic invariance of the subspace classi�er
concerning the norm of the pattern vector x has now disappeared� This may be regarded as either a pro or con�
depending on the nature of the input data�
The involvement of the estimated a priori probability �Pj of the class j in Eq� � allows for the presented classi�er

to be used in cases in which the classes are not equally represented in the mixture� Additionally� a rejection
mechanism can be expressed by setting a rejection threshold � � � � � � ��c and reject x if the a posteriori

probability of the decided class is suspiciously low�

�� max
j�������c

�qj�x� � �� max
j�������c

�Pj
�fj�x�Pc

i��
�Pi
�fi�x�

� �� 
���

� Experiments

This section presents the results of experiments performed with handwritten digit data used earlier in a large
comparison of neural and statistical classi�cation methods �
�� The ten subspaces L
� � � � �L� were all generated
separately both with the subtraction of the overall mean of the data and with class�conditional means� The former



results are shown in the left column of Table � and the latter in the right� First� the classi�cation error percentages
were calculated with the standard subspace classi�cation rule� Then the gamma probability density function
interpretation was applied and the corresponding classi�cation accuracies evaluated� The results are shown as the
two lines of Table �� All the subspaces were given equal dimensionality � which was varied in order to �nd the best
selection individually for all the four results presented� The value of � is shown in parenthesis after the classi�cation
result�

Table �� Classi�cation error percentages with the traditional and the proposed subspace classi�ers� The
optimal mutual subspace dimension � is shown in parenthesis�

CLAFIC CLAFIC��
CLAFIC ���� 

�� ���� 

��
CLAFIC�PDF ���� 

�� ���� 

��

� Discussion and Future Work

In this paper� we have introduced a new probability density function interpretation of subspace classi�cation� The
performed classi�cation experiments show that the presented method has at least the same classi�cation accuracy
as the conventional subspace method� Also� it seems that the proposed technique can be combined with both the
two subspace classi�cation principles� Eqs� � and �� In an extensive benchmarking study� reported in �
�� subspace
methods performed well in handwritten digit classi�cation� clearly surpassing such methods as linear discriminant
analysis� tree classi�er� and multi�layer perceptron networks� More importantly� the theoretical advantages of
the proposed method over the conventional subspace classi�er include� �� The new method facilitates plausible
rejection of di�cultly classi�able input vectors� and 
� The new method is able to compensate for uneven a priori

distribution of the input vectors within the classes�
According to the Bayesian theory� the misclassi�cations take place in areas where the class distributions are

sparse� In the case of a subspace classi�er� these areas are those where the distances to the model subspaces are
at the largest� The proposed algorithm tries to model the distributions of the kexks globally� If only the extreme
tail of the distribution would be �tted to a functional model� enhanced classi�cation accuracy could be expected
to result�
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