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a b s t r a c t 

The ubiquitous large, complex and high dimensional datasets in computer vision and machine learning 

generate the problem of subspace clustering, which aims to partition the data into several low dimen- 

sional subspaces. Most state-of-the-art methods divide the problem into two stages: first learn the affin- 

ity from the data and then infer the cluster labels based on the affinity. The Structured Sparse Subspace 

Clustering (SSSC) model combines the affinity learning and the label inferring into one unified framework 

and empirically outperforms the two-stage methods. However, the SSSC method does not fully utilize the 

affinity and the labels to guide each other. In this work, we present a new regularity which combines 

the labels and the affinity to enforce the coherence of the affinity for data points from the same cluster 

and the discrimination of the labels for data points from different clusters. Based on this, we give a new 

unified optimization framework for subspace clustering. It enforces the coherence and discrimination of 

the affinity matrix as well as the labels, thus we call it Discriminative and Coherent Subspace Clustering 

(DCSC). Extended experiments on commonly used datasets demonstrate that our method performs better 

than some two stage state-of-the-art methods and the unified method SSSC in revealing the subspace 

structure of high-dimensional data. 

© 2018 Elsevier B.V. All rights reserved. 

1

 

l  

d  

a  

d  

o  

d  

a  

u  

p  

t  

t  

h  

s  

i  

a

 

s  

p  

w

r

t  

b  

a  

r  

L  

t  

t  

m  

v  

b  

a

 

S  

t  

p  

t  

a  

u  

c  

d  

i  

h

0

. Introduction 

In the past few years, technology advances have made data col-

ection easier and faster, resulting in large, multimodal and high-

imensional datasets. How to effectively compress, store, transmit

nd process massive amounts of such complex high-dimensional

ata has become a necessary and urgent task. Many existing meth-

ds [1] have exploited the observation that the high-dimensional

ata usually lie in a union of several low-dimensional subspaces or

ffine spaces. For instance, the face images of a subject obtained

nder a wide variety of lighting conditions can be accurately ap-

roximated with a 9-dimensional linear subspace [2] . This has mo-

ivated the problem of subspace clustering, which aims to parti-

ion the data points into several low dimensional subspaces and

as found numerous applications in computer vision (e.g., image

egmentation [3] , motion segmentation [4] and face clustering [5] ),

mage processing (e.g., image representation and compression [6] )

nd systems theory (e.g., hybrid system identification [7] ). 

Among the existing subspace clustering methods [8–44] , the

pectral clustering based methods [23–44] are becoming more

opular because they are easy to be implemented, and insensi-
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ive to initialization and data corruptions. Most spectral clustering

ased methods divide the problem into two separate stages. First

n affinity matrix is learned from the data by using so called self-

epresentation such as Sparse Subspace Clustering (SSC) [28,29] ,

ow-rank Representation (LRR) [30] and some hybrid representa-

ion based on SSC or LRR. Then the labels are learned by a spec-

ral clustering method such as Ncut [45] . Although the two-stage

ethods succeed in many applications, they have a major disad-

antage: the relationship between the affinity matrix and the la-

els of the data is not fully exploited, thus they cannot guarantee

n overall optimal performance. 

By combining the two stages into one unified framework, the

tructured Sparse Subspace Clustering (SSSC) [44] has shown that

he overall performance of subspace clustering can be greatly im-

roved. Actually, SSSC uses the self-representation coefficients and

he labels to guide each other interactively so that both the affinity

nd the labels have some advantageous properties. Specifically, it

ses the labels to enforce the affinity for data points from different

lusters be sparse. Such a property of the affinity is called cluster

iscrimination property. On the other hand, the self-representation

s used to guide the label inferring so that the data points from the

ame cluster could have same labels. We call this property of the

abels coherence property. 

Although this unified framework outperforms the two-stage

ethods, it has some shortcomings. It only enforces the sparse-

ess/discrimination of the affinity matrix for data points from
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c  
different clusters and the coherence of labels for data points from

the same cluster. It does not consider the coherence of the affinity

for data points from the same cluster or the discrimination of the

labels from different clusters. In all, the coupling of the affinity and

the labels is not fully exploited. 

In this work, we present a new regularity which combines the

labels and the affinity to enforce coherence of the affinity and dis-

crimination of labels. We combine it with the structure sparse reg-

ularity in SSSC to give a new unified optimization framework for

subspace clustering. The main contributions of this work can be

summarized as follows: 

We present a label-guided regularity to ensure the coherence

of the affinity for data points from the same cluster and the dis-

crimination of the labels for data points from different clusters.

By combining the label-guided regularity with the structure sparse

regularity in SSSC [44] , we give a new unified optimization frame-

work for subspace clustering. It enforces the coherence and dis-

crimination of the affinity matrix as well as the labels, thus we call

it Discriminative and Coherent Subspace Clustering (DCSC). It can

better recover the subspace structure underlying high dimensional

datasets and provide more exact clustering results. 

Experiments on several commonly used datasets show that

our method outperforms other state-of-the-art subspace cluster-

ing methods including SSC [28,29] , LRR [30] , LRSC [32] , LSR [33] ,

CASS [34] , TSC [39] , NSN [41] , SSSC [44] , LatLRR [46] , BDSSC [47] ,

BDLRR [47] and OMP [48] . 

2. Related works 

Let X = [ x 1 , x 2 , . . . , x N ] ∈ R n ×N be a set of N (sufficiently many)

sample points, with each column x i being an n-dimensional fea-

ture vector, drawn from a union of K subspaces { S c } K c=1 
of unknown

dimensions { r c } K c=1 , respectively. Subspace clustering aims to seg-

ment the data into the underlying subspace from which they are

drawn. 

For convenience, we define some notations used in this work

before reviewing related works. 

For a matrix Z = (z i j ) = ( z 1 , z 2 , . . . , z N ) ∈ R N×N with z j being the

j th column, ‖ Z‖ 1 = 

∑ 

i, j | z i j | and ‖ Z‖ F = 

√ ∑ 

i, j | z i j | 2 are respec-

tively the � 1 -norm and the Frobenious norm of the matrix Z . ‖ Z ‖ ∗
is the trace norm, i.e., the sum of the singular values of the matrix

Z. diag ( Z ) ∈ R N × N is the diagonal matrix whose diagonal elements

are z ii ( i = 1 , . . . , N). Diag ( z ) denotes a diagonal matrix whose i th

diagonal element corresponds to the i th entry of the vector z.

1 ∈ R N denotes the vector of all 1 
′ 
s . 

Define the cluster indicator matrix Q = (q i j ) ∈ R N×K by 

q i j = 

{
1 , i f x i ∈ S j 
0 , i f x i / ∈ S j 

(1)

Denote the i th row by Q ( i , : ) and j th column by Q (:, j ), then

the row Q ( i , : ) is the cluster label of the data point x i and the

column Q (:, j ) indicates which points belong to cluster S j . Assume

that each data point lies in exactly one subspace or cluster, then

each row of Q has only one entry equal to 1, thus a valid cluster

indicator matrix Q satisfies Q1 = 1 . In addition, it is expected that

Q has only K different rows due to K subspaces. So Q also satisfies

rank (Q ) = K. We define the collection of cluster indicator matrices

as 

Q = { Q ∈ { 0 , 1 } N×K : Q1 = 1 and rank (Q ) = K} (2)

Let Q 

( j ) be an N × N j submatrix of Diag ( Q (:, j )), consisting of

the N j nonzero columns of the N × N diagonal matrix Diag ( Q (:, j )).

Based on Q , we define P = (p i j ) by 

p i j = 

1 

2 

‖ Q(i, :) − Q( j, :) ‖ 

2 
2 = 

{
1 , i f Q(i, :) = Q( j, :) 
0 , i f Q( i, :) � = Q( j, :) 

(3)
hich indicates whether the data points x i and x j have the same

abel, and thus whether they are drawn from the same cluster. So

e call P the data connection matrix. 

One of the main challenges in spectral clustering-based sub-

pace clustering is how to learn a good affinity matrix A = (A i j ) ,

here A ij measures the similarity between the data points x i and

 j . Recently, many works apply the self-representation to learn the

ffinity. These methods first find a self-representation matrix Z of

he data matrix X by solving the following minimization problem:

in 

Z,E 
�(Z) + λ�(E) s.t. X = X Z + E, Z ∈ C , (4)

here �( Z ) and C are the regularity and constraint set, which im-

ose some expected properties on Z. λ is a tradeoff parameter.

( E ) is a function penalizing the representation error, corruptions

r outliers in the data points. ‖ E‖ 2 
F 

is usually used for Gaussian

oise and ‖ E ‖ 1 is used for sparse entry-wise corruptions. The op-

imal solution Z ∗ of problem (4) is used to compute the affinity

atrix. A commonly used formula is 

 = (| Z ∗| + | Z ∗T | ) / 2 (5)

hich is further input into a spectral clustering algorithm to pro-

uce the final clustering result. 

The primary difference between different methods lies in the

hoice of the regularization term of Z . For example, in the Sparse

ubspace Clustering (SSC) [28,29] , ‖ Z ‖ 1 is used as a convex surro-

ate of ‖ Z ‖ 0 to promote sparsity of Z . In the Low-Rank Represent

LRR) [30] ‖ Z ‖ ∗ is used to seek a jointly low-rank representation of

ll data. SSC and LRR show empirical success in some high dimen-

ional datasets. However, a large body of works has shown that

SC performs only optimally in representing data with low cor-

elation and it has the instability problem: if the data from the

ame subspace are highly correlated or clustered, it will only select

ne of the several related data at random and ignore other corre-

ated data. This makes it not good for grouping correlated data.

he LRR aims at finding the lowest rank representations of all data

ointly. It can captured the global structures and not sensitive to

oise. However, LRR usually leads to dense representation and re-

ults in incorrect clustering. Besides, the number of subspaces and

heir dimensionality may not be small, thus the data matrix may

e high-rank or even full-rank in practice. A number of variants of

hese algorithms have been proposed, including LatLRR [46] , Spa-

ial Weighted SSC [49] , LatSSC [50] , Kernel SSC [51] , etc. 

While the above methods have been incredibly successful in

any applications, their major disadvantage is that the natural re-

ationship between the coefficient matrix and the segmentation of

he data is not explicitly captured. The Structured Sparse Subspace

lustering (SSSC) [44] is a unified optimization framework, which

earns the label indicator matrix Q and the self-representation Z

imultaneously by solving the following problem: 

in 

Z,E,Q 
‖ Z‖ 1 + α‖ P � Z‖ 1 + λ�(E) s.t. X = X Z + E, 

diag(Z) = 0 , Q ∈ Q , (6)

here the operator � indicates the Hadamard product (i.e.,

lement-wise product). α > 0 and λ> 0 are tradeoff parameters.

he unified framework SSSC empirically outperforms the two-stage

ethods. 

. Discriminative and coherent subspace clustering: a unified 

ramework 

.1. Motivation 

Ideally, the affinity and the labels should be coherent within

lusters and discriminative between clusters. Specifically, for the
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ffinity, discrimination means that the affinity between data points

rom different clusters should be zero so that they have no connec-

ion and can be classified into different clusters; coherence means

hat the affinity between data points from the same cluster should

e consistent so that they can be grouped together. For the labels,

oherence means the data points from the same cluster should

ave the same label while discrimination means the data points

rom different clusters should have diverse labels. 

The major disadvantage of the unified framework SSSC is that

t does not fully exploit the labels and the affinity to enforce

he above expected properties. Actually, in SSSC, only the second

erm ‖ P � Z‖ 1 = 

∑ 

i j 
1 
2 ‖ Q(i, :) − Q( j, :) ‖ 2 

2 
| z i j | combines the labels

nd the affinity. It has two-fold roles. Given the cluster indica-

or matrix Q , minimizing 1 
2 ‖ Q(i, :) − Q( j, :) ‖ 2 2 | z i j | tends to enforce

 ij vanish, thus no connection between the data points x i and x j 
henever 1 

2 ‖ Q(i, :) − Q( j, :) ‖ 2 
2 

= 1 , or the data points x i and x j 
ave different labels and they could belong to different subspaces.

o the role of the second term in affinity learning is that, it en-

ances the discrimination property of the affinity under the guid-

nce of Q . On the other hand, given Z , the second term tends to en-

orces Q(i, :) = Q( j, :) whenever z ij � = 0, which means that the data

oints x i and x j will be assigned the same label if z ij � = 0, suggest-

ng x i and x j could lie in the same subspace. So the second term

lso plays a role in enforcing the coherence of the labels with the

uide of Z . In all, SSSC enforces the coherence of labels for data

oints from the same cluster and the discrimination of the affin-

ty for data points from different clusters. However, SSSC does not

onsider the coherence of the affinity and the discrimination of the

abels. 

In this work, we present a new regularity to enforce the coher-

nce of the affinity for data points from the same cluster as well as

he discrimination of the labels for data points from different clus-

ers. We combine it with the second term of SSSC to give a new

nified optimization framework for subspace clustering. We call it

iscriminative and Coherent Subspace Clustering (DCSC) because

ur model enforces both discriminative and coherent property of

he affinity as well as the labels. 

.2. DCSC model 

To enforce coherent affinity for data points from the same clus-

er and discriminative labels for data points from different clusters,

e define a new regularity 

K 
 

j=1 

‖ ZDiag(Q(: , j)) ‖ ∗ (7)

n the cluster indicator matrix Q and the self-representation ma-

rix Z . This term plays two-fold roles. On one hand, given Z ,

 ZDiag ( Q (:, j )) ‖ ∗ is the trace lasso [34] norm of the column vector

 (:, j ). The trace lasso of a vector essentially interpolates between

he � 1 -norm and the � 2 -norm of the vector depending on the cor-

elation Z T Z among the coefficients in Z . In particular, when the co-

fficients are highly correlated ( Z T Z is close to 11 T ), it is close to the

 2 -norm, while when the data are almost uncorrelated ( Z T Z is close

o I ), it behaves like the � 1 -norm. The � 2 -norm minimization of a

ector tends to make the entries of the vector be uniform while

he � 1 -norm minimization tends to make most entries vanish. So

or uncorrelated coefficients, the trace lasso ‖ ZDiag ( Q (:, j )) ‖ ∗ mini-

ization tends to make the corresponding entries of Q (:, j ) vanish

hile for highly correlated coefficients, the trace lasso ‖ ZDiag ( Q (:,

 )) ‖ ∗ minimization tends to make the corresponding entries of Q (:,

 ) uniform. This results in the discrimination of Q . On the other

and, given Q or its j th column Q (:, j ), in order to make the regu-

arity (7) be more effective, we replace the regularity in Eq. (7) by
K 
 

j=1 

‖ ZQ 

( j) ‖ ∗ (8) 

Q 

( j ) is a submatrix of Z , consisting of the representation coeffi-

ients of the N j points in subspace S j . Minimizing 
∑ K 

j=1 ‖ ZQ 

( j) ‖ ∗
ends to make the coefficients of data from the same subspace

ighly correlated, or coherent within clusters. 

Combining the new regularity and the subspace structure spar-

ity in [44] , we give the following Discriminative and Coherent

ubspace Clustering (DCSC) model: 

in 

Z,E,Q 
‖ Z‖ 1 + 

α

2 

N ∑ 

i, j=1 

‖ Q(i, :) −Q( j, :) ‖ 

2 
2 | z i j | +λ

K ∑ 

j=1 

‖ ZDiag(Q(: , j)) ‖ ∗

+ β�(E) 

.t. X = X Z + E, diag(Z) = 0 , Q ∈ Q (9) 

The second and the third term enforce the discrimination and

oherence of the affinity and the labels under the guide of each

ther. Note that we also incorporate the � 1 -norm of Z into the

odel to enforce sparseness/discrimination of the affinity. The

erm �( E ) depends upon the prior knowledge about the pattern

f noise or corruptions, and the parameter α > 0, λ> 0 and β > 0

re tuned to balance the effect of the corresponding terms. 

.3. Minimization algorithm 

In this section, we design an efficient algorithm to solve our

odel (9) by solving the following two subproblems alternatively: 

1. Fixed Q , find Z and E by solving a representation problem. 

2. Fixed Z and E , find Q by spectral clustering. 

.3.1. Fixed Q , find Z and E 

When we fix the cluster indicator matrix Q and denote ZQ 

( j ) by

 

( j ) , the problem for Z and E becomes 

in 

Z,E 

∥∥(
11 

T + αP 
)

� Z 
∥∥

1 
+ λ

K ∑ 

j=1 

∥∥Z ( j) 
∥∥

∗ + β�(E) 

.t. X = X Z + E, diag(Z) = 0 . (10) 

With the guide of the cluster indicator matrix Q, the first term

n problem (10) induces discriminative affinity between clusters

hrough the weighted � 1 -norm while the second term induces co-

erent affinity within clusters: the coefficients of data from the

ame cluster are highly correlated, through the nuclear norm. The

roblem (10) is equivalent to the following problem 

min 

,C,J,E 

∥∥(
11 

T + αP 
)

� Z 
∥∥

1 
+ λ

K ∑ 

j=1 

∥∥J ( j) 
∥∥

∗ + β�(E) 

.t. X = XC + E, C = Z − diag(Z) , C = J. (11) 

e solve this problem by using the Alternating Direction Method

f Multipliers (ADMM) [52,53] . The Augmented Lagrange function

s given by 

 (Z, C, J, E, Y 1 , Y 2 , Y 3 ) = 

∥∥(
11 

T +αP 
)

� Z 
∥∥

1 
+ λ

∑ 

j 

∥∥J ( j) 
∥∥

∗+ β�(E) 

+ t r 
[
Y T 1 (X − XC − E) 

]
+ t r 

[
Y T 2 (C − Z 

+ diag(Z)) ] + tr 
[
Y T 3 (C − J) 

]
+ 

μ

2 

(‖ 

X − XC − E ‖ 

2 
F + ‖ 

C − Z 

+ diag(Z) ‖ 

2 
F + ‖ 

C − J ‖ 

2 
F 

)
, (12) 

here Y 1 , Y 2 and Y 3 are Lagrange multipliers and μ> 0 is a penalty

arameter. Since L ( Z, C, J, E, Y , Y , Y ) is separable, we can update
1 2 3 
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Z, C, J, E, Y 1 , Y 2 and Y 3 alternately while fixing others. The solutions

of the subproblems are as follows: 

(a) Z -subproblem: We first update Z by fixing C, J, E, Y 1 , Y 2 and

Y 3 by solving the following problem: 

Z t+1 = arg min 

Z 

1 

μt 

∥∥(
11 

T +αP 
)

� Z 
∥∥

1 
+ 

1 

2 

∥∥Z−diag(Z) −U 

t 
∥∥2 

F 
, (13)

where U 

t = C t + 

1 
μt Y 

t 
2 

. The solution for problem (13) is given by 

Z t+1 = Z − diag( Z ) (14)

and Z can be solved by using the soft-thresholding operator: 

Z i j = sgn (U 

t 
i j ) max 

(
| U 

t 
i j | −

( 11 

T + αP ) i j 

μt 
, 0 

)
(15)

(b) C -subproblem: fixing Z, J, E, Y 1 , Y 2 and Y 3 , the problem for

C becomes 

 

t+1 = arg min 

C 

∥∥∥∥X − XC − E t + 

Y t 1 

μt 

∥∥∥∥2 

F 

+ 

∥∥C − Z t+1 + diag( Z t+1 ) 

+ 

Y t 2 

μt 

∥∥∥∥2 

F 

+ 

∥∥∥∥C − J t + 

Y t 3 

μt 

∥∥∥∥2 

F 

. (16)

The objective function in Eq. (16) is differentiable. Let its deriva-

tive with respect to C be zero, we have the following closed-form

solution: 

 

t+1 = 

(
X 

T X + 2 μt I 
)−1 

(
X 

T 

(
X − E t + 

Y t 1 

μt 

)
+ Z t+1 − diag 

(
Z t+1 

)
− Y t 2 

μt 
+ J t − Y t 3 

μt 

)
(17)

(c) J -subproblem: fixing other variables, we update J as follows: 

J t+1 = arg min 

J 

λ

μ

∑ 

j 

∥∥J ( j) 
∥∥

∗ + 

1 

2 

∥∥∥∥C t+1 + 

Y t 3 

μt 
− J 

∥∥∥∥2 

F 

. (18)

Note that the squared Frobenious norm is seperable and let

H 

( j) = 

(
C (t+1) + 

Y t 
3 

μt 

)
Q 

( j) , then the problem (18) can be divided

into the following subproblems: 

J ( j) t+1 = arg min 

J ( j) 

λ

μ

∥∥J ( j) 
∥∥

∗ + 

1 

2 

∥∥H 

( j) − J ( j) 
∥∥2 

F 
. (19)

Each subproblem is a standard low-rank approximation prob-

lem and the solution can be obtained by thresholding the singular

values [54] of H 

( j ) . Specifically, 

J ( j) t+1 = U 

( j) S η( 	
( j) ) V 

( j) T , (20)

where S η( · ) is the shrinkage thresholding operator, and U 

( j ) 	( j ) V 

( j ) T 

is the Singular Value Decomposition (SVD) of H 

( j ) . Finally, accord-

ing to Q , we assemble J ( j) t+1 ( j = 1 , 2 , . . . , K) into the matrix J (t+1) .

(d) E -subproblem: Fixing other variables, we update E as fol-

lows: 

E t+1 = arg min 

E 

β

μt 
�(E) + 

1 

2 

∥∥∥∥E −
(

X − XC t+1 + 

Y t 1 

μt 

)∥∥∥∥2 

F 

(21)

If we use the �(E) = ‖ E‖ 1 , then 

E t+1 
i j 

= sgn 

( (
X − XC t+1 + 

Y t 1 

μt 

)
i j 

) 

max 
(∣∣(X − XC t+1 

+ 

Y t 1 

μt 

)
i j 

∣∣∣∣∣ − β

μt 
, 0 

) 

(22)
If squared Frobenius norm is used, the solution for problem

21) is 

 

t+1 = (2 β + μt ) −1 (μt X − μt XC t+1 + Y t 1 ) (23)

(e) Y 1 , Y 2 and Y 3 subproblems: Update of the multipliers is the

tandard gradient ascent procedure: 

 

t+1 
1 = Y t 1 + μt (X − X C t+1 − E t+1 ) 

 

t+1 
2 = Y t 2 + μt ( C t+1 − Z t+1 + diag( Z t+1 )) 

 

t+1 
3 = Y t 3 + μt ( C t+1 − J t+1 )) . (24)

or clarity, we outline the ADMM algorithm for solving problem

11) in Algorithm 1 . 

lgorithm 1 Solving Problem (11) by ADMM. 

Input: Data matrix X , P 0 , λ, α, β and K 

Initialize: P = P 0 , C = J = Z = Z 0 = 0 , Y 0 
1 

= Y 0 
2 

= Y 0 
3 

= 0 , μ0 = 0 . 1 ,

max = 10 10 , t = 0 , ρ = 1 . 1 , ε = 10 −5 

While not converge do 

1: update Z t+1 by formula (14) and (15) 

2: update C t+1 by formula (17) . 

3: update J t+1 by formula (20) . 

4: update E t+1 by formula (22) or (23) . 

5: update the multipliers Y t+1 
1 

, Y t+1 
2 

and Y t+1 
3 

by formula (24) . 

6: update the parameter μt+1 by μt+1 = min (μmax , ρμt ) . 

7: check the convergence conditions 

‖ X − XC t+1 − E t+1 ‖ ∞ 

< ε , ‖ C t+1 − Z t+1 + diag(Z t+1 ) ‖ ∞ 

< ε 
and ‖ C t+1 − J t+1 ‖ ∞ 

< ε 

8: t = t + 1 

end while 

Output: Z t+1 and E t+1 

.3.2. Spectral clustering 

Given the coefficient matrix Z and noise matrix E , our DCSC

odel (9) become the following problem: 

rg min 

Q 

α

2 

N ∑ 

i, j=1 

‖ Q(i, :) − Q( j, :) ‖ 

2 
2 | z i j | + λ

K ∑ 

j=1 

‖ ZDiag(Q(: , j)) ‖ ∗

.t. Q ∈ Q (25)

Similar to [54] , we drop the second term and hence the opti-

ization problem in (25) reduces to: 

rg min 

Q 

α

2 

N ∑ 

i, j=1 

‖ Q(i, :) − Q( j, :) ‖ 

2 
2 | z i j | s.t. Q ∈ Q . (26)

Problem (26) is equivalent to 

in 

Q 

1 

2 

N ∑ 

i, j=1 

A i j ‖ Q(i, :) − Q( j, :) ‖ 

2 
2 = min 

Q 
trace (Q 

T LQ ) s.t. Q ∈Q , 

(27)

here A i j = 

1 
2 (α(| z i j | + | z ji | )) is the affinity similarity defined in

q. (5) , L = D − A is a graph Laplacian, and D is a diagonal matrix

hose diagonal entries are D ii = 

∑ 

j � = i A i j . We use the method in

54] to solve problem (27) . Let D 

1 
2 be a diagonal matrix with diag-

nal entries 
√ 

D ii , 
˜ Q = D 

1 
2 Q, ̃  L = D 

− 1 
2 LD 

− 1 
2 and relax the constraint

 ∈ Q to Q 

T DQ = I, the problem (27) can be written as follows: 

in 

Q 
t race ( ̃  Q 

T ˜ L ̃  Q ) s.t . ˜ Q 

T ˜ Q = I. (28)

The solution to this problem can be found efficiently by the

pectral clustering [45] . In particular, the columns of the solu-

ion of ˜ Q is given by the eigenvectors (N-dimensional) of the nor-

alized graph Laplacian matrix ̃  L corresponding to the smallest K
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Algorithm 2 Solving Problem (9) . 

Input: Data matrix X , tuning parameters α, λ and β , and and the 

predefined number of clusters K 

Initialize: P 0 = 0 

While not converge do 

1: Fix Q , solve problem (10) via Algorithm 1 to obtain Z and E; 

2: Fix Z and E, solve problem (27) via spectral clustering to obtain 

Q; 

end while 

Output: the cluster indicator matrix Q 
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igenvalues. We use the hard/soft strategy [44] : in H-DCSC, we use

he K-means algorithm to classify the rows of ˜ Q into K clusters and

he clustering results are used to produce a binary matrix Q ∈ {0,

} N × K such that Q1 = 1 . The matrix P defined by Eq. (3) is a bi-

ary matrix. In S-DCSC, we use ˜ Q , instead of Q , to construct the

atrix P by 

p i j = 

1 

2 

∥∥∥∥ ˜ Q (i, :) 

‖ ̃

 Q (i, :) ‖ 2 

−
˜ Q ( j, :) 

‖ ̃

 Q ( j, :) ‖ 2 

∥∥∥∥2 

∈ [0 , 2] (29)

.4. Connections and differences between DCSC and other related 

ethods 

Compared with SSSC, DCSC added one term
 K 
j=1 ‖ ZDiag(Q(: , j)) ‖ ∗. In SSSC, the second term combines

he cluster labels and the affinity, and as we analyzed in the

ection 3.1 , it enforces the coherence of labels for data points from

he same cluster and the discrimination of the affinity for data

oints from different clusters. However, SSSC does not consider the

oherence of the affinity and the discrimination of the labels. As

e analyzed in Section 3.2 , the added term 

∑ K 
j=1 ‖ ZDiag(Q(: , j)) ‖ ∗

urther enforces the coherence of the affinity for data points from

he same cluster as well as the discrimination of the labels for

ata points from different clusters. So, DCSC enforces both discrim-

nation and coherence of the affinity as well as the cluster labels.

ur experimental results show that using DCSC can improve the

erformance of SSSC. 

The main difference of the added term 

∑ K 
j=1 ‖ ZDiag(Q(: , j)) ‖ ∗

n the proposed DCSC and the ‖ Z ‖ ∗ in LRR is: the former tends to

nforce the coefficients of the data points from the same subspace

ighly correlated, while the later does not consider whether the

ata points are from the same cluster or not, it essentially enforces

he coefficients of all data points highly correlated. In addition, the

RR does not consider the sparseness of the affinity. Moreover, it

ivides the problem into two separate stages, and the relationship

etween the affinity matrix and the labels of the data is not fully

xploited. 

The NSLLR [55] model enforces Z to be sparse by using ‖ Z ‖ 1 as

ell as ‖ Z ‖ ∗ . It is quite different from our model. The main dif-

erence is that, either ‖ Z ‖ 1 or ‖ Z ‖ ∗ in the NSLLR model does not

onsider whether the data points are from the same cluster or not,

hus may result in wrong discrimination or wrong coherence. By

ombining the affinity and the cluster labels, our model iteratively

ses each to guide the other to have expected discrimination and

oherence. 

In the DTL-FSSC [56] model, the authors use
 K 
k =1 || F diag( Q( : , k ) ) | | ∗ − || F | | ∗ to learn a cluster-discriminative 

ransformation matrix and then use it to transform the data points

nto another domain such that the data points from the same

luster have small angles while the data points from different

lusters have large angles. In our DCSC model, we use the term
 K 
k =1 || Z Diag(Q(: , j)) | | ∗ to learn the data points affinity and we

se the data points directly. 

.5. Summary of the proposed algorithm 

We summarize the solution of our problem (9) in Algorithm 2 .

he algorithm alternatively solve for the coefficient matrix Z and

he error matrix E by fixing the segmentation Q using Algorithm 1 ,

nd solve for Q by fixing Z and E using spectral clustering. 

The major computation burden of the DCSC lies in step 3

ince it involves the singular value decomposition (SVD). Specif-

cally, the SVD in step 3 is operated on matrix H 

( j) ∈ R n ×N j ( j =
 , . . . , K). Singular vector threshold (SVT) operator will be lever-

ged for low rank requirement with O(Kmin(np 

2 , n 

2 p))complexity,

here p = min (N , N , . . . , N ) . The computation complexity of step
1 2 k 
 is O ( N 

3 ). Meanwhile, in steps 1 and 3, we employ soft thresh-

lding to update the matrix whose complexity is O (N 

2 ) + O (nN) .

o the total computation complexity of our DCSC is O (tT (N 

3 +
min (np 2 , n 2 p) + N 

2 + nN) , where t is the number of iteration in

lgorithm 1 with ADMM and T is the number of outer iterations

n Algorithm 2 . Note that, in Algorithm 2 , the previous solution is

sed to initialize the next execution of ADMM and thus starting

rom the second iteration in Algorithm 2 , t could be remarkably

educed. 

. Experiments 

To validate the clustering performance of our method, we test

t on three commonly used benchmark datasets: Extended Yale B

57] , USPS [58] and Hopkins 155 Database [59] . As used by most

tate-of-the-art methods, the clustering error rate is used to eval-

ate the methods in comparison: 

rror = 

N error 

N total 

, (30) 

here N error denotes the number of misclassified points, and N total 

enotes the total number of points. The reported clustering error

ates of other methods are obtained by running the codes provided

y the authors. 

.1. Experiments on extended Yale B dataset 

The Extended Yale B dataset consists of 192 × 168 pixel face

mages of 38 subjects and each subject has 64 frontal face im-

ges acquired under various pose and lighting conditions. Fig. 1

hows some sample images of the first, third and tenth subjects.

e classify the faces by applying subspace clustering. In our ex-

eriments, we follow the protocol introduced in [28,29,44] : (a) to

educe the computational cost and the memory requirements, each

mage is down-sampled to 48 × 42 pixels and rearranged into a

,016-dimensional vector ; (b) the 38 subjects are divided into 4

roups: the first three groups correspond to subjects 1 to 10, 11

o 20, 21 to 30, and the fourth group corresponds to subjects 31

o 38. For each of the first three groups we consider all choices

f K ∈ {2, 3, 5, 8, 10} subjects and for the last group we consider

ll choices of K ∈ {2, 3, 5, 8}. We use the � 1 -norm to measure the

epresentation error matrix E . 

We use the H-DCSC and the S-DCSC to solve our DCSC model

9) in this experiment. We compare the clustering error rates

f our method with SSC [29] , LRR [30] , LatLRR [46] , LRSC [32] ,

SR [33] , CASS [34] , BDSSC [47] , BDLRR [47] , TSC [39] , OMP [48] ,

SN [41] , DTL-FSSC [56] and SSSC [44] . 

Our model (9) involves three parameters. Similarly to SSSC, we

o experiments for extended choices of 2 subjects. Actually, the

rst three groups have totally 45 × 3 choices of samples and the

ast group has 28 choices. Experiments on all 163 choices of 2 sub-

ects of the Extended Yale B dataset show that the H-DCSC gener-

lly performs well with α ∈ [0.05, 0.15], β ∈ [0.1, 0.2], λ∈ [0.01, 0.1]
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Fig. 1. Sample images from the first, third and tenth subjects of the Extended Yale B dataset. 

Table 1 

Clustering error rates(%) on the Extended Yale B dataset. The best results are in bold font. 

No.subjects 2 3 5 8 10 

ERR(%) Ave. Med. Ave. Med. Ave. Med. Ave. Med. Ave. Med. 

LRR 6.74 ± 4.22 7.03 9.30 ± 3.63 9.90 13.94 ± 3.36 14.38 25.61 ± 5.08 24.80 29.54 ± 4.32 30.00 

LSR1 6.72 ± 4.16 7.03 9.25 ± 3.64 9.90 13.87 ± 3.40 14.22 25.98 ± 5.48 25.10 28.33 ± 5.65 30.00 

LSR2 6.74 ± 4.22 7.03 9.29 ± 3.64 9.90 13.91 ± 3.40 14.38 25.52 ± 5.47 24.80 30.73 ± 3.29 33.59 

CASS 10.95 ± 12.22 6.25 13.94 ± 14.22 7.81 21.25 ± 13.70 18.91 29.58 ± 5.66 29.20 32.08 ± 11.59 35.31 

LRSC 3.15 2.34 4.71 4.17 13.06 8.44 26.83 28.71 35.89 34.84 

BDSSC 3.90 – 17.70 – 25.70 – 33.20 – 39.53 –

BDLRR 3.91 – 10.02 – 12.97 – 27.70 – 30.84 –

LatLRR 2.54 0.78 4.21 2.60 6.90 5.63 14.34 10.06 22.92 23.59 

TSC 8.06 – 9.00 – 10.14 – 12.58 – 17.86 –

OMP 4.45 – 6.35 – 8.93 – 12.90 – 9.82 –

NSN 1.71 – 3.63 – 5.81 – 8.46 – 9.82 –

SSC 1.87 ± 6.39 0.00 3.35 ± 7.02 0.78 4.32 ± 4.60 2.81 5.99 ± 4.13 4.49 7.29 ± 4.28 5.47 

H-SSSC 1.27 ± 5.54 0.00 2.71 ± 6.80 0.52 3.41 ± 4.88 1.25 4.15 ± 3.22 2.93 5.16 ± 4.30 4.22 

DTL-FSSC – – 1.93 1.04 3.22 2.19 – – 5.02 2.81 

S-SSSC 0.76 ± 3.90 0.00 0.82 ± 1.14 0.52 1.32 ± 0.99 1.25 2.14 ± 1.05 1.95 2.40 ± 1.10 2.50 

H-DCSC 0.20 ± 0.69 0.00 0.37 ± 0.92 0.00 0.55 ± 1.05 0.31 1.00 ± 0.18 0.18 1.87 ± 0.47 2.71 

S-DCSC 0.07 ± 0.30 0.00 0.11 ± 0.33 0.00 0.11 ± 0.23 0.00 0.12 ± 0.18 0.00 0.10 ± 0.18 0.00 

Fig. 2. Clustering performance on the Extended Yale B: average clustering error rate 

versus number of subjects. 
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and the S-DCSC generally performs well with α ∈ [0.2, 0.6], β ∈ [0.1,

0.2], λ∈ [0.2, 0.5]. We choose α = 0 . 1 , β = 0 . 14 , λ = 0 . 07 for the

H-DCSSC and α = 0 . 4 , β = 0 . 15 , λ = 0 . 37 for the S-DCSC because

which result in the best average clustering accuracy on all 163

choices of 2 subjects. Then we use this setting of parameters for

all experiments on this dataset. To show the performance of our

method, we perform clustering on all choices of data points for

each subject number and each group. Finally, we report the mean,

the standard deviation and the median of the clustering error rates

of all choices in Table 1 , where “–” denotes the data is not re-

ported. For better comparison, we plot the average clustering error

rates of different methods for all numbers of subjects in Fig. 2 . 
From Table 1 and Fig. 2 , one can see that, among all methods

n comparison, our method performs best in terms of the average

lustering error rates for all numbers of subjects. The small devia-

ions indicate that our method is stable most to the pose and light-

ng conditions. Moreover, as the number of subjects increases, the

verage clustering error rates of our methods increase most slowly,

howing that our method is stable most to the increasing numbers

f subjects. In all, our method outperforms other existing meth-

ds in terms of the average clustering accuracy and the robustness.

or 10 subjects, compared with SSC (the best two-stage method),

ur H-DCSC and S-DCSC improve the average clustering error rate

y 5.42% and 7.19%. Compared with SSSC, for 10 subjects, our H-

CSC improves the clustering error rate of the H-SSSC by 3.29%,

hile the S-DCSC improves the clustering error rate of the S-SSSC

y 2.30%. And compared with TDL-FSSC, our H-DCSC improves the

lustering error rate by 3.15%, while the S-DCSC improves the clus-

ering error rate by 4.92% for 10 subjects. Our DCSC method far

utperforms the two-stage methods mainly because it combines

he affinity learning and label inferring so that they can interac-

ively guide each other to have the expected properties for clus-

ering. Our DCSC outperforms the existing unified methods mainly

ecause it utilizes more fully the affinity and the labels to guide

ach other so that both are discriminative between clusters and

oherent within clusters. 

To better understand why our DCSC outperforms SSSC, we com-

are them visually. Fig. 3 shows (from top to bottom) the self-

epresentation coefficient matrix Z , the affinity matrix A , the row

ectors of ˜ Q and the data connection matrix P learnt from the

ata matrix consisting all samples of the first, third and tenth sub-

ects. Recalling that the column of ˜ Q is the eigenvectors of the nor-

alized graph Laplacian matrix ̃  L corresponding to the smallest K

igenvalues, ˜ Q has 192 rows and each row is a 3-dimensional vec-

or. The row vectors of ˜ Q obtained by H-SSSC, S-SSSC, H-DCSC and
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Fig. 3. Visualization of the self-representation matrices Z , the affinity matrices A , the eigenvectors corresponding to the three smallest eigenvalues of A , and the matrix P 

obtained by SSSC and our method. The percentage numbers are the corresponding clustering error rates. For ease of visualization, we show the absolute value of the matrixes 

and rescale each entry by a factor of 800. (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.) 
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Fig. 4. Sample images from the USPS dataset. 

Fig. 5. Sample images from the Hopkins 155 dataset. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2 

Clustering error rates(%) on the USPS dataset. The best results are in bold font. 

Methods LRR LSR1 LSR2 CASS SMR SSC S-SSSC S-DCSC 

Subjects 10 26.90 42.90 25.30 18.00 11.10 10.10 8.20 6.90 
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S-DCSC are shown in Fig. 3 -(i-l), where the red, green and blue

points correspond to the 1–6 4, 6 4–128, 129–192 rows of the ma-

trix ˜ Q , respectively. 

Ideally, the representation coefficients and the affinities of data

points from different clusters (the entries off the diagonal blocks)

should be zero, thus exhibits the discriminative property. Or in

other words, the matrix Z and A should exhibit block diagonal

structure, where the diagonal blocks correspond to the data within

clusters and the entries off the diagonal blocks correspond to from

different clusters. One can see that the matrix Z and A obtained by

our method have very few nonzero entries off the diagonal blocks

and the entries within the diagonal blocks dominate the matrix

entries in amplitude, thus have better discriminative property. In

comparison, the matrixes Z and A obtained by H-SSSC and S-SSSC

have much more nonzero entries off the diagonal blocks, thus have

weaker discriminative ability. 

The row vectors of ˜ Q are used by the K-means algorithm to ob-

tain the clustering results and the data connection matrix P indi-

cates which samples are finally segmented into the same cluster.

It is important for the row vectors of ˜ Q to exhibit good cluster

property. One can see that the row vectors of ˜ Q of our S-DCSC are

well concentrated in three groups (corresponding to the three sub-

jects) and there is little overlap between groups, thus result in ex-

act clustering result. As shown in Fig. 3 -(p), the matrix P of our

S-DCSC exactly recovers the cluster membership of the data. Most

rows of ˜ Q of our H-DCSC are well concentrated in three groups,

but there is a little overlap between the red group and the blue

group. This causes that a few samples from the first subject are

wrongly segmented into the third cluster, as shown by the matrix

P in Fig. 3 -(o). The row vectors of ˜ Q obtained by SSSC have heavier

overlaps so result in more wrong clustering results, as shown by

the matrix P in Fig. 3 -(m) and (n). The S-DCSC is better than the

H-DCSC, so in the next experiments, we use the S-DCSC method. 

4.2. Experiments on the USPS dataset 

The USPS dataset consists of 9298 images of 10 subjects, cor-

responding to 10 handwritten digits 0–9, and each image has

16 × 16 pixels. Fig. 4 shows some sample images. We use the first

100 images of each digit in the experiments. To reduce computa-
ional cost and restoration requirement, we use the standard PCA

o reduce the dimension 256-dim data into 40-dim. The squared

robenius norm is used to measure the error matrix E . We perform

he clustering experiment on all data points of all subjects. We

ompare our S-DCSC with LRR [30] , LSR [33] , CASS [34] , SMR [43] ,

SC [29] and SSSC [44] on the USPS dataset. Experiments show

hat the S-DCSC method performs best with α = 0 . 12 , β = 2 . 5 and

= 0 . 2 . The clustering error rates are reported in Table 2 . Our

ethod outperforms other methods on the USPS dataset. 

.3. Experiments on the Hopkins 155 dataset 

Motion segmentation refers to the problem of segmenting a

ideo sequence with multiple rigidly moving objects into multiple

patiotemporal regions that correspond to the different motions in

he scene (see some examples in Fig. 5 ). This problem is often

olved by first extracting and tracking the spatial positions of a set

f N feature points x f i ∈R 2 F through each frame f = 1 , . . . , F of the

ideo, and then clustering these feature point trajectories accord-

ng to each one of the motions. Under the affine projection model,

 feature point trajectory is formed by stacking the feature points

 f i 
in the video as y i = [ x T 

1 i 
, x T 

2 i 
, . . . , x T 

F i 
] T ∈R 2 F . Since the trajecto-

ies associated with a single rigid motion lie in an affine subspace

of R 2 F ) of dimension at most 3, the trajectories of n rigid motions

ie in a union of n low-dimensional subspaces of R 2 F . Therefore,

he multi-view affine motion segmentation problem reduces to the

ubspace clustering problem. 

We consider the Hopkins 155 dataset [59] , which consists of

55 video sequences with 2 or 3 motions in each video corre-

ponding to 2 or 3 low-dimensional subspaces. The squared Frobe-

ius norm is used to measure the error matrix E . We compare our

-DCSC method with SSC [29] , LSA [23] , LRR [30] , LSR [33] , BDSSC

47] , BDLRR [47] , DTL-FSSC [56] and SSSC [44] on the Hopkins 155

otion segmentation dataset for the multi-view affine motion seg-
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Table 3 

Clustering error rates(%) on the Hopkins 155 dataset. The best results are in bold font. 

Methods LSA LRR BDLRR LSR1 LSR2 BDSSC SSC DTL-FSSC S-SSSC S-DCSC 

2 motions Ave. 3.27 3.76 3.70 2.20 2.22 2.29 1.95 1.80 1.64 1.43 

ERR(%) Med. 0.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Std. 8.41 7.73 10.31 5.73 5.73 7.75 7.19 – 6.15 4.08 

3 motions Ave. 9.15 9.92 6.49 7.18 7.18 4.95 4.94 4.20 4.27 4.17 

ERR(%) Med. 1.66 1.42 1.20 2.40 2.40 0.91 0.89 0.21 0.73 1.11 

Std. 14.58 11.33 12.32 8.96 8.86 9.72 9.91 – 8.97 6.68 

Total Ave. 4.60 5.15 4.33 3.31 3.34 2.89 2.63 – 2.20 2.04 

ERR(%) Med. 0.69 0.00 0.00 0.22 0.23 0.00 0.00 – 0.00 0.00 

Std. 10.37 9.07 10.82 6.72 6.86 8.28 7.95 – 6.80 4.90 
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entation without any other post processing (e.g., coefficients se-

ection, thresholding, or � ∞ 

normalization). 

Experiments show our S-DCSC performs approximately best

ith α = 0 . 22 , β = 870 and λ = 10 . Experimental results presented

n Table 3 indicate that our S-DCSC performs better than other ex-

sting methods. 

The experimental results motivate some insights into the sub-

pace clustering: first, the unified methods: TDL-FSSC, SSSC and

ur DCSC generally outperform the two-stage methods. This con-

rms that combining the affinity learning and label inferring can

ctively affect each other and thus obtain higher clustering ac-

uracy. This also shows that exploiting the discrimination of the

ffinity and the coherence of the labels helps clustering. More im-

ortantly, our DCSC method performs much better than SSSC and

DL-FSSC. This suggests that, combining the affinity and the la-

els more fully to guide each other so that both are discriminative

etween clusters and coherent within clusters is advantageous to

ubspace clustering. 

. Conclusion 

In this work, we present a new regularity which combines the

abels and the affinity so that they interactively enforce each other

o have expected properties. Incorporating the new regularity into

he SSSC model, we give a new unified optimization framework

or subspace clustering. It enforces the coherence and discrimina-

ion of the affinity as well as the labels, thus called Discriminative

nd Coherent Subspace Clustering (DCSC). Extended experiments

n several commonly used datasets demonstrate that our method

utperforms other state-of-the-art methods in revealing the sub-

pace structure of high-dimensional data. 
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