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random mapping.

In an n way interleaved memory, the effective bandwidth (BW)
depends on the average number of concurrently active modules.
Hellerman [2] has proposed a theoretical model in order to estimate
the effect of n way interleaving for large n. We shall show in this
correspondence that this model is equivalent to another which has
occurred in studies of epidemics, and of random number generators,
and in other statistical applications. We also present a simple
"algebra" for dealing with sums of the type Hellerman encountered.
The theoretical model for interleaved memory assumes that a

sequence of memory requests al,a2,a3,.- - is made at high speed, where
each as is a uniformly distributed random integer between 1 and n,
independent of the other as. We find the smallest m such that
am = as for some j < m, and then the first m - 1 memory requests
are serviced. The process continues on the next cycle by considering
the sequence am,am+1,am+2,.. in the same way. Thus the model
assumes the following. 1) The memory never idles from lack of work.
2) The time to inspect the requests can be overlapped with the
accessing. 3) There is no queuing of requests on busy modules.
Hellerman proved that the average number of active modules is

n k2(n - 1)!

i..l (n - k)!nk-

He tabulated this quantity for 1 < n < 45 and suggested that n0 56
would be a good approximation based on these data. We shall show
that the preceding quantity equals Q(n), a well-studied function
whose value is
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The sum in (1) takes the form
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(3)
when written out term by term. In dealing with such sums it is
convenient to define the notation

n-1 n-ln-2
(ao,al,,a2 ) = aO + a, + a2 + *-- (4)

- ~ ~~~~nn n

regarding n as a fixed positive integer. We will use this notation
for infinite sequences ao,al,a2, *-; but the quantity (aoal,a2 . ..) is
actually independent of an,an+,*+1, * since the terms on the right-hand
side eventually are all multiplied by zero. Thus there is no problem
of convergence, nor do we need to worry about the upper limit
of summation.
The bracketed function in (4) is clearly linear in all components

(ao,al,a2,. ) + (bo,bb2,,b**) = (ao + bo,a, + b,,a2 + b2,...)- (5)
Furthermore we have the identity

(ao,a,,a2,a,) = ao + (al,a2,a,-*)- -(la,,2a2,3a3,,- -) (6)
n

as is readily verified from the definition. Equation (6) is a useful
relation, since it proves, for example, that (1,2,3,4,.-.)=- n if we
set all the as to 1.

Hellerman's sum (3) is

1
- (12,22,32, -*)
n

and by setting as = j for all j, we have

- (12,22,32, . .) = (1,2,3,4,... ) - (0,1,2,3,-**) = (1,1,1,1,*)
n

by (6) and (5). Therefore the average number of memory modules
active per cycle is

n-1 n-ln-2
(1,1,1,---) = 1 + + +*--+

In n n
(7)

This is precisely the function Q(n) discussed in some detail in [3].
The asymptotic behavior of this function was investigated by
Ramanujan in 1911 [5], who showed that

n!e" 1 4 18 1
Q(n) = - - - n-' + -3 n- + n-3 + 0(n-4). (8)
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The leading term of (8) can be approximated by using Stirling's
formula.
The preceding memory-access model is equivalent to another

model that has received considerable study, namely, the behavior
of a random mapping from the set {1,2,..,n } into itself, considering
all nn functions to be equally likely. If we start at any random point
a, and then compute a2 = f(a,), as = f(a2), etc., until am = f(a.-,)
is first equal to as for some j < m, the sequences al,a2,.. . ,am have the
same property as in the memory-accessing model, since f(a,),
f(a2),, ,f(am_,) are independent of each other and of the choice
of a,. This problem was apparently first studied by Rapoport [6]
and later by many other people (see, for example, [1]). The final
value of m - j is called the period of the random mapping starting
at a, and the final value of j -1 is called the length of the tail.
It is not difficult to prove (cf. [4]) that the average tail length is
(Q(n) - 1)/2 and the average period length is (Q(n) + 1)/2;
hence we obtain another proof that Q(n) is the average value of
m -1.
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Eigenvalue Properties of Projection Operators and
Their Application to the Subspace Method of

Feature Extraction

C. W. THERRIEN

Abstract-The subspace method proposed by Watanabe et al. is
an important method of feature extraction in pattern recognition.
Some new results described here provide a formulation of the sub-
space method that is particularly easy to implement and overcomes
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CORRESPONDENCE

the various numerical difficulties that were inherent in earlier im-
plementations of the method. The present formulation is also im-
portant in that it provides the key to the relation of this method to
other methods of feature extraction.

Index Terms-Eigenvalue properties, feature extraction, inter-
section and union of subspaces, orthogonal subspaces, pattern recog-
nition, projection operators, projections.

I. INTRODUCTION

A number of methods for feature extraction in pattern recogni-
tion [1]-[6] have been proposed that are based in one way or another
on the Karhunen-Loeve expansion [6], [7] and thus implicitly on
the second moment properties of the class distributions. One method
of particular interest was proposed by Watanabe first under the
acronym CLAFIC [1] and later (with some refinements) under
the acronym MOSS (for Method of Orthogonal SubSpaces) [2], [3].
This method attempts to find a set of subspaces of the observation
space that relate to features of the classes and employs so-called
orthogonal projection operators to represent the subspaces. A critical
issue in the application of the method is the computation of projec-
tion operators corresponding to the intersection and union of sub-
spaces. The subspace method, as originally developed, provided only
iterative algorithms for the computation of the bilateral intersection
of (two) projection operators. The algorithms had to be carried out
with extreme caution to avoid numerical instability and this ren-
dered the entire feature extraction method somewhat difficult and
computationally expensive to apply.
In this paper some results based on eigenvalue properties are de-

rived that can be applied to compute the intersection or union of any
number of projection operators in a single step and completely elim-
inate the numerical difficulties of the iterative algorithms. More-
over, the results lead to a very streamlined and computationally
efficient formulation of the subspace method and provide the key
to its relation to other methods of feature extraction [8].

II. EIGENVALUE PROPERTIES OF
PROJECTION OPERATORS

Let X be an n-dimensional linear vector space defined over the
field of real numbers. A linear transformation P on X is called an
orthogonal projection operator if it is both idempotent and symmetric,
that is

p2 = p (1)
and

P7 = P. (2)
An orthogonal projection operator corresponds one-to-one with a
subspace of X as follows. Let 3(P) denote the range and 91(P) de-
note the null space of P. Then from (1) and (2) 3(P) and 91(P)
are complementary orthogonal subspaces [9], [10]; that is

x, = Px (6)
and that x, may be viewed geometrically as the orthogonal pro-
jection of x into S(P).

It also follows from (1) through (6) that if x e 3(P) then x. = x
and so x is an eigenvector of P corresponding to an eigenvalue of 1.
Further, if the dimension of 3(P) is m, then any set of orthonormal
vectors I el,e2, --,em } that span 3(P) are eigenvectors of P corre-
sponding to eigenvalues of 1, and any set of orthonormal vectors
Jem+1,em+2,.-.,enJ that span OZ(P) are eigenvectors of P corre-
sponding to eigenvalues of 0. Thus the eigenvalues of P are all 1
and 0; the eigenvectors {el,e2,--. ,en} form an orthonormal basis of
X; and P can be expressed [9] as

(7)
m

P = E: e,ejT.
j-i

This shows that 3(P) uniquely defines P as well as vice versa; thus
one can refer to 3(P) as the subspace "corresponding to" P.

Let x represent the Euclidean norm or "magnitude" of x de-
fined by

(8)x = (XTX) 12 = (>3 (x) j2)12
i-i

where (x) , is the jth component of x. Then it follows from (5) that

xpl < lxl (9)

with equality only when x, = x. It also follows from (5) and (6)
that the squared magnitude of the vector projection in 3(P) is
given by

x, 12 = xTPx. (10)

The operations of complementation, intersection, and union are
defined for projection operators by similar operations on the cor-
responding subspaces,2 that is,

3(P) = 3(P) = 91 (P)

s(PilnP2) = 3(Pi)fn(P2)
8 (P1 U P2) = 3(P1) U 3(P2).

The following notation will also be used:
K K

S( n Ph) = nf (Pk) s 3(Pn)l S(P2) n ... n s3(PK)
k-I k-I

K K

n(f Ph) = nf 3(P) e 3(P1) U 3(P2) U ... U 3(PK).
k-I k-i

(lla)

(llb)

(llc)

(12a)

(12b)

It can be shown [3] that the subspaces, and thus the projection
operators satisfy the law of dualization:

K K

U Pk= n Pk.
k-1 k-i

(13)

X = 3(P) D91(P)
with

3(P) 91 (P).

(3) Two projection operators PI and P2 are said to be mutually orthog-
onal (written P1 ± P2) if their corresponding subspaces are or-
thogonal

(4) 3(P1) ± 3(P2). (14)
Thus any vector x E X has a unique representation as the sum of
two orthogonal components

x = xi, + X± (5)

where x, C (P) and X 91(P). Observe1 that

Condition (14) holds if and only if Pi and P2 satisfy

PIP2 = P2P1 = 0-

It is easily verified that

I Since X± 91(P) Px = PXp + 0. Since xi, (P)Xp = Py 3 y E X.
Thus PX = PPy = Py = xp.

2 The intersection of two subspaces Is the set of vectors contained in
both subspaces. The union of two subspaces is the set of all linear com-
binations of vectors in the two subspaces.

(15)
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p = I-p (16)

where I is the identity matrix and that P l P. The other operations
(llb), (lic), and (12) have traditionally been more difficult to
implement computationally. The following procedure is presented
as a solution.

Define the generating matrix
K

r =EakPk (17)
k=i

wheretheaP are arbitrary projection operators and the at are any
real numbers satisfying

O< ak < 1 k = 1,2,.*,K
K

Eak = 1.
k-1

(18a)

(18b)

Since r is symmetric, its eigenvectors are linearly independent
and span X [9]. Accordingly, one can always determine a set of n
eigenvectors that are orthonormal (even if r has repeated eigen-
values). Further, if X is an eigenvalue and e is the corresponding
(normalized) eigenvector of r, then X can be expressed [see (10)1
as

K K

X = eTre E akeTPke = Eat e(k) 12 (19)
k-i i-i

where e(k) is the projection of e into S(Pk). Since e has unit mag-
nitude, the terms e(k) 12 of (19) lie between 0 and 1. As a result the
eigenvalue X lies in the same interval, that is 0 < X < 1.

Let the eigenvalues of r be ordered such that

Xi = 1 1 < j < m

0 <Xi< 1 m+1<j<m'

xi = 0 m' + 1 < j < n.

The following theorems show that the eigenvalues of r equal to 1
and 0 (if any exist) relate to the intersection and union subspaces,
respectively.

Theorem 1: A vector e is contained in S ( nkltK Pk) if and only if
it is an eigenvector of r corresponding to an eigenvalue of 1.

Proof: -: If
K

e C S(C\ Pk)
k-I

then

e E S(Pt), k = 1,2,.,K
thus

K K

re = E akPke =E ake = e.
k-i k-I

: If e is an eigenvector of r corresponding to an eigenvalue of 1
then

K K

e = re = E akPke = E ake(k).
k-1 k-i

If there exists any S(Pk) for which e 1: S(Pk), then from (9)
K K

et .ea<Ea l e(k) i<Eatk el = e .
k-1 k-l

Since the last inequality is strict, this relation is a contradiction.
Thus e must be contained in each S (Pk) and so is in the intersection.

Corollary 1: If f el,ee2,, ,een} is the set of orthonormal eigenvectors
of r corresponding to eigenvalues fx1,x2,X..I,X satisfying (20), then
the eigenvectors es, j = 1,2, *. ,m span 8 (h)k-IK Pt) and Olk.. Pk
is given by

K m

n P, = E ejejT.
k-1 j-1

(21)

The latter provides a computational procedure for determining the
intersection of projection operators. A second theorem which follows
directly from the first relates to the union.

Theorem 2: A vector e is in the complement of S(Uk.1K Pk) [i.e.
e E 91 (UkJ1K Pk) I if and only if it is an eigenvector of r correspond-
ing to an eigenvalue of 0 [i.e., e C 1(IF) ].

Proof: : From (13) and (16), the complement of the union
can be written as

K K

JPI, =Gn (I -Pk).
k-1 k=1

K

Form =Eak(I - Pk) =I-r.
k-i

By Theorem 1 a vector e is in the complement of the union iff it
is an eigenvector of r corresponding to an eigenvalue of 1. But ac-
cording to the above relation this will be true iff e is an eigenvector
of F corresponding to an eigenvalue of 0.

Corollary 2: If { el,e2,-.. ,enJ is the set of orthonormal eigenvectors
of r corresponding to eigenvalues IXl,)2, * X,8 satisfying (20), then
the eigenvectors ej,j = m' + 1,m' + 2,--.,n span the complement
of S (tJtk1K Pk) andUkJ-1K Pk iS given by

K n Mn

U Pk = I - E eieiT = E e,ejT.
k-1 j-mf+1 j1

(22)

Note that the results of these two theorems and their corollaries
do not depend on the particular choice of the fat ). The same inter-
section and union subspaces are generated for any choice of the
fat,) satisfying (18).
The results (21) and (22), can be applied to the subspace method

of feature extraction. The application leads to a very simple imple-
mentation of the subspace method and eliminates the numerical
difficulties inherent in the iterative methods that were previously
used to compute the intersection of projection operators.

III. APPLICATION OF RESULTS TO THE SUBSPACE
METHOD OF FEATURE EXTRACTION

Assume that the patterns, which are to be classified into one of K
distinct classes, are described by vectors in an n-dimensional linear
vector space X (the "observation space"). The goal of the subspace
method of feature extraction is to develop a set of subspaces of X
that relate to important distinguishing characteristics of each class.
If Pi' is the projection operator corresponding to such a subspace,
then a feature zi may be defined by

Zi = x(t) I' = xTPi'x (23)

where x is a vector to be classified and x(i) denotes the projection
of x into the' subspace S(Pi'). The subspaces S(Pi') are generated
as follows.
An optimal subspace for representation of each class is first gen-

erated using the Karhunen-Loeve expansion. In particular, if it is
desired to represent vectors of Class i with some maximum relative
mean square error e;

Eli x- X(,) 12]
e =(. EiElx 12] (24)

where Ei denotes expectation using the density of Class i, then the
subspace of smallest dimension mi that achieves condition (24) is
spanned by the eigenvectors of the class correlation matrix corre-
sponding to its mi largest eigenvalues [6]. If e is specified, then mi
can be determined from (24) and the relation
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n n
e.= ( E Xi3))/(E> X.i)) (25)

jmi+1 i-I

where X2(i),j = 1,2,---n are the eigenvalues of the class correlation
matrix

Ri = Ei[xxr] (26)

assumed to be ordered such that X,(') > X2() >-. > Xni(). Pro-
jection operators Pi,i = 1,2,.--,K corresponding to the representa-
tion subspaces are then generated using (7).

Feature subspaces are formed from the representation subspaces
by removing the intersection of these subspaces. If Pi' represents
the projection operator of the ith feature subspace then3

K KR

Pi, = Pin ( (-)\ Pk) = Pin ( (I - Pk)) .
k l;kOi k l;kOi

(27)

The projection operator corresponding to the portion of the obser-
vation space not included in any of the feature subspaces is given by

K K

PK+1 = Pi' = I - Pi'. (28)
vi l i-i-

In the final step, vectors in the observation space are transformed
via an orthonormal transformation B to

x* = Bx

and the projection operators are transformed to

Pi* = BPi'BT i = 1,2,-..,K + 1

(29)

(30)

with (Pi*) = (Pi). The transformation B is chosen such that the
P,* takes on a particularly simple form with l's on selected diagonal
elements and O's elsewhere. Thus the computation of the features
zi involves only squares of the components of x*.4

It will now be shown that the results of the previous section lead
directly to the generation of the Pi' and the orthonormal transforma-
tion B, and to the computation of the features Zi*. If Pi,i = 1,2, * - * ,K
are the projection operators corresponding to the representation
subspaces (derived as discussed earlier in this section) then the
projection operators for the feature subspaces can be derived using
(27) and Corollary 1. Form the generating matrix

K

ri = aiPi + ak(I-Pk) (31)
k-1;k0i

where the ak satisfy (18). In order to simplify notation for the en-

suing development denote the eigenvectors of ri corresponding to
eigenvalues of 1 by uj, j = li_- + 1,1i_1 + 2, *,li with lo = 0. Then,
by Corollary 1, the feature space projection operators Pi' for i =
1,2,A .K are given by

Ii

Pi'= E2 uiuiT.
i-i -i+l

Let u,,j = 1K + 1,lK+ 2,- - *,n denote the eigenvectors of rK+1 cor-
responding to eigenvalues of 0. They by (28) and Corollary 2 the
projection operator PK+,' is also given by (32) with lK+1 = n.

Consider now the linear transformation defined -by

F1

B =

_- ( -Un -*

Since the subspaces 8 (Pi') are orthogonal and complete, the vecters
Uid = 1,2,***,n satisfy

U,TUk = ask (35)

where 6,k is the Kronecker delta. It is easy to show that the matrix B
of (34) has the properties previously claimed. First note that if
(32) and (34) are substituted in (30) then the projection operators
Pi' assume the form

zi

Pi* = BPi'BT E Buju,TBT

0

0

1

0

0.

Further, if x- E 3(Pi') then one can write
i

x = E CjUj
i g;-1+1

where

ci = uj7X i = li-i + 1,.- -,li.

From (29), (34), (35), and (37) the transform
given by

(32)

The projection operator PK+,' corresponding to the complementary
subspace [i.e., that not included in any of the 3(Pi')i = 1,2,..*,K]
is computed by forming

K

rK+1 = E aiPi .

i-I

8 An alternative definition for the feature subspaces is

P'i, = fPiln ( u PinPk).
k-1;k#i

(33)

li

x* = Bx = c,Bu3 =

i li-i+1

This definition is not the same as (27) since the operation of Intersection
of subspaces does not distribute over the operation of union [3]. Although
both methods have been cited in the earlier literature [21 we shall adhere
to definition (27) because of the greater computational simplicity that it
affords.

.4 When the alternative definition for the feature subspaces is used, a
similar transformation B that is not orthonormal can be derived, see [31.

0

~0

<-li- + 1.

(36)

+- li

(37)

(38)
led vector x* is

.. (39)

(34)
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TABLE I
DETECTION PROBABILITY USING SUBSPACE FEATURES

False Alarm Target Target Target Target Target
Probability 1 2 4 6 7

0.05 0.88 0.92 1.00 0.77 0.60
0.10 0.99 1.00 1.00 0.89 0.77

TABLE II
DETECTION PROBABILITY IN THE OBSERVATION SPACE

False Alarm Target Target Target Target Target
Probability 1 2 4 6 7

0.05 1.00 0.99 1.00 1.00 0.94
0.10 1.00 1.00 1.00 1.00 0.98

It follows from (36) and (39) that

x* = Pi*x*

that is, x* E 3(Pi*)-
Because of the form (36) of the Pi*, the computation of the fea-

tures is almost trivial. In particular (23) reduces to

i

Zi= (X*)j 12 i = 1,2,--,K+1. (40)

Thus the feature transformation is completely determined by the
matrix B and the indices li,i = 1,2,- - -,K.
The computational steps involved in applying the subspace method

of feature extraction are as follows. First, the correlation matrix for
each class is formed. Second, the eigenvectors of the correlation matrix
are determined and the projection operators for the representation
subspaces are formed using (7). Third, the generating matrices ri
are formed and the appropriate eigenvectors are extracted to form
the feature space projection operators. Finally, the eigenvectors
from which the projection operators were derived are used to form
the linear transformation B in terms of which the features are finally
expressed.
The major computational advantage of this formullation of the

subspace method show up in the third step. The projection operator
for each feature subspace is derived by simply forming the appro-
priate generating matrix and determining its eigenvectors. More-
over, these eigenvections are precisely those needed for forming
the linear transformation B in the last step.

IV. FEATURE EXTRACTION APPLIED TO RADAR
SIGNATURE CLASSIFICATION

Results from the application of the subspace method to the classi-
fication of radar signatures are reported here. The data to be classi-
fied consisted of 300 simulated radar signatures from each of several
distinct objects in ballistic trajectories. Each signature was repre-
sented in the observation space by a 32-dimensional vector corre-
sponding to 16 principally polarized and 16 orthogonally polarized
returns received by the radar. Feature extraction was applied, and
the signatures were classified pairwise against the signatures from
a single target representing a reentry vehicle (RV).
For the results shown here, an RV and five other target objects

were used to derive features. Four nonempty feature subspaces re-
sulted, providing four features. A quadratic classifier was used and
performance was evaluated using the "leave-one-out" (L) method
[7]. Tables I and II show the performance of the classifier in the
feature space and in the observation space respectively. The tables
list the probability of detection (probability of correctly classifying
an RV) for specific values of the probability of false alarm* (prob-
ability of classifying a non-RV target as the RV). Performance in

the feature space is reasonable for Targets 1, 2, and 4 considering the
reduction in dimensionality. Performance for Targets 6 and 7 (those
more difficult to classify) shows considerable degradation.
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A Unified Approach to Feature Selection and Learning
in Unsupervised Environments

A. L. LAKSHMINARASIMHAN AND B. V. DASARATHY

Abstract-Here the twin problems of feature selection and learn-
ing are tackled simultaneously to obtain a unified approach to the
problem of pattern recognition in an unsupervised environment.
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