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Abstract

The Subspace Pattern Recognition Method (SPRM) is a statistical method where each class is represented by a separate
subspace. There are a number of variants to it including the Averaged Leamning Subspace Method (ALSM). The decision
surfaces in all these methods are quadratic. In some applications, we may require decision surfaces which are more nonlinear
in nature. In this paper, we have proposed the use of more than one subspace (cluster) in the representation of the classes
in the subspace methods of pattern recognition. By keeping the number of principal components in all the clusters the
same, this model allows for a piecewise linear approximation of the decision surfaces. We have used this model to extend
both the SPRM and the ALSM to obtain the Extended SPRM and the Extended ALSM, respectively. We have investigated
the use of a dynamic clustering algorithm for the assignment of patterns to different clusters as opposed to a random
assignment. We have conducted experiments on three data sets including a 192-dimensional large character data set. The
results indicate that the proposed methods have the potential to approximate any decision surface, and can considerably

improve the classification accuracy on the test sets.

1. Introduction

Watanabe (1969) suggested the Subspace Pattern
Recognition Method (SPRM) as a new approach to
classifying and representing patterns given as elements
of a vector space. Here, each class is represented by
a subspace spanned by a group of basis vectors - the
orthogonal components obtained by principal compo-
nent analysis. One drawback with the basic SPRM is
that the features obtained for one class are not depen-
dent on the features of the other classes. The features
chosen are very good for data compression, and thus
are good at representing an average pattern. However,
if there is a large number of outlying samples in the
tails of the probability density functions for the classes,
these features will no longer be good. Improvements
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to the basic SPRM can be put under the following cat-
egories: (i) methods based on weighted orthogonal
projections, and (ii) methods based on the rotation of
subspaces.

There have been many attempts of associating
weights to the basis vectors in the computation of
the orthogonal projections (see Oja, 1983). All these
methods obtain the weights a priori based on the
first- and second-order statistical properties. Recently,
learning methods to assign weights using the training
samples have been proposed using a genetic algorithm
(Prakash and Murty, 1995a) (here, the weights are
binary) and a neural network based on the Hebbian
Learning Subspace Method (HLSM) (Prakash and
Murty, 1995b). By adapting the weights, these learn-
ing methods implicitly integrate feature extraction
and classification.

The first improvement of the SPRM based on the
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rotation of subspaces is proposed by Kohonen et al.
(1979). They suggested decision directed learning in
their Learning Subspace Method (LSM) to improve
the performance. The representations (i.e., the sub-
spaces or the orthonormal features/principal compo-
nents) get adapted in the process of rotation. Thus,
the LSM integrates feature extraction and classifica-
tion. A number of variants of this have been proposed
(see Oja, 1983).

The learning methods have been successfully ap-
plied in practice in a variety of applications including
speech recognition (Oja, 1983), texture identification
(Oja and Parkkinen, 1986), and character recognition
(Prakash and Murty, 1995b). In practice, these meth-
ods are fast and exhibit reasonably robust behavior
with respect to convergence during learning. At the
time of classification, they involve only dot products
and hence are extremely fast. In terms of recognition
accuracy, one variant of the LSM known as the Aver-
aged Learning Subspace Method (ALSM) appears to
work best (Oja, 1983, Prakash and Murty, 1995b).

From the point of view of computational power, two
properties are associated with all the subspace meth-
ods: (1) the classification of a pattern x is based solely
on its direction and does not depend on the magni-
tude of x, and (ii) the decision surfaces are quadratic.
Independence of magnitude is desirable in some ap-
plications (Oja, 1983, Prakash and Murty, 1995b).
However, the second property may be a limitation in
some applications. Piecewise linear approximations
have been used in the past to overcome similar prob-
lems in PR (e.g., Sklansky and Michelotti, 1980, Ko-
valevsky 1980, Choi and Choi, 1994).

In this paper, we propose the use of a piecewise lin-
ear approximation in the subspace methods to over-
come the limitation of quadratic decision surfaces.
Here, each class is represented by a set of subspaces
(clusters). By keeping the number of basis vectors the
same among all these clusters, a piecewise linear deci-
sion surface can be obtained. We extend the SPRM and
the ALSM to obtain the Extended SPRM (ESPRM)
and the Extended ALSM (EALSM), respectively. We
investigate the effectiveness of these methods here.
The organization of the paper is as follows. In Section
2, we briefly present the SPRM. In Sections 3 and 4
we present the ESPRM and the EALSM, respectively.
The experimental results are presented in Section 5.
Finally, in Section 6, we summarize and conclude.

2. The subspace pattern recognition method

The subspace methods of classification are decision-
theoretic pattern recognition methods where the pri-
mary model for a class is a linear subspace of the Eu-
clidean pattern space (Watanabe and Pakvasa, 1973).
Any set of m linearly independent vectors uy,. . ., uy
in R" (with m < n) spans a subspace, L:

L=L(ur,...,uy)

n
= {x | x = E a;u; for some scalars al,...,am}.

=]

The basic operation on a subspace is a projection of a
vector, and is given by X = Px, where the projection
matrix, P, of L is given by

P=AATA)'AT, A=l(u,...,u,].

X = x—2X is the corresponding orthogonal residual. The
squared orthogonal distance of x from L is defined by

d(x, L) = ||%]*/ || xI]*.

This orthogonal distance forms the classification cri-
terion, and x is classified to the class which gives the
shortest d.

Given K pattern classes @
sented by its subspace L' = L(u, ...
sification rule is:

I,...,wX, each repre-

,u,.;), the clas-

ifd(x,L') <d(x,L') Vj#i,
then classify x into @'
Alternatively, the classification rule could also be
given in the following form:
if 8(x, L) > 8(x, LV) Vj # i,
then classify x into ', (1)

where 8(x, L/), the squared orthogonal projection dis-
tance, is defined as

8(x, L)) =

, ufn, are non-orthonormal,

xTP/x  whenuf,...

n
Z()CTIA{)2 when u], ...

i=]

,u’, are orthonormal.

(2)
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Given any data set, the SPRM classifier accuracy
is obtained as follows: we take each sample from this
data set and use Egs. (1) and (2) to obtain the class
to which the SPRM assigns it. If this is the same as
the given classification label associated with the data
sample, it is said to be correctly classified. The SPRM
classifier accuracy is defined as the percentage of data
samples correctly classified as above.

From Egs. (1) and (2) we see that the decision
surfaces obtained by the SPRM are quadratic, and
the classification is independent of the magnitude. We
also see that the computation involved in the classifi-
cation is simplified considerably when the basis vec-
tors chosen are orthonormal. In the CLAFIC algorithm
( Watanabe and Pakvasa, 1973), we can choose princi-
pal components (PCs), i.e., those eigenvectors of the
class covariance/correlation matrix that correspond to
a few largest eigenvalues, as basis vectors. This num-
ber could either be simply predetermined or may cor-
respond to capturing a given percentage (a threshold)
of variance in the data.

3. Extended subspace pattern recognition method

In this method, each class is represented using one
or more clusters. Let C!, . .. ,C";, represent the »‘ clus-
ters of class w'. Let LV = L(u}’,...,u"/,) and P
be the subspace and the projection matrix, respectively
corresponding to the jth cluster of the ith class. The
classification rule given by Eqs. (1) and (2) above is
now modified as follows:

if 8(x, L") > &8(x, LMy V(i j) # (kD),
then classify x into (w',C}), (3)

where 6(x, L), the squared orthogonal projection
distance on the jth cluster of the ith class, is defined as

8(x, L) =
xTP“x  when uy/,... w3, are non-orthonormal,

mi

E (xTu;c” y2  when uy', ..., ul, are orthonormal.

mi-i
k=1

4

The classification is independent of magnitude as
before. The decision surfaces in earlier methods like

the SPRM and the ALSM are usually quadratic. In the
special case of equal number of basis vectors, the de-
cision surfaces are linear. By having many clusters in
each class, and the same number of basis vectors in all
clusters, these extended methods obtain a piecewise
linear decision boundary. Thus, any decision bound-
ary can be approximated by choosing an appropriate
number of clusters in each class.

In the SPRM, determining the subspace corre-
sponding to any class can simply be obtained using
the CLAFIC algorithm based on all the training pat-
terns belonging to that class. However, in the extended
methods, as there are more than one cluster in each
class, these patterns have to be split and assigned
to different clusters on some basis. We have investi-
gated the following two modes of assignment in our
experiments: (i) split the available patterns equally
among the clusters in a random manner, and (ii) use
a dynamic clustering algorithm (Didey and Simon,
1980) to determine the initial clusters.

The idea behind the dynamic clustering algorithm
for subspaces is to maximize the total variance cap-
tured by all the subspaces, thus resulting in a more
faithful representation of the patterns by a given num-
ber of subspaces/clusters. Thus, it is likely to improve
the classification accuracy. The algorithm is as fol-
lows. It starts with a random assignment as in mode
(1). Based on this assignment, the initial subspaces
are formed (we use CLAFIC). Now, all the patterns
are assigned to these clusters again. Based on this new
assignment, the next set of clusters is determined as
before. This iterative process is carried out either unti}
a stable configuration is reached or for a given number
of iterations. Using covariance matrices, the dynamic
clustering algorithm always reaches a stable configu-
ration (Didey and Simon, 1980). We use correlation
matrices as the ALSM requires them instead of the
covariance matrices. However, in all our experiments
(to be described in Section §), stable configurations
could be reached.

4. Extended averaged learning subspace method

In the ALSM, sample estimates of conditional cor-
relation matrices are used, where the conditioning
events are the two types of misclassification: either a
sample vector of class w’ is misclassified into another
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class, say w/, or a sample vector of another class, say
w*, is misclassified into class w’. Denote the unnor-
malized conditional correlation matrix estimate by

S = Z{xxT |x € @'\ x— &'},

X

with — denoting “gets classified into”. At each step
of the iteration, there exist current subspaces for all
classes, and based on them all data vectors x can be
classified and all matrices S/, i,j = 1,...,K, can
be computed. At the beginning of the iterative process,
the initial subspaces are usually chosen to correspond
to the SPRM.

In case of the EALSM, we have more than one
cluster in each class. In case of misclassifications, the
EALSM requires a new notion of a correct cluster.
When Eqgs. (3) and (4) are used, we can find out the
wrong class and the wrong cluster to which a sample
is assigned. The sample has only a correct class label.
The correct cluster is defined simply as that cluster
with maximum orthogonal projection as given by Eq.
(4) among all the clusters belonging to the correct
class. Only the correct cluster and the wrong cluster
are rotated here. Based on these notions, we extend
the class conditional correlation matrices given above
as follows:

SlbikD) o Z{xxT | x € (wi’CJ{)’x — (wk’clk)}.
X

At each step of the iteration, there exist current sub-
spaces for all clusters of all classes, and based on them
all data vectors x can be classified and all matrices
SGikD jk=1,...,K j=1,... .00, 1=1,...,nk,
can be computed. These updated conditional correla-
tion matrices are then used to obtain new estimates
of the correlation matrices from which the new sub-
spaces will be formed. This process can be repeated
for a given number of iterations. At the beginning of
the iterative process, the initial subspaces are chosen
to correspond to the ESPRM. We now give the de-
tailed algorithm below.

Algorithm EALSM for constructing the classification
subspaces
begin
compute (unnormalized) class correlation matrix
estimates
MY, i=1,... K, j=1,...,n}

form initial subspaces
LY, i=1,..,K, j=1,...,n
with appropriate number of dimensions using
CLAFIC
repeat until classification is stable or given
number of steps;
for each data vector x do
classify x in current subspaces according to
Egs. (3) and (4);
if x is classified incorrectly then
let the correct class be i and the wrong

class be k;
let the correct cluster be j and the wrong
cluster be /;
update: SCHkD = §UIED 4y T
endif;

endfor;
for i=1to K do
for j=1tondo
MG = (G 15 gtk — S gglkli),
KFil k#il
form initial subspaces
LY, i=1,... K j=1,...,n
with appropriate number of dimensions
using CLAFIC
endfor;
endrepeat;
end

Both & and B are positive constants.

5. Experiments and results
5.1. Data sets used

‘We have chosen three data sets: the optical character
data, the Sonar data and the vowel data.

Character data. This data set consists of handwrit-
ten digits, and was used earlier (Alireza and Hong,
1990; Prakash and Murty, 1995b). A wide intraclass
variation exists in this data set. Each digit is a bi-
nary image of size 32 x 24 pixels. There are 13326
training and 3333 test samples. Prakash and Murty
(1995b) divided the original 13326 training samples
into two near-halves: a training set consisting of 6670
samples, and a validation set consisting of 6656 sam-
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ples. Keeping the computational resources in mind,
especially from the point of view of the ALSM, they
reduced the dimensionality as follows: they formed
non-overlapping windows of size 2 x 2 over the en-
tire image, and replaced each window by one feature
whose value corresponds to the number of bits on in
that window. Thus the value of every feature varies
from O to 4, and there are a total of 192 features. We
have used this modified data here.

Sonar data. This problem addresses the undersea
target identification. A set of 208 sonar returns (one
class of 111 cylinder returns, and another class of 97
rock returns) were split into a training and a test data
set of size 104 each. The input is prepared as follows.
A set of sampling apertures is superimposed over the
2-D display of the short-term Fourier transform spec-
trogram of the sonar return. A spectral envelope is ob-
tained by integrating over each aperture. Sixty sample
points were obtained for each envelope. These sam-
ples were normalized to take values between 0.0 and
1.0, and these form the input features. For more de-
tails, the reader is referred to (Gorman and Sejnowski,
1988).

Vowel data. This problem addresses the identifica-
tion of 11 steady state vowels of English spoken by
fifteen speakers for a speaker normalization study. The
speech signals are low-pass filtered at 4.7 kHz and
then digitised to 12 bits with a 10 kHz sampling rate.
Twelfth-order linear predictive analysis was carried
out on six 512-sample Hamming windowed segments
from the steady part of the vowel. The reflection co-
effients were used to calculate 10 log area parame-
ters, giving a 10-dimensional input space. Extensive
results on this data are reported by Fritzke (1993).
Both the vowel and the sonar data are electronically
avaijlable from the Carnegie-Mellon University con-
nectionist benchmark collection (see Fahlman, 1993).

The details of all data sets are summarized in Table 1.
5.2. Results and discussion

We simulated both the ESPRM and the EALSM on
all the three data sets. During each study, the number
of clusters in every class is kept the same, and is var-
ied from 1 to 3. Note that 1 cluster cases correspond

Table 1
Details of the data sets used

Data Number of Dimension- Number of patterns
set classes Trg Val Test
Sonar 2 200 - 242
Vowel 11 528 - 462
Char 10 6670 6656 3333
Table 2

Comparison of results obtained by different subspace methods

Data Classification Accuracy (%)

set method Trg Val Test

Char SPRM 91.2 88.7 88.9
ALSM 99.1 90.5 91.1
ESPRM 95.8 913 914
EALSM 100.0 919 92.0

Sonar SPRM 86.5 - 83.6
ALSM 100.0 - 85.6
ESPRM 923 - 875
EALSM 100.0 - 933

Vowel SPRM 64.0 - 433
ALSM 76.1 - 372
ESPRM 96.6 - 476
EALSM 100.0 - 459

to the SPRM and the ALSM. The number of PCs in
each cluster is the same for all classes, and these ex-
periments are conducted for six different values of it.
For clusters 2 and 3, we started with the initial sub-
spaces obtained by both random assignment of pat-
terns, and assignment based on the dynamic clustering
algorithm. The number of iterations in the EALSM
is 20, 50 and 50 for the character, the sonar and the
vowel data sets, respectively. In case of the dynamic
clustering algorithm, the corresponding figures are 10,
20 and 20, respectively. Earlier experience with the
ALSM (Oja, 1983) indicates that the suitable range
of values for @ and B is between 0.5 and 2.0. Based
on this, we have chosen the values of a(= B) as 0.5
in all cases.

The best results for all the above experiments are
summarized in Table 2. The detailed results of all cases
are not presented in the form of tables as their inter-
pretation would be difficult. Hence, we have presented
them in graphical form. Fig. 1 shows how the classi-
fication accuracy varies as the number of PCs in each
cluster is varied for both the SPRM, ESPRM, ALSM
and the EALSM in case of the character data. Simi-
larly, Figs. 2 and 3 present results for the sonar and
the vowel data, respectively. Based on all these results
we can observe the following.
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Fig. 1. Number of PCs in each cluster versus classification accuracy for the character data: (a) ESPRM on the training data, (b) ESPRM
on the validation data, (c) EALSM on the training data, (d) EALSM on the validation data.

Classification accuracy. From Table 2, we observe
that both the extended methods could improve upon
their counterparts on all the data sets not only on the
training data but also on the test data. It is interesting to
note that both the ESPRM and the EALSM gave better
results than the ALSM in all cases of testing, includ-
ing the character and the sonar data where the ALSM
gave 100% accuracy on the training data. These re-
sults indicate that the representation of a class by more
than one subspace is indeed helpful in obtaining bet-
ter decision surfaces compared to the earlier subspace

methods. Also, the EALSM gave 100% accuracy on
all the training data sets, while the ALSM could give
only 76.1% on the vowel data. Thus, EALSM appears
to have the potential to approximate any decision sur-
face.

Further, from Figs. 1, 2 and 3, we see that the
extended methods exhibit an improvement over their
counterparts for all values of PCs considered except
in a very few cases (note that the solid line without
the centered symbols is below the other curves in all
12 graphs).
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Fig. 2. Number of PCs in each cluster versus classification accuracy for the sonar data: (a) ESPRM on the training data, (b) ESPRM on
the test data, (¢) EALSM on the training data, (d) EALSM on the test data.

Effect of dynamic clustering algorithm.

On the ESPRM (Figs. 1(a), 1(b),2(a),2(b), 3(a)
and 3(b)): The algorithm improved the classification
accuracy appreciably for all training data sets. For the
test data, such a trend could be seen only for the char-
acter data,

On the EALSM (Figs. 1(c), 1(d),2(c),2(d),3(c)
and 3(d)): There is no clear trend on either the train-
ing or the test data sets.

Selection of design parameters. The number of clus-
ters in each class and the number of PCs in each cluster
are the design parameters. The ranges of values cho-
sen appear to be sufficient as either the classification
accuracy reached an asymptotic value like in the char-
acter data or started decreasing for the other data sets.
The combined effect of these parameters is erratic on
both the sonar and the vowel data. These results indi-
cate that more methodical techniques to choose these
parameters are required.
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Fig. 3. Number of PCs in each cluster versus classification accuracy for the vowel data: (a) ESPRM on the training data, (b) ESPRM
on the test data, (¢c) EALSM on the training data, (d) EALSM on the test data.

6. Summary and conclusion

In this paper, we have proposed the use of more
than one subspace (cluster) in the representation of
the classes in the subspace methods of pattern recog-
nition. By keeping the number of PCs in all clusters
the same, this model allows for a piecewise linear ap-
proximation of the decision surfaces, and thus helps
in overcoming a limitation of having only quadratic
decision surfaces. We have used this model to extend
both the SPRM and the ALLSM to obtain the ESPRM

and the EALSM, respectively. The proposed methods
are suitable for those problems where the classifica-
tion is independent of magnitude and the decision sur-
faces are highly nonlinear. They include problems that
use a binary representation like the character data, and
speech and image processing problems that use his-
tograms and spectral features as input. We have con-
ducted experiments on three data sets. The results in-
dicate that the proposed methods can considerably im-
prove the classification accuracy on the test sets. In
fact, even ESPRM gave better results than the ALSM.
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Also, the EALSM yielded 100% accuracy on all train-
ing data sets. These results indicate that the proposed
extended methods have the potential to approximate
any decision surface. Initializing the clusters with a
dynamic clustering algorithm seems to be helpful in
some cases. However, choosing appropriate values for
the number of clusters in each class and the number
of PCs in each cluster appears to be difficult. Hence,
more methodical techniques to obtain suitable values
for them are desirable, and such techniques may lead
to a further improvement in classification accuracy.
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