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a b s t r a c t 

Subspace clustering techniques become paramount in pattern recognition for detecting local variations 

from high dimensional data. Several techniques exist in the recent literature for subspace clustering, ma- 

jority of which optimize implicitly or explicitly a single cluster quality measure. Inspired by the success 

of multi-objective optimization in solving clustering problem, we developed a multi-objective based sub- 

space clustering technique in this paper. The proposed technique simultaneously optimizes two subspace 

cluster quality measures, capable of capturing different cluster shapes/properties. Two existing cluster 

quality measures, XB-index and PBM-index, are modified to develop subspace cluster validity indices, 

and then those are used as optimization criteria. These cluster validity indices measure the appropriate- 

ness of generated subspace clusters in terms of intra-subspace cluster similarity and separation between 

subspace clusters. The proposed approach utilizes a new evolvable genome structure which stores the 

information about subspaces in its phenotype and genotype and evolves this genome structure with the 

help of different genetic operators. The developed algorithm is applied on ten standard real-life data sets 

and sixteen synthetic datasets for identifying different subspace clusters. The results obtained by this 

algorithm are compared against some state-of-the-art techniques with respect to different performance 

metrics. Experimentation reveals that the proposed algorithm is able to take advantages of its evolvable 

genomic structure and multi-objective based framework and it can be applied to any data set. In a part 

of the paper, the efficacy of the proposed technique is also shown for bi-clustering of gene-expression 

data sets. 

© 2019 Elsevier Ltd. All rights reserved. 
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1. Introduction 

The idea of clustering is to group a set of objects together that

share some similar properties and are dissimilar to the objects be-

longing to other groups [1] . Clustering has a huge number of ap-

plications in machine learning such as bio-informatics, image seg-

mentation and marketing to name a few [2] . In recent years, a

huge volume of data with a large set of features, known as high-

dimensional data, is generated by different application domains.

Distance-based similarity measures tend to be less meaningful for

high dimensional datasets leading to the problem of curse of di-

mensionality [3] . However, it has appeared that not all the features

used to describe an object are relevant for the purpose of clus-

tering. Therefore, many feature selection algorithms Gao et al. [4] ,

Zheng and Wang [5] have been developed to select the appropri-
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te set of features which actually represent the data set. Recently,

he concept of subspace clustering [6] , an emerging research area

hich is beneficial when dealing with the high dimensional data

as been widely in use. It is based on the principle that, different

ubsets of features are relevant for clustering different subsets of

bjects and thus it attempts to cluster both objects and features

ogether [1] . Concepts of subspace clustering can be applied for

olving many problems such as low rank representation problem

7] , unsupervised feature selection [8] etc. Many machine learn-

ng problems have been solved using subspace clustering approach

uch as SAP [9] , FG-K-means [10] , AFG-K-means [11] to name a

ew. 

A lot of works have been carried out in the area of cluster-

ng using top-down approaches such as PROCLUS [12] , ORCLUS

13] and bottom-up approaches such as CLIQUE [14] , ENCLUS [15] ,

AFIA [16] to name a few. Top-down approaches start develop-

ng clusters using the full set of features and continue to remove

 feature incrementally until the cluster performance reaches to

 plateau. Bottom-up approaches start with searching dense re-

ions for each feature space. It adds a dimension in its subspace
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hen the dense region after adding a feature satisfies a prede-

ned threshold [3] . Subspace clustering problem has also been

olved by using Sparse representation [17] and Low-Rank repre-

entation (LRR) [18] of the data vectors. However, the algorithms

SC [17] and LRR [18] require the information about the num-

er of subspaces to be generated at the beginning. In recent years

ome evolutionary approaches such as ChameleoClust [19] , Kyme-

oClust [20] etc. are developed to solve the subspace clustering

roblem. These algorithms take the advantages of dynamic evolu-

ion of genome structure which leads to variable genome length

r a variable ratio of functional versus non-functional elements

21] . ChameloClust defines a course grained genome which contains

ample of objects in the form of tuples. These tuples are mapped

t the phenotype level to define core point locations in different

imensions, which then lead in building a subspace cluster. Kyme-

oClust [20] is an abstract evolutionary algorithm where each indi-

idual is represented by a phenotype constituted by a set of core

oints in their subspaces. 

Most of the previous state-of-the-art algorithms on subspace

lustering implicitly or explicitly optimize a single cluster quality

easure. KymeroClust uses a distance-based measure to determine

he similarity between objects. It assigns an object to a cluster

here the distance between the center of that cluster and the ob-

ect is the minimum. Thus, this algorithm only optimizes cluster-

ompactness as the objective function and is limited in capturing

nly those subspace clusters which follow some particular shapes

r properties. Therefore, for a better subspace cluster generation,

long with compactness of objects within the cluster, some other

luster quality measures, capturing separation between clusters,

re required to be incorporated in the optimization process. In or-

er to simultaneously optimize more than one objective functions

hile performing subspace clustering on a given data set, concepts

f multi-objective optimization (MOO) can be utilized [22] . Use of

OO can help in removing the limitation of using a single objec-

ive function in the subspace clustering process and is able to gen-

rate good quality subspace clusters. 

Multi-objective optimization [22] aims at finding one or more

ptimal solutions by optimizing a set of conflicting objective func-

ions. This technique is very useful while dealing with the cluster-

ng of datasets. Various MOO techniques are used in the domain of

lustering in a hope to generate better clusters [22,23] . In this pa-

er, we incorporate multi-objective optimization techniques in de-

ermining subspace clusters. The appropriateness of the generated

ubspace clusters is measured in terms of intra-subspace cluster

imilarity and separation between subspace clusters. 

An evolutionary based multi-objective subspace clustering algo-

ithm inspired by KymeroClust [20] is proposed in this paper. This

lgorithm defines an individual as a phenotype which consists of

 set of core points called phenotypic trait. Each core point is as-

ociated with a set of objects defined in its own subspace. Again,

 genome is defined as the number of repeated genes involved in

ach biological function of a phenotypic trait. An important phe-

omenon of evolutionary approach is that objects in the genome

ave to undergo some duplication or replacement operation for

volution. 

The mutation operation carried out using duplication-

ivergence operator can lead to either creation of a new phe-

otypic trait by generating a new center in the phenotype or a

ew biological function contributing to a previous existing pheno-

ypic trait. To measure the wellness of genes that are surrounded

y some phenotypic trait, the definitions of two existing cluster

alidity indices, PBM-index [24] and XB-index [25] are modified

o handle the concept of subspace clustering effectively. Thereafter

he modified versions of PBM-index and XB-index are optimized

imultaneously using the search capability of MOO. These cluster

alidity indices measure the appropriateness of generated sub-
pace clusters in terms of intra-subspace cluster similarity and

eparation between subspace clusters. The objective is to minimize

he XB-index and to maximize the PBM-index in order to obtain

 good set of subspace clusters. For the ease of implementation,

e calculated the inverse of PBM-index and therefore our task is

o minimize both the objective functions. In order to select a good

et of solutions, concepts of non-dominated sorting and crowding

istance operator can be applied. The proposed multi-objective

ased subspace clustering approach is applied on twenty-three

eal-life and artificial data sets to show its efficacy. Obtained

esults are compared against some existing subspace clustering

pproaches with respect to different performance metrics. Our

xperimentation clearly reveals the superiority of utilizing MOO

oncept in solving subspace clustering problem. In a part of the

xperiments, the superiority of the proposed method is also tested

sing three big datasets and also by applying the developed

lgorithm in solving a real-life problem of gene expression bi-

lustering. The novel aspects of the proposed method are listed

elow: 

• This paper reports the first attempt in integrating MOO and

genomic structure for solving the subspace clustering prob-

lem. 
• Multi-objective optimization framework is utilized to simul-

taneously optimize several subspace cluster quality mea-

sures. 
• The existing cluster quality measures are modified to handle

subspace clustering problem. 
• As a part of the experiments, the proposed algorithm is ap-

plied on the bi-clustering of gene expression data to show

the efficacy of the existing technique in solving some real-

life problems. Bi-clustering of gene expression data is a sub-

space clustering problem where a subset of rows and a sub-

set of columns need to be selected. 

. MOOSubClust 

The proposed algorithm follows the structure of evolvable

enome to explore the search space of subspace clustering. The

oncept of MOO is integrated with evolvable genome structure,

n evolutionary optimization process to identify good quality sub-

pace clusters from a dataset automatically. 

.1. Data preprocessing 

A dataset D = { d 1 , d 2 , . . . , d S } is a set of objects and each ob-

ect is described by F = { f 1 , f 2 , . . . , f F } dimensional features. The

ize of the dataset | S | is the number of objects present in the

ataset and | F | is the total number of features where a feature

epresents a particular property of the dataset. To avoid the vary-

ng range of values over the features, z -score of each feature value

 is calculated and is replaced with z = 

v −λ
σ . λ is the mean of

he dataset and σ is the standard deviation of the corresponding

eature. 

.2. Overview of the algorithm 

In this algorithm, we define a model represented by a pheno-

ype and a genotype in two dimensional matrix form. The algo-

ithm starts with sol such initially empty models and the muta-

ion operation is applied on each initial model in order to get non-

mpty models. The objects are grouped around the core points of

henotype known as subspace clusters and the objective values us-

ng modified versions of XB-index and PBM index corresponding

o each model are calculated. At each iteration, new models are

enerated by applying mutation operation and the objective values
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Fig. 1. Flowchart of the proposed algorithm ( MOOSubClust ). 
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of the new models are merged with the previous objective values

to form a pool of size 2 ∗sol . Non-dominated sorting and crowding

distance operator are used to select top sol solutions out of 2 ∗sol

solutions based on the objective functions. Finally, after all the it-

erations, the algorithms output the best set of clusters where each

cluster is associated with a subset of features. The detailed flow of

the algorithm is shown in Fig. 1 . 
.3. Phenotype and genotype representation 

The MOOSubClust algorithm uses a pair of matrices to de-

cribe the Phenotype-Genotype representation called model M =
 P, G > . Both the matrices have SC max (maximum permissible sub-

pace clusters) rows and F columns (features of the data set). The

atrix P represents the values of the biological function defining
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ach phenotypic trait, i.e., the coordinates of the cluster cen-

ers along different dimensions. The matrix G defines a genotype,

epresenting the number of genes associated with each biologi-

al function involved in each phenotypic trait, i.e., the associated

eights of different centers along different features. 

The algorithm starts with initializing both the phenotype and

enotype with empty matrices. The matrices get updated to initial

odel by performing One-Child mutation operator until the num-

er of genes in the genome equals to SC max . The One-Child oper-

tor [20] [Section 2.4] modifies the phenotype representation by

odifying the core point location and modifies the genotype rep-

esentation by increasing the number of genes corresponding to

he location where the phenotype is updated. 

.4. One-Child computation function 

The One-Child function is used for mutation operation in or-

er to generate new models from the previous models. This func-

ion is based on the duplication-divergence operator. The authors

f [26,27] mentioned that in the evolutionary process, duplication

f genes has an important role. However, once a gene is duplicated,

t will not perform any useful task unless and until it is mutated

nd gives birth to new biological function. Again, the authors in

27] mentioned that, once a gene is duplicated, most of the times

t is deleted just after being created. To avoid such cases, duplica-

ion and deletion must be chosen in a non-additive manner unlike

he mutation operator in ChameleoClust [19] . Therefore, in One-

hild function, deletion and duplication of genes are performed in

 single operation. 

This function initially calculates the weight of the genotype G

nd if the weight equals to the SC max , it performs deletion opera-

ion by selecting a gene randomly from the genotype and deleting

t. If the number of genes becomes zero after deletion, the corre-

ponding phenotype value is also marked as zero [Lines 2 to 7 of

lgorithm 1 ]. Next, the function performs duplication-divergence

perator by drawing an object uniformly from sample data-space

nd a feature from the feature-space [Line 10 of Algorithm 1 ].

he co-ordinates of this sample data along the feature define the

alue of the biological function after divergence. Next, the function

lgorithm 1 : One-Child ( (P, G ) , D 

′ 
, SC max ) 

nput: P = Phenotype, G = Genotype, D 

′ = Sample dataset, SC max = 

aximum permissible subspace clusters 

1: ( P 
′ 
, G 

′ 
) ← (P, G) 

2: weight ← 

∑ SC max 
i =1 

∑ F 
j=1 G 

′ 
i, j 

3: if weight = SC max then 

4: Draw (i,j) ∈ { 1 , . . . , SC max } ∗ { 1 , . . . , F } 
5: G 

′ 
i, j 

← G 

′ 
i, j 

− 1 

6: if G 

′ 
i, j 

= 0 then 

7: P 
′ 
i, j 

← 0 

8: end if 

9: end if 

10: Draw d s ∈ D 

′ 
uniformly ; Draw f ∈ { 1 , . . . , F } uniformly 

11: α = { i ∈ { 1 , . . . , SC max }| ∑ F 
j=1 G 

′ 
i, j 

> 0 } 
12: Draw a random number r uniformly in [0,1] 

13: if r ≤ 1 
weight 

then 

14: Draw c ∈ { 1 , . . . , SC max }\ α uniformly 

15: else 

16: Draw c ∈ α with probability 

∑ F 
j=1 G 

′ 
c, j 

weight 

17: end if 

18: G 

′ 
c, f 

← G 

′ 
c, f 

+ 1 ; P 
′ 
c, f 

← Coordinates of d along feature f 

19: return ( P 
′ 
, G 

′ 
) 
hooses a random center which either can lead to the creation of a

ew cluster center or can update an existing cluster center. When

n existing cluster is chosen for duplication, it can either undergo a

unctional divergence by creating a new function or it can undergo

n allelic divergence of the duplicated genes by simply modifying

he biological function. The probability of choosing a new center

epends on the inverse of the genome weight. If the inverse of the

enome weight is less than some random probability, a new sub-

pace cluster center will be created, otherwise, an existing center

ill be updated [Lines 13 to 16 of Algorithm 1 ]. 

.5. Generation of subspace clusters 

In each iteration, the algorithm generates temporal subspace

lusters with respect to the sample data-space. Subspace clusters

re generated by assigning each object to a particular cluster of

urrent phenotype for which the distance between the cluster cen-

er and the object becomes minimum. 

Let us consider a phenotype P contain many centers such that

ach center p c ∈ P is associated to a subspace f i of F . For each ob-

ect, the function calculates the distance of the object with respect

o all the cluster centers [Lines 5 to 7 of Algorithm 2 ] . The distance

lgorithm 2 : GenerateSubspaceCluster ( D , P ) 

nput: D= Dataset, P=Phenotype 

1: dis ← a large number 

2: for all i=1 to [ len (P )] ; j=1 to [ len (D )] ; do 

3: membershipdegree[i][j]=0 

4: end for 

5: for d s in D do 

6: for p c in P do 

7: new_distance= distance( d s , p c ) {Refer Eqn. 1} 

8: if new_distace < dis then 

9: dis=new_distace 

10: cluster= p c 
11: end if 

12: end for 

13: membershipdegree[cluster][ d s ]=1 

14: end for 

15: return membershipdegree 

etween an object( d s ) and a cluster center( p c ) can be computed as

istance (d s , p c ) = 

∑ 

f∈ f i 
| d s, f − p c, f | + 

∑ 

f∈ F \ f i 
| d s, f − μ f | (1)

Where μ is the origin of the entire space, which contains the

alue zero after standarization of the dataset. The function then

earches for the cluster for which the distance becomes mini-

um [Lines 8 to 9 of Algorithm 2 ] and assigns the object to that

luster [Line 13 of Algorithm 2 ]. If more than one cluster cen-

ers give the exact minimum value, one cluster center is selected

n a non-deterministic way. The function finally returns the sub-

pace clusters and the objects associated to the clusters [Line 15 of

lgorithm 2 ]. 

.6. Objective functions 

The task of an objective function is to minimize or maximize

ome criteria. In case of clustering, the two objectives that need

o be considered for evaluation and selection of optimal cluster-

ng are compactness and separation . The clusters obtained using a
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the whole dataset. 
clustering algorithm should have both high compactness and high

separation. Further, the validity indices in [24] should be defined

in such a way that they should focus on optimizing these two ob-

jectives to obtain good quality clusters. 

The two objective functions that are used in the algorithm

MOOSubClust are modified version of XB-index [25] and modified

version of PBM-index [24] . Now onwards, in this paper, we will

refer the modified version of XB-index and PBM index as simply

XB-index and PBM-index respectively. Both these indices focus on

minimizing the distance between a data object to its cluster cen-

ter and maximizing the separation between different clusters. As

subspace clusters involve only a subset of features, definitions of

compactness and separation are modified in both PBM and XB in-

dices. 

2.6.1. Pakhira Bandyopadhyay Maulik (PBM) Index: 

This index was proposed by Pakhira et al. [24] . The PBM-index

is calculated using the distances between the points to their cen-

ters and the distances between the centers themselves. Manhattan

distance is used to calculate various distances as it is robust to the

concentration effect [28] . A subspace cluster contains many centers

represented by the phenotype P such that each center p c ∈ P is as-

sociated to a subspace f i of F . The index function is mathematically

defined as: 

P BM(D, P ) = 

[
1 

C 
∗ H μ

H dC 

∗ H CC 

]2 

Where D is the dataset and C is the number of subspace clusters,

i.e., the number of nonzero rows in the matrix P. The term H μ is

the sum of the distances of each pattern d s to the origin of the

entire space, μ. The term is independent of the number of clusters

and is computed as: 

H μ = 

S ∑ 

s =1 

F ∑ 

f=1 

| d s, f − μ f | 

Where | | refers to the absolute value. The term H dC is the

sum of the distances between objects and the corresponding clus-

ter centers where an object is assigned to a particular cluster for

which the distance becomes minimum and is computed as fol-

lows: 

H dC = 

S ∑ 

s =1 

C ∑ 

c=1 

min c [ dis (d s , p c ) ] 

where dis (d s , p c ) = 

∑ 

f∈ f i | d s, f − p c, f | + 

∑ 

f∈ F \ f i | d s, f − μ f | . The fac-

tor H CC measures the maximum separation between two clusters

over all possible pairs of clusters and is computed as: 

H CC = max 1 � i � C, 1 � j� C dis (p i , p j ) 

where dis (p i , p j ) = 

∑ 

f∈ f i ∩ f j | p i, f − p j, f | + 

∑ 

f∈ F \ ( f i ∩ f j ) | p i, f − μ f | .
The more the value of PBM(D, P), the better is the quality of

clusters. In this paper, the inverse of PBM-index is calculated so as

to minimize the objective function. 

2.6.2. Xie-Beni (XB) Index: 

The Xie and Beni index is another objective function proposed

by Xie and Beni in [25] which focuses on the compactness and

separation between the clusters. The XB-index is computed by the

mathematical function shown below. 

X B (D, P ) = 

∑ S 
s =1 

∑ C 
c=1 min c [ dis (d s , p c ) ] 

2 

S ∗ min 1 � i � C, 1 � j� C dis (p i , p j ) 2 
The best partitioning of the dataset is indicated by the mini-

um value of XB-index. 

.7. Non-dominated sorting and crowding distance operators 

In a multi-objective optimization scenario, optimization of mul-

iple objective functions may attain conflicting results. Therefore,

on-dominated sorting [29] and crowding distance [30] opera-

ors are used in such situations to overcome the problem. Non-

ominated sorting sorts all the solutions and returns in the form

f fronts such as Front 1 , Front 2 and so on. Front 1 contains all the

olutions that are non-dominated with respect to any other so-

ution. Again, the solutions that are in Front 2 are non-dominated

ith respect to any other solution except solutions in Front 1 and

o on. However, the solutions that are in a particular front, Front i, 
re non-dominated to each other. 

In this current algorithm, we start with sol solutions and an-

ther sol number of solutions are generated in the next itera-

ion. Non-dominating sorting sorts all the (2 ∗ sol ) solutions based

n the values of objective functions and returns in the form of

ronts such that all the fronts are arranged in decreasing order of

heir dominance and the solutions are selected in a sequence from

ront 1 , Front 2 and so on. In order to select the best sol solutions,

e can consider the solutions of different fronts in an increasing

rder. Selecting in this way, a case may arise when we need to se-

ect p solution/s from q solutions ( p < q ) present in a front Front i .

election of a subset of solutions from the total solutions present

n a front is handled by crowding distance as presented in [30] .

rowding distance selects the solutions which are spaced in a less

ense region. 

.8. Steps of MOOSubclust algorithm: 

The algorithm takes input a dataset D described by F features,

aximum possible clusters, SC max , size of the sample dataset, N ,

umber of solutions, sol and the number of iterations, Iter . The al-

orithm starts by selecting a sample of dataset D 

′ 
of size N drawn

niformly [Line 1 of Algorithm 3 ] and by initializing sol number of

odels with empty matrices, where a model is described by two

atrices: a phenotype P (also called a solution) and a genotype

 . Mutation operation One-Child function is applied on each of the

mpty models until the number of genes in the genotype equals to

C_max called as initial models. [Line 2 of Algorithm 3 ]. The steps

f the algorithm are enumerated below. 

• The objective functions of the initial models are computed

with respect to the phenotype P i and the values are stored

in Population [Lines 6 to 8 of Algorithm 3 ]. 
• At each iteration, first, we replace a data from sample data

[Lines 13 to 16 of Algorithm 3 ] and new models are gen-

erated by performing One-Child operation on each of the

previous models. The corresponding objective values of the

new models are again calculated and are stored in Popula-

tion_new [Lines 20 to 22 of Algorithm 3 ]. 
• The (2 ∗ sol ) objective functions corresponding to (2 ∗ sol )

solutions are then passed as a parameter to non-dominating

sorting and crowding distance [Lines 28 of Algorithm 3 ] in

order to get the best sol number of solutions. 
• The algorithm outputs sol number of phenotypes after com-

pletion of Iter number of iterations, where each phenotype

contains a set of subspace clusters with their correspond-

ing subspaces. Then, we randomly choose 1 phenotype P ,

from Front1 and GenerateSubspaceClusters () function [Refer

to Section 2.5] is called [Line 30 of Algorithm 3 ] on the

whole dataset which simply associates each data object to

its closest cluster center and returns subspace clusters on
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Algorithm 3 : MOOSubClust (D, SC max , N, Iter, sol ) 

Input: D = Dataset, SC max = Maximum permissible clusters, N = 

sample dataset size Iter = Number of iteration, sol = Number of 

solutions 

1: D 

′ ← { d 1 , d 2 , . . . , d N } uniformly drawn from D 

2: P 0 , . . . , P sol ← initial phenotypes ; G 0 , . . . , G sol ← initial 

genotypes ; 

3: iteration ← 0 ; i ← 0 

4: while (i < sol) do 

5: membershipdegree= GenerateSubspaceClusters( D 

′ 
, P i ) 

{Refer Algorithm 2} 

6: XB ← Calculate_XB( D 

′ 
, P i , membershipdegree) 

7: PBM ← Calculate_PBM( D 

′ 
, P i , membershipdegree) 

8: Population[i]=(XB, PBM) 

9: Phenotype_dict[i]= P i ; Genotype_dict[i]= G i ; 

10: i = i + 1 

11: end while 

12: while (iteration < Iter ) do 

13: Draw d s ∈ D 

′ 
uniformly 

14: D 

′ ← D 

′ \{ d s } 
15: Draw d ∗s ∈ D uniformly 

16: D 

′ ← D 

′ ∪ { d ∗s } 
17: while ( j < sol ) do 

18: P j , G j ← One-Child(Phenotype_dict[j],Genotype_dict[j], 

D 

′ 
, SC max ) 

19: membershipdegree= GenerateSubspaceClusters( D 

′ 
, P j ) 

20: XB ← Calculate_XB( D 

′ 
, P j , membershipdegree) 

21: PBM ← Calculate_PBM( D 

′ 
, P j , membershipdegree) 

22: Population_new[j]=(XB, PBM) 

23: Phenotype_dict_new[j]= P j ; Genotype_dict_new[j]= G j ; 

24: end while 

25: Population_Final ← Population ∪ Population_new 

26: Phenotype_dict_Final ← Phenotype ∪ Phenotype_new 

27: Genotype_dict_Final ← Genotype ∪ Genotype_new 

28: sol solutions ← Crowding_Distance(Non_Dominating_ 

solution(Population_Final)) 

29: end while { until Iter iterations achieved } 

30: membershipdegree= GenerateSubspaceClusters(D, P) 
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Table 1 

Description of real-world datasets. 

Dataset Number of dimensions Number of classes Number of objects 

liver 6 2 345 

breast 33 2 198 

shape 17 9 160 

pendigits 16 10 7494 

diabetes 8 2 768 

vowel 10 11 990 

glass 9 6 214 

Table 2 

Description of synthetic datasets. 

Dataset Number of dimensions Number of classes Number of objects 

S1500 20 12 1595 

S2500 20 12 2658 

S3500 20 13 3722 

S4500 20 12 4785 

S5500 20 12 5848 

D05 5 12 1595 

D10 10 12 1595 

D15 15 13 1598 

D20 20 12 1595 

D25 25 12 1595 

D50 50 13 1596 

D75 75 13 1596 

N10 20 13 1611 

N30 20 12 2071 

N50 20 13 2900 

N70 20 12 4833 
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. Experimental setup 

The various evaluation measures presented in [31] that are de-

igned to quantify the quality of subspace clusters are used as ref-

rence frameworks in order to compare the proposed algorithm

ith many state-of-the-art algorithms. 

.1. Datasets 

The performance of our algorithm, MOOSubClust , is studied us-

ng seven benchmark real-life datasets collected from [32] as re-

orted in Table 1 . These datasets (glass, breast, liver available in

ebsite, 2 pendigits, 3 diabetes, 4 vowel, 5 shape) are also used in

any state-of-the-art algorithms. The original class label informa-

ion is used to measure the quality of solutions generated by differ-

nt approaches. The proposed approach MOOSubClust is applied on

hese real-life data sets to generate different subspace clusters. The

esults are then compared with those obtained by different state-

f-the-art algorithms, CLIQUE [14] , PROCLUS [12] , ChameleoClust
2 http://archive.ics.uci.edu/ml/datasets.html . 
3 http://odds.cs.stonybrook.edu/pendigits-dataset/ . 
4 https://www.kaggle.com/uciml/pima- indians- diabetes- database/version/1 . 
5 http://homepages.cae.wisc.edu/ ∼ece539/data/index.html . 

t  

l  

p  

a  

N  

s  
19] , KymeroClust [20] to name a few as reported in [20] with re-

pect to different performance metrics. 

The proposed algorithm is also executed on 16 synthetic

atasets as used in [32] as reported in Table 2 . For these datasets,

rue clusters and their subspaces are known. Each dataset has

0 hidden subspace clusters lying in subspaces having 50%, 60%

nd 80% of the total dimension of the dataset. Out of these 16

atasets, seven synthetic datasets D05, D10, D15, D20, D25, D50,

75 were used to study the scalability of the dimension. Five syn-

hetic datasets S150 0, S250 0, S350 0, S450 0, S550 0 were used to

tudy the behaviour of the algorithm with respect to the size of

he dataset. Finally, four synthetic datasets N10, N30, N50, N75

ere used to check the scalability when the noise is incorpo-

ated with 10%, 30%, 50% and 75% noisy objects in the dataset,

espectively. 

.2. Parameter settings 

The number of classes present in the real-life datasets may not

e equal to the number of clusters obtained. A class may be split-

ed to generate many clusters and therefore it would be very com-

on to get more number of clusters than classes. Based on this

otion, parameters defined in [20] are also used in the current

lgorithm. The value of the expected number of clusters is set

s three times of the number of classes, i.e., ExpectedClusters =3 ∗
umClasses . The maximum size of the model, SC max , is defined in

 fashion that it should allow to build a model containing at least

xpectedClusters number of clusters considering all the features F,

.e., SC max = ExpectedClusters ∗ F . To reduce the time complexity of

he algorithm we have used few samples from the dataset, se-

ected uniformly from the original dataset. The size of the sam-

le, N , is an important parameter and its value should be set

s to get an overall impact of the whole dataset. Here we set

 = 25 ∗ ExpectedClusters . Again, there is no hard and fast rule for

etting the value of the parameter, number of iterations denoted

http://archive.ics.uci.edu/ml/datasets.html
http://odds.cs.stonybrook.edu/pendigits-dataset/
https://www.kaggle.com/uciml/pima-indians-diabetes-database/version/1
http://homepages.cae.wisc.edu/~ece539/data/index.html
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by Iter . User can monitor this value and can stop executing the

process when the objective values do not improve further. The

number of iterations can be defined as Iter = 10 ∗ ExpectedClusters ∗
SC max . 

For synthetic datasets, the number of expected clusters is con-

sidered to be 10, therefore the maximum size of the model SC max 

was set to SC max = F ∗ 10, the sample size and the number of itera-

tions were set to N = 25 ∗ 10 and Iter = 10 ∗ 10 ∗ SC max respectively.

3.3. Evaluation measures 

In order to evaluate and compare the quality of generated sub-

space clusters by different algorithms, standard evaluation mea-

sures presented in [31] are used. These evaluation measures are F 1 
[31] , Entropy (1-Entropy) [31] , Clustering Error(CE) [33] , Accuracy

[31] and RNIA (1-RNIA) [33] . Along with these primary subspace

clustering measures, we have also considered some other measures

like coverage (objects which are part of a cluster), the number of

subspace clusters, average features of the subspace clusters and ex-

ecution time. 

4. Experimental results 

The algorithm MOOSubClust is applied on 23 datasets (7 real-

life datasets and 16 synthetic datasets) and its performance is

compared with 12 state-of-the-art algorithms. However, compar-

ison shows that there is no ever winning paradigm or cluster-

ing method, each algorithm has its own benefits or interests.

In this section, the advantages of our algorithm and how it

could be considered as most superior than other algorithms is

explained. 
Table 3 

Results for dataset liver : 6 dimensions, 2 classes, 345 objects. 

F 1 Accuracy CE RNIA E

max min max min max min max min m

DOC 0.67 0.64 0.68 0.58 0.11 0.07 0.51 0.35 0

CLIQUE 0.68 0.65 0.67 0.58 0.08 0.02 0.38 0.03 0

MINECLUS 0.73 0.63 0.65 0.58 0.09 0.09 0.68 0.48 0

SUBCLU 0.68 0.68 0.64 0.58 0.11 0.02 0.68 0.05 0

SCHISM 0.69 0.69 0.68 0.59 0.04 0.03 0.45 0.26 0

FIRES 0.58 0.04 0.58 0.56 0.14 0.00 0.39 0.01 0

PROCLUS 0.53 0.39 0.63 0.63 0.26 0.11 0.66 0.25 0

INSCY 0.66 0.66 0.62 0.61 0.03 0.03 0.42 0.39 0

STATPC 0.69 0.57 0.65 0.58 0.23 0.01 0.58 0.37 0

P3C 0.36 0.35 0.58 0.58 0.55 0.27 0.96 0.47 0

KYMEROCLUST 0.65 0.56 0.67 0.60 0.21 0.09 0.56 0.43 0

CHAMELEOCLUST 0.65 0.59 0.68 0.62 0.20 0.10 0.53 0.41 0

MOOSubClust 0.69 0.65 0.64 0.59 0.48 0.34 0.93 0.77 0

Table 4 

Results for dataset breast : 33 dimensions, 2 classes, 198 objects. 

F 1 Accuracy CE RNIA En

max min max min max min max min ma

DOC 0.73 0.61 0.81 0.76 0.11 0.04 0.84 0.07 0.4

CLIQUE 0.67 0.67 0.71 0.71 0.02 0.02 0.40 0.40 0.2

MINECLUS 0.78 0.69 0.78 0.76 0.19 0.18 1.00 1.00 0.5

SUBCLU 0.68 0.51 0.77 0.67 0.02 0.01 0.54 0.04 0.2

SCHISM 0.67 0.67 0.75 0.69 0.01 0.01 0.36 0.34 0.3

FIRES 0.49 0.03 0.76 0.76 0.03 0.00 0.05 0.00 1.0

PROCLUS 0.57 0.52 0.80 0.74 0.51 0.11 0.65 0.43 0.3

INSCY 0.74 0.55 0.77 0.76 0.02 0.00 0.24 0.11 0.6

STATPC 0.41 0.41 0.78 0.78 0.16 0.16 0.33 0.33 0.2

P3C 0.63 0.63 0.77 0.77 0.04 0.04 0.19 0.19 0.3

CHAMELEOCLUST 0.60 0.51 0.76 0.76 0.23 0.11 0.53 0.25 0.2

KYMEROCLUST 0.66 0.57 0.79 0.76 0.18 0.14 0.56 0.51 0.3

MOOSubClust 0.68 0.63 0.56 0.50 0.27 0.19 0.42 0.34 0.9

i  
ntropy Coverage NumClusters AvgDim Runtime 

ax min max min max min max min max min 

.18 0.11 0.99 0.90 45 13 3.0 1.9 625324 1625 

.10 0.02 1.00 1.00 1922 19 4.1 1.7 38281 15 

.33 0.16 0.99 0.92 64 32 4.0 3.7 49563 1954 

.07 0.02 1.00 1.00 334 64 3.4 1.3 1422 47 

.10 0.08 0.99 0.99 90 68 2.7 2.1 31 0 

.37 0.00 0.84 0.03 10 1 3.0 1.0 531 46 

.05 0.05 0.83 0.46 6 2 5.0 3.0 78 31 

.21 0.20 0.85 0.81 166 130 2.1 2.1 407 234 

.63 0.05 0.77 0.71 159 4 6.0 3.3 1890 781 

.02 0.01 0.98 0.94 2 1 6.0 3.0 172 32 

.12 0.04 1 1 17.0 11.0 2.82 2.0 2 2 

.14 0.07 1 1 27 22 2.48 1.85 202 158 

.94 0.87 1 1 11.0 4.0 5.1 2.7 340 324 

tropy Coverage NumClusters AvgDim Runtime 

x min max min max min max min max min 

6 0.27 1.00 0.80 60 6 27.2 2.8 1E + 06 37515 

6 0.26 1.00 1.00 107 107 1.7 1.7 453 453 

6 0.37 1.00 1.00 64 32 33.0 33.0 40359 29437 

7 0.24 1.00 0.82 357 5 2.0 1.0 5265 16 

5 0.34 1.00 0.99 248 197 2.3 2.2 158749 114609 

0 0.01 0.76 0.04 11 1 2.5 1.0 250 31 

2 0.23 0.89 0.69 9 2 24.0 18.0 703 141 

0 0.39 0.97 0.74 2038 167 11.0 4.4 134373 63484 

9 0.29 0.43 0.43 5 5 33.0 33.0 5187 4906 

6 0.36 0.85 0.85 28 28 6.9 6.9 6281 6281 

5 0.22 1 1 8 4 16.75 5.75 339 131 

1 0.25 1 1 19.0 13.0 12.36 9.26 8 7 

.1. Results on real-life datasets 

This section presents the results obtained on 7 real-life datasets

tilized in [32] . The algorithm is executed 10 times on each real-

ife data set and the minimum and the maximum values of different

erformance metrics over several runs are presented in Tables 3–9 .

n these tables, the best results are highlighted with grey color and

esults similar to the best results are highlighted in bold. A rank-

ased comparison among algorithms using different aggregations

s also presented in this section. 

.1.1. Analysis of performance with respect to primary cluster quality 

easure 

To calculate the overall cluster quality measure, rankings of the

3 algorithms were computed using both the maximum and min-

mum scores with ranks ranging from 1 to 13, rank value 1 being

he algorithm corresponding to highest quality. The overall aver-

ge ranking of an algorithm was then simply the average of its

ank values for different evaluation metrics, on each data set. The

verage ranks of each algorithm with respect to different cluster

uality measures are reported in Fig. 2 (a). The proposed algorithm

anks second in the overall cluster quality measure beating all the

lgorithms except MINECLUS. 

.1.2. Cluster quality with respect to individual primary evaluation 

etric 

The cluster quality of each algorithm corresponding to individ-

al evaluation metric is also checked. The same ranking procedure

as used to compute the average ranks of algorithms with respect

o different datasets. The ranks of the algorithm corresponding to

valuation metric F 1 , Accuracy, CE, RNIA and Entropy are shown

n Fig. 2 (b)–(f), respectively. With respect to Entropy and CE, the
7 0.76 1 1 9.0 5.0 7.4 4.6 1626 1318 
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Table 5 

Results for dataset shape : 17 dimensions, 9 classes, 160 objects, sample size = 120. 

F 1 Accuracy CE RNIA Entropy Coverage NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min max min 

DOC 0.90 0.83 0.79 0.54 0.56 0.38 0.90 0.82 0.93 0.86 1.00 1.00 53 29 13.8 12.8 2E + 06 86500 

CLIQUE 0.31 0.31 0.76 0.76 0.01 0.01 0.07 0.07 0.66 0.66 1.00 1.00 486 486 3.3 3.3 235 235 

MINECLUS 0.94 0.86 0.79 0.60 0.58 0.46 1.00 1.00 0.93 0.82 1.00 1.00 64 32 17.0 17.0 46703 3266 

SUBCLU 0.36 0.29 0.70 0.64 0.00 0.00 0.05 0.04 0.89 0.88 1.00 1.00 3468 3337 4.5 4.1 4063 1891 

SCHISM 0.51 0.30 0.74 0.49 0.10 0.00 0.26 0.01 0.85 0.55 1.00 0.92 8835 90 6.0 3.9 712964 9031 

FIRES 0.36 0.36 0.51 0.44 0.20 0.13 0.25 0.20 0.88 0.82 0.45 0.39 10 5 7.6 5.3 63 47 

PROCLUS 0.84 0.81 0.72 0.71 0.25 0.18 0.61 0.37 0.93 0.91 0.89 0.79 34 34 13.0 7.0 593 469 

INSCY 0.84 0.59 0.76 0.48 0.18 0.16 0.37 0.24 0.94 0.87 0.88 0.82 185 48 9.8 9.5 22578 11531 

STATPC 0.43 0.43 0.74 0.74 0.45 0.45 0.55 0.55 0.56 0.56 0.92 0.92 9 9 17.0 17.0 250 171 

P3C 0.51 0.51 0.61 0.61 0.14 0.14 0.17 0.17 0.80 0.80 0.66 0.66 9 9 4.1 4.1 140 140 

CHAMELEOCLUST 0.75 0.63 0.80 0.71 0.54 0.49 0.78 0.71 0.77 0.67 1 1 14 10 12.40 10.79 462 252 

KYMEROCLUST 0.82 0.72 0.86 0.79 0.57 0.53 0.86 0.80 0.83 0.77 1 1 19.0 16.0 13.5 12.56 101 91 

MOOSubClust 0.15 0.11 0.93 0.85 0.20 0.18 0.37 0.28 0.97 0.89 1 1 25.0 12.0 6.0 3.9 2022 1981 

Table 6 

Results for dataset pendigits : 16 dimensions, 10 classes, 7494 objects. 

F 1 Accuracy CE RNIA Entropy Coverage NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min max min 

MINECLUS 0.87 0.87 0.86 0.86 0.48 0.48 0.89 0.89 0.82 0.82 1.00 1.00 64 64 12.1 12.1 780167 692651 

DOC 0.52 0.52 0.54 0.54 0.18 0.18 0.35 0.35 0.53 0.53 0.91 0.91 15 15 5.5 5.5 178358 178358 

CLIQUE 0.30 0.17 0.96 0.86 0.06 0.01 0.20 0.06 0.41 0.26 1.00 1.00 1890 36 3.1 1.5 67891 219 

STATPC 0.91 0.32 0.92 0.10 0.09 0.00 0.67 0.11 1.00 0.53 0.99 0.84 4109 56 16.0 16.0 5E + 06 3E + 06 

SCHISM 0.45 0.26 0.93 0.71 0.05 0.01 0.30 0.08 0.50 0.45 1.00 0.93 1092 290 10.1 3.4 5E + 08 21266 

CHAMELEOCLUST 0.71 0.51 0.74 0.59 0.51 0.30 0.78 0.49 0.68 0.58 1 1 14 10 12.40 7.21 4476 4226 

KYMEROCLUST 0.92 0.89 0.92 0.89 0.40 0.34 0.80 0.78 0.89 0.86 1 1 41.0 34.0 12.21 10.51 556 523 

FIRES 0.45 0.45 0.73 0.73 0.09 0.09 0.33 0.33 0.31 0.31 0.94 0.94 27 27 2.5 2.5 169999 169999 

PROCLUS 0.78 0.73 0.74 0.73 0.31 0.27 0.64 0.45 0.90 0.71 0.90 0.74 37 17 14.0 8.0 6045 4250 

SUBCLU – – – – – – – – – – – – – – – – – –

P3C 0.74 0.74 0.72 0.72 0.28 0.28 0.58 0.58 0.76 0.76 0.90 0.90 31 31 9.0 9.0 2E + 06 2E + 06 

INSCY 0.65 0.48 0.78 0.68 0.07 0.07 0.30 0.28 0.77 0.69 0.91 0.82 262 106 5.3 4.6 2E + 06 1E + 06 

MOOSubClust 0.17 0.12 0.93 0.86 0.11 0.09 0.33 0.28 0.94 0.90 1 1 22.0 17.0 6.7 4.83 20969 19836 

Table 7 

Results for dataset diabetes : 8 dimensions, 2 classes, 768 objects. 

F 1 Accuracy CE RNIA Entropy Coverage NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min max min 

DOC 0.71 0.71 0.72 0.69 0.31 0.26 0.92 0.79 0.31 0.24 1.00 0.93 64 17 8.0 5.1 1E + 06 51640 

CLIQUE 0.70 0.39 0.72 0.69 0.03 0.01 0.14 0.01 0.23 0.13 1.00 1.00 349 202 4.2 2.4 11953 203 

MINECLUS 0.72 0.66 0.71 0.69 0.63 0.13 0.89 0.58 0.29 0.17 0.99 0.96 39 3 6.0 5.2 3578 62 

SUBCLU 0.74 0.45 0.71 0.68 0.01 0.01 0.01 0.01 0.14 0.11 1.00 1.00 1601 325 4.7 4.0 190122 58718 

SCHISM 0.70 0.62 0.73 0.68 0.08 0.01 0.36 0.09 0.34 0.20 1.00 0.79 270 21 4.2 3.9 35468 250 

FIRES 0.52 0.03 0.65 0.64 0.12 0.00 0.27 0.00 0.68 0.00 0.81 0.03 17 1 2.5 1.0 4234 360 

PROCLUS 0.67 0.61 0.72 0.71 0.34 0.21 0.78 0.69 0.23 0.19 0.92 0.78 9 3 8.0 6.0 360 109 

INSCY 0.65 0.39 0.70 0.65 0.37 0.11 0.45 0.42 0.44 0.15 0.83 0.73 132 3 6.7 5.7 112093 33531 

STATPC 0.73 0.59 0.70 0.65 0.06 0.00 0.63 0.17 0.72 0.28 0.97 0.75 363 27 8.0 8.0 27749 4657 

P3C 0.39 0.39 0.66 0.65 0.56 0.11 0.85 0.22 0.09 0.07 0.97 0.88 2 1 7.0 2.0 656 141 

CHAMELEOCLUST 0.70 0.62 0.73 0.70 0.17 0.09 0.66 0.47 0.28 0.23 1 1 29 19 5.00 2.75 598 438 

KYMEROCLUST 0.69 0.64 0.73 0.70 0.21 0.08 0.55 0.40 0.25 0.21 1 1 16.0 13.0 3.69 2.87 3 3 

MOOSubClust 0.76 0.72 0.66 0.51 0.37 0.28 0.67 0.58 0.91 0.80 1 1 9.0 4.0 5.6 3.7 1063 866 

Table 8 

Results for dataset glass : 9 dimensions, 6 classes, 214 objects, sample size = 150. 

F 1 Accuracy CE RNIA Entropy Coverage NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min max min 

DOC 0.74 0.50 0.63 0.50 0.23 0.13 0.93 0.33 0.72 0.50 0.93 0.91 64 11 9.0 3.3 23172 78 

CLIQUE 0.51 0.31 0.67 0.50 0.02 0.00 0.06 0.00 0.39 0.24 1.00 1.00 6169 175 5.4 3.1 411195 1375 

MINECLUS 0.76 0.40 0.52 0.50 0.24 0.19 0.78 0.45 0.72 0.46 1.00 0.87 64 6 7.0 4.3 907 15 

SUBCLU 0.50 0.45 0.65 0.46 0.00 0.00 0.01 0.01 0.42 0.39 1.00 1.00 1648 831 4.9 4.3 14410 4250 

SCHISM 0.46 0.39 0.63 0.47 0.11 0.04 0.33 0.20 0.44 0.38 1.00 0.79 158 30 3.9 2.1 313 31 

FIRES 0.30 0.30 0.49 0.49 0.21 0.21 0.45 0.45 0.40 0.40 0.86 0.86 7 7 2.7 2.7 78 78 

PROCLUS 0.60 0.56 0.60 0.57 0.13 0.05 0.51 0.17 0.76 0.68 0.79 0.57 29 26 8.0 2.0 375 250 

INSCY 0.57 0.41 0.65 0.47 0.23 0.09 0.54 0.26 0.67 0.47 0.86 0.79 72 30 5.9 2.7 4703 578 

STATPC 0.75 0.40 0.49 0.36 0.19 0.05 0.67 0.37 0.88 0.36 0.93 0.80 106 27 9.0 9.0 1265 390 

P3C 0.28 0.23 0.47 0.39 0.14 0.13 0.30 0.27 0.43 0.38 0.89 0.81 3 2 3.0 3.0 32 31 

CHAMELEOCLUST 0.43 0.28 0.57 0.50 0.43 0.26 0.88 0.55 0.46 0.36 1 1 8 4 7.50 4.75 195 95 

KYMEROCLUST 0.65 0.51 0.71 0.60 0.32 0.24 0.85 0.76 0.65 0.55 1 1 23.0 19.0 6.74 5.7 18 16 

MOOSubClust 0.30 0.28 0.78 0.68 0.31 0.26 0.68 0.46 0.98 0.70 1 1 12.0 8.0 4.6 3.1 581 527 
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Table 9 

Results for dataset vowel : 10 dimensions, 11 classes, 990 objects. 

F 1 Accuracy CE RNIA Entropy Coverage NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min max min 

DOC 0.49 0.49 0.44 0.44 0.14 0.14 0.85 0.85 0.58 0.58 0.86 0.86 64 64 10.0 10.0 120015 120015 

CLIQUE 0.23 0.17 0.64 0.37 0.05 0.00 0.44 0.01 0.10 0.09 1.00 1.00 3062 267 4.9 1.9 523233 1953 

MINECLUS 0.48 0.43 0.37 0.37 0.09 0.04 0.62 0.34 0.60 0.46 0.98 0.87 64 64 7.2 3.6 7734 5204 

SUBCLU 0.24 0.18 0.58 0.38 0.04 0.01 0.39 0.04 0.30 0.13 1.00 1.00 10881 709 3.6 2.0 26047 2250 

SCHISM 0.37 0.23 0.62 0.52 0.05 0.01 0.43 0.11 0.29 0.21 1.00 0.93 494 121 4.3 2.8 23031 391 

FIRES 0.16 0.14 0.13 0.11 0.02 0.02 0.14 0.13 0.16 0.13 0.50 0.45 32 24 2.1 1.9 563 250 

PROCLUS 0.49 0.49 0.44 0.44 0.11 0.11 0.53 0.53 0.65 0.65 0.67 0.67 64 64 8.0 8.0 766 766 

INSCY 0.82 0.33 0.61 0.15 0.09 0.07 0.75 0.26 0.94 0.21 0.90 0.81 163 74 9.5 4.3 75706 39390 

STATPC 0.22 0.22 0.56 0.56 0.06 0.06 0.12 0.12 0.14 0.14 1.00 1.00 39 39 10.0 10.0 18485 16671 

P3C 0.08 0.05 0.17 0.16 0.12 0.08 0.69 0.43 0.13 0.12 0.98 0.95 3 2 7.0 4.7 1610 625 

CHAMELEOCLUST 0.41 0.37 0.42 0.38 0.17 0.13 0.65 0.54 0.45 0.40 1 1 33 24 6.00 4.57 995 787 

KYMEROCLUST 0.53 0.48 0.53 0.47 0.16 0.14 0.75 0.70 0.56 0.52 1 1 50.0 45.0 6.82 6.3 364 339 

MOOSubClust 0.24 0.22 0.86 0.79 0.17 0.14 0.48 0.43 0.95 0.89 1 1 24.0 10.0 4.4 3.7 7653 6307 

Fig. 2. Average rankings of different clustering algorithms over all datasets with respect to combined primary evaluation metrics, F1, Accuracy, CE, RNIA and Entropy. 
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proposed algorithm MOOSubClust performs best. It also performs

well with respect to Accuracy as it ranks 2nd on the list. 

4.1.3. Runtimes 

The same procedure was used to compare the execution times

of the algorithms, rank 1 being the fastest. In MOOSubClust all

the experiments (the Python implementations) were performed on

3.60 GHz CPU, Intel i7 processor, Ubuntu 16.04 LTS. The execution

time is strongly linked to the parameter sol (Number of Solutions).

The results presented in Tables 3–9 were computed with sol = 10

incurring a penalty of execution time increased by a factor of 10.
f the algorithm had implemented considering sol = 1 (only 1 so-

ution), the execution time would have been reduced by 10 times.

ig. 3 (c) shows the rank of the proposed algorithm corresponding

o the execution time of a single solution. 

.1.4. Coverage 

The same ranking method was used to rank the algorithms ac-

ording to their coverage values., Coverage refers to the fraction of

he objects that are part of any cluster. A rank value of 1 was asso-

iated to the highest coverage. MOOSubClust ranks 1st along with
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Fig. 3. Average rankings of different clustering algorithms over all datasets with respect to the Coverage, Number of clusters and Runtimes. 
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ymeroClust, ChameleoClust and Clique according to coverage as

hown in Fig. 3 (a). 

.1.5. Number of clusters 

The rankings were computed in a similar way shown in [19] by

omputing the absolute value of the difference between the ac-

ual number of classes present in the dataset and the number of

lusters produced by the algorithm. The smallest absolute value is

iven a rank of 1. The proposed algorithm ranks third with respect

o the number of clusters as shown in Fig. 3 (b). 

.1.6. Overall performance of proposed approach 

The proposed algorithm ranks second with respect to the pri-

ary evaluation metrics. Though the algorithm MINECLUS tops in

he list but it is time inefficient. Execution time is an important

actor in any evaluation process and the proposed algorithm per-

orms much better than MINECLUS with respect to runtime. 

The cluster quality also highly depends on the generation of the

umber of clusters. Fig. 3 (b) shows the superiority of the proposed

lgorithm in comparison with MINECLUS. Again, with respect to

overage, the objects in the dataset that belong to any of the out-

ut clusters are 97% for MINECLUS whereas 100% for MOOSubClust .

Furthermore, considering the individual primary evaluation

etric, it is observed that, in comparison with MINECLUS, the al-

orithm MOOSubClust performs better with respect to Accuracy, CE,

nd Entropy. The proposed algorithm produced a balanced result

ith respect to both the primary as well as secondary evaluation

etrics and thus its superiority is justified. 

.2. Results on synthetic datasets 

This section presents the results obtained on 16 synthetic

atasets used in [32] . The algorithm MOOSubClust was executed 10

imes on each of the synthetic datasets. For each of the datasets,

aximum and minimum values of various cluster quality evalu-

tion metrics for the proposed algorithm are shown in Table 10 .

gain, for each evaluation metric, we plotted the best measured

alue obtained with respect to the average number of clusters

rounded to nearest integer) for 10 runs for each dataset shown
n Fig. 4 . It is observed from the results that, for all the synthetic

atasets, the average number of clusters identified by the proposed

lgorithm is very close to the actual number of clusters present in

he dataset (i.e., 10) and for many datasets, the predicted average

umber of clusters equals the actual number of clusters. The al-

orithm, MOOSubClust , always found the average number of clus-

ers between 7 and 13. Among the other algorithms except for

hameleoClust, P3C, and KymereoClust, rest identified the num-

er of clusters between 5 and 50 and in few cases much more

lusters were found as reported in [31] . ChameleoClust, P3C, and

ymereoClust determine the number of clusters in the range of 9

o 16, 6 to 16 and 9 to 14 clusters, respectively, for these 16 syn-

hetic datasets which are close to the actual number of clusters. 

.3. Advantages of multi-objective optimization 

To elaborate in more detail we consider the data set vowel and

lotted the accuracy values of all the solutions present in the fi-

al population identified by our proposed technique MOOSubClust .

ifferent solutions encode different possible number of subspace

lusters. The accuracy values attained by different solutions against

he number of clusters present are plotted in Fig. 5 . This figure

learly proves that the use of MOO indeed produces a large num-

er of alternate solutions. 

.4. Performance of proposed algorithm on big data sets 

In order to illustrate the advantages of using multiple objec-

ives in the domain of subspace clustering, the proposed multi-

bjective optimization method is tested with a few big data sets

ollected from UCI [32] . The datasets selected are HTRU2 (17898

nstances and 8 dimensions), Crowdsourced Mapping (10546 in-

tances and 29 dimensions), MAGIC Gamma Telescope (19020 in-

tances and 10 dimensions). In the proposed method the objec-

ives functions that we have used are functions of compactness

nd separation in the form of XB-index and PBM-index. In order

o illustrate the efficacy of optimizing multiple objective functions,

esults of a clustering algorithm optimizing a single cluster quality

easure, intra-cluster compactness, on these big datasets are also
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Table 10 

Results of the proposed algorithm for the sixteen synthetic datasets. 

Dataset F 1 Accuracy CE RNIA Entropy NumClusters AvgDim Runtime 

max min max min max min max min max min max min max min max min 

S1500 0.11 0.08 0.81 0.77 0.13 0.04 0.31 0.15 0.97 0.92 12 8 4.9 3.0 7406 5463 

S2500 0.12 0.05 0.79 0.70 0.12 0.05 0.32 0.18 0.98 0.71 13 7 5.6 3.6 8080 6636 

S3500 0.10 0.06 0.80 0.70 0.12 0.06 0.33 0.22 0.96 0.91 9 6 4.9 4.2 8664 6668 

S4500 0.10 0.05 0.79 0.75 0.12 0.06 0.30 0.19 0.93 0.85 9 5 5.6 3.7 12680 11735 

S5500 0.11 0.05 0.81 0.72 0.14 0.07 0.29 0.23 0.96 0.68 11 8 4.7 3.5 14918 14132 

D05 0.08 0.05 0.86 0.78 0.22 0.14 0.79 0.45 0.94 0.89 14 7 4.2 2.6 1709 1682 

D10 0.08 0.06 0.82 0.65 0.18 0.09 0.76 0.37 0.91 0.84 15 6 7.0 3.8 3280 3152 

D15 0.07 0.03 0.80 0.66 0.13 0.08 0.43 0.24 0.92 0.66 12 7 5.4 3.9 5376 5134 

D20 0.08 0.05 0.84 0.76 0.14 0.07 0.32 0.20 0.96 0.76 13 7 5.9 3.3 5919 5801 

D25 0.09 0.04 0.79 0.73 0.09 0.05 0.29 0.17 0.94 0.74 17 7 6.4 4.3 8283 7882 

D50 0.07 0.03 0.80 0.63 0.08 0.04 0.27 0.18 0.94 0.63 12 7 10.25 5.6 31837 327840 

D75 0.07 0.02 0.78 0.62 0.04 0.03 0.19 0.09 0.93 0.81 11 7 11.4 7.8 56361 53904 

N10 0.07 0.04 0.82 0.73 0.12 0.07 0.30 0.14 0.96 0.71 23 6 5.7 3.0 15843 13054 

N30 0.09 0.05 0.79 0.73 0.14 0.09 0.37 0.21 0.95 0.91 16 6 7.0 5.2 14796 14295 

N50 0.08 0.06 0.69 0.62 0.15 0.08 0.26 0.16 0.97 0.86 19 6 7.8 5.3 9298 8653 

N70 0.11 0.07 0.54 0.48 0.16 0.13 0.38 0.23 0.96 0.91 18 6 8.9 6.0 9980 9447 

Fig. 4. Values of primary evaluation metrics vs average number of clusters for the 16 synthetic datasets. 
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Table 11 

Comparison of the proposed method using multiple objectives and single objective on big data. 

Dataset F-measure Accuracy CE RNIA Entropy 

SOO MOO SOO MOO SOO MOO SOO MOO SOO MOO 

HTRU 0.51 0.66 0.91 0.91 0.20 0.23 0.44 0.89 0.97 0.99 

Crowd Source 0.09 0.13 0.69 0.70 0.07 0.20 0.24 0.42 0.99 0.99 

Magic 0.63 0.63 0.67 0.69 0.20 0.32 0.39 0.51 0.76 0.97 

Fig. 5. Accuracy values of subspace clusters with respect to the number of clusters 

on the final population attained by MOOSubClust algorithm for vowel. 

r  

l  

i  

r  

f  

o  

o  

o  

b

4

r

 

R  

s  

s  

u  

W  

c  

t  

o  

t  

f  

u  

I  

b  

a  

F  

f  

r

4

 

n  

g  

a  

p  

c  

a  

p  

[  

a  

t  

l  

c  

a

 

g  

[  

p  

[  

o  

t  

i  

[  

C  

s  

H  

T  

a

5

 

t  

s  

e  

t  

t  

o  

t  

p  

t

(  
eported. Both the algorithms, one optimizing multiple cluster va-

idity indices (MOO) and the other optimizing single cluster qual-

ty measure (SOO) are executed 10 times and the best values cor-

esponding to different evaluation metrics and datasets are stored

or comparison as shown in Table 11 . From Table 11 , the benefits

f optimizing multiple objectives over a single objective are clearly

bserved. For almost all the cases, the proposed multi-objective

ptimization methods show the superiority (values are shown in

old) in comparison with single objective version. 

.5. Comparison with low rank and sparse subspace clustering 

epresentation 

Sparse representation subspace clustering (SSC) [17] and Low-

ank representation subspace clustering (LRR) [18] techniques

egment the data drawn from a union of multiple linear or affine

ubspaces. In SSC, each data vector is sparsely represented individ-

ally with respect to a dictionary formed by all other data points.

hereas LRR finds the lowest rank representation among all the

andidates that represent all data vectors as the linear combina-

ion of the bases in a dictionary. In the case of SSC and LRR, apri-

ri knowledge of the number of subspaces is required. However,

he proposed method, MOOSubClust doesn’t require any apriori in-

ormation about the number of subspaces and also it is flexible,

nlike SSC and LRR where the number of subspaces is kept fixed.

n LRR and SSC, the quality of the subspaces produced is measured

y the classification accuracy. Table 12 compares the classification

ccuracies of the proposed method with respect to SSC and LRR.
Table 12 

Comparison of the proposed method with LR

respect to Accuracy. 

Datset Breast Diabetes Glass 

Proposed 0.56 0.66 0.78 

SSC 0.53 0.51 0.29 

LRSC 0.50 0.59 0.35 
rom Table 12 , it is clearly visible that the proposed algorithm per-

orms better with respect to classification accuracy for all the 7

eal-life datasets. 

.6. Real-life application of the proposed algorithm 

The data analysis of gene expression through micro-array tech-

ology helps us to solve many problems like medical diagnosis,

ene expression profiling etc. A major step of this analysis is the

utomatic identification of a group of genes that follow similar ex-

ression patterns. In order to form groups of such similar patterns,

lustering techniques can be used in the field of micro-array data

nalysis. However, the conventional clustering techniques did not

erform sufficiently well when the number of attributes increases

34] as those may miss the patterns that present over a locality of

ttributes. Subspace clustering techniques can be used as remedy

o such situation, in which a subset of genes which show simi-

ar patterns over a subset of attributes are grouped together unlike

onventional clustering where grouping is done considering all the

ttributes. 

The applicability of the proposed algorithm is tested with the

ene expression level datasets Human Large B Cell Lymphoma

34] and Yeast [34] . The subspace clusters produced by the pro-

osed algorithm are evaluated using Mean squared residue (MSR)

34] , Row variance (RV) [34] and BI-index [35] . Higher the value

f RV whereas lower the values of MSR and BI indicate bet-

er performance. The developed algorithm is compared with var-

ous state-of-the-art algorithms such as MOPSOB [36] , MOGAB

35] , RWB [37] , SGAB [38] , BiVisu [39] , Bi-max [40] , OPSM [41] ,

heng and Church (CC) [34] , ISA [42] . The comparisons with the

tate-of-the-art algorithms are shown in Tables 13 and 14 for

uman and Yeast dataset, respectively. The results shown in

able 13 and Table 14 clearly illustrate the benefits of the proposed

lgorithm. 

. Discussion 

The proposed algorithm is compared with a set of state-of-

he-art algorithms, among them our algorithm, MOOSubClust ranks

econd after combining the average ranks of different primary

valuation metrics. The only algorithm that performs better than

he proposed algorithm by a very small margin is MINECLUS. Also,

here is no ever winning algorithm or paradigm, each having its

wn advantages or interests. Although, MINECLUS ranks better

han MOOSubClust but out of 8 evaluation metrics (combining both

rimary and secondary metrics), the proposed algorithm defeats

he algorithm MINECLUS in 6 cases ( Figs. 2 (c), (d), (f) and 3 (a)–

c)). The algorithm MINECLUS performs better than the proposed
SC and SSC for real-life datasets with 

Liver Pendigits Shape Vowel 

0.64 0.93 0.93 0.86 

0.51 0.12 0.68 0.12 

0.57 0.71 0.14 0.48 
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Table 13 

Results of subspace clustering obtained by different algorithms on Human Large B Cell Lym- 

phoma dataset. 

Algorithm MSR RV BI-Index 

Average Best(min) Average Best(Max) Average Best(min) 

MOOSubClust 2233.09 1281.92 10877.92 17273.32 0.31 0.07 

MOPSOB 927.47 745.25 4348.2 8745.65 0.213 0.09 

SGAB 855.36 572.54 2222.19 5301.83 0.5208 0.3564 

MOGAB 801.37 569.23 2378.25 5377.51 0.4710 0.2283 

RWB 1185.69 992.76 1698.99 3575.40 0.7227 0.3386 

OPSM 1249.73 43.07 6374.64 11854.63 0.2520 0.1024 

BiVisu 1680.23 1553.43 1913.24 2468.63 0.8814 0.6537 

Bimax 387.71 96.98 670.83 3204.35 0.7120 0.1402 

CC 1078.38 779.71 2144.14 5295.42 0.5662 0.2298 

ISA 2006.83 245.28 4780.65 14682.47 0.6300 0.0853 

Table 14 

Results of subspace clustering obtained by different algorithms on Yeast dataset. 

Algorithm MSR RV BI-Index 

Average Best(min) Average Best(Max) Average Best(min) 

MOOSubClust 438.76 204.65 1395.34 4285.24 0.18 0.06 

MOPSOB 218.54 200.58 789.85 1254.56 0.28 0.16 

SGAB 198.88 138.75 638.23 3605.93 0.4026 0.2714 

MOGAB 185.85 116.34 932.04 3823.46 0.3329 0.2123 

RWB 295.81 231.28 528.97 1044.37 0.5869 0.2788 

OPSM 320.39 118.53 1083.24 3804.56 0.3962 0.0012 

BiVisu 290.59 240.96 390.73 775.41 0.7770 0.3940 

Bimax 32.16 5.73 39.53 80.42 0.4600 0.2104 

CC 204.29 163.94 801.27 3726.22 0.3822 0.0756 

ISA 281.59 125.76 409.29 1252.34 0.7812 0.1235 
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algorithm with respect to F-measure and RNIA ( Fig. 2 (b) and (e)).

RNIA and CE are two evaluation metrics specially developed for

subspace clustering evaluation. In case of real-world datasets, since

we do not know the actual subspaces corresponding to a cluster,

instead, we use the original feature set for comparison purpose.

Therefore, although the RNIA value produced by our approach is

lower than that of MINECLUS but it appears in the list of top few.

Moreover CE value attained by the proposed approach ranks top

in the list, but in general CE values of different algorithms are

low. The proposed algorithm ranks below in the list for the met-

ric F-measure as it doesn’t perform well for a few datasets such

as pendigits, shape, glass and vowel . The possible reason could be

the absence of clustering structure in these datasets. However, if

we calculate the average ranks of the algorithms after considering

combined primary metrics except F-measure, the proposed algo-

rithm tops the list. The algorithm performs well corresponding to

Accuracy and Entropy. The metric entropy generally gives a better

result when the number of clusters is more and it gives the best

result when each object forms a cluster. However, the proposed al-

gorithm attains better result and ranks top with respect to entropy

with a limited range of clusters. Again, in case of synthetic dataset,

we compare with the number of clusters produced by different al-

gorithms. The range of the number of clusters produced by the

proposed algorithm is 7 − 13 . Therefore, the maximum difference

between the actual number of clusters and the produced cluster

range is 3 whereas it is 4, 7 and 10 for KymereoClust, Chameleo-

Clust and P3C, respectively. 

6. Conclusions and future works 

In this paper, we present a multi-objective optimization based

subspace clustering algorithm, namely MOOSubClust . The algorithm

builds upon the search capability of evolvable genome structure

and multi-objective optimization. Two existing cluster validity in-

dices, namely PBM-index and XB-index, are modified to handle

the perception of subspace clustering. The values of these two in-
ices are simultaneously optimized using the search capability of

ny multi-objective optimization technique. The efficacy of the pro-

osed technique is shown for generating subspace clustering from

en real-world data sets and sixteen synthetic data sets. It was ob-

erved that the proposed algorithm combines the advantages of

volutionary based techniques and multi-objective optimization. In

 part of the paper, the efficacy of the proposed technique is also

hown for bi-clustering of gene expression data. 

The algorithm developed here is inspired by the steps of Kyme-

oClust algorithm. In future, we would like to enhance the genetic

perations of the proposed framework to develop a new multi-

bjective based evolutionary subspace clustering algorithm aiming

o get even better results. We also plan to develop some online

ubspace clustering approaches which can handle data streams. 
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