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the final clustering result due to the lack of graph connectivity. The problem has not
been well tackled in the published literature. This paper significantly improves the graph
connectivity by adding an effective projection step to the recently proposed method SSC-
OMP. With this projection step, it is possible to establish a theoretical guarantee that the

I;E}gv;;gjdustemg subspace-preserving condition leads directly to the exact clustering result, which bridges
Graph connectivity the gap. Moreover, the potential advantage of the proposed algorithm over prior methods
Greedy OMP is its robustness to noise. Experimental results demonstrate that the proposed approach
Noisy analysis enjoys a high clustering accuracy and a fast processing speed in comparison with state-of-
Exact clustering guarantee the-art algorithms.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Subspace clustering is the mathematical abstraction of many computer vision applications in which the data lie on a
union of low-dimensional subspaces of a high-dimensional ambient space. The goal is to partition the data into their own
subspaces. This problem has found numerous applications including motion/video segmentation [13,40,43,48], face clustering
[19,24], image representation and compression [20], document summarization [4], etc. Numerous approaches have been
proposed. Early methods include algebraic methods, iterative methods [2], statistical methods [30], and spectral clustering-
base methods (please refer to [9,39] for a review of these methods). Among them, the sparse representation based model
with spectral clustering [13,45] has become popular in recent years due to their simplicity and robust performance. These
methods address the problem in two steps: (1) learning a coefficient matrix using the self-expressiveness model based on
sparse representation techniques; and (2) constructing a graph and applying spectral clustering on the graph. The self-
expressiveness means that each point is assumed to be represented as a linear combination of the points that come from
the same subspace and the data from other subspaces are not involved, which is also called “subspace-preserving property”
[45,46].

However, there exists a gap between a subspace-preserving coefficient and the exact clustering result, i.e., the correct
(subspace-preserving) coefficient does not always lead to correct clustering, known as the graph connectivity problem. This
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is because the points in the same subspace might not be well connected so that multiple connected components might exist
in this subspace. As a result, the data tend to be over-segmented. This paper seeks to address this problem by increasing
the graph connectivity.

The graph connectivity problem was originally raised and investigated by Nasihatkon and Hartley [31]. They claimed
that the points in a single subspace cannot be segmented into smaller subspaces holds for 2- and 3-dimensional subspaces.
It is possible to over-segment the data for dimensions higher than 3. A major line of research addressed this problem by
imposing regularization term with various norms to the original self-expressiveness model. For example, Lu et al. [29] pre-
ferred a least square solution (I, norm regularization) by means of least squares regression (LSR). Low rank representation
(LRR) [27,28] proposed nuclear norm regularization to encourage the coefficient to be low rank. Regularizations that are a
mixture of Iy and [, [14,32,45] or I; and nuclear norm [42,49] have also been proposed. The I, and nuclear norm regular-
ized algorithms usually have closed form solutions, thus they are more computationally efficient. However, they have strict
subspace-preserving condition, i.e., the solution is subspace-preserving only when subspaces are independent and the data
is uncorrupted.

Another group of methods tried to improve the clustering accuracy by incorporating knowledge from other domain. For
example, Deng et al. [8] proposed a clustering technique called enhanced soft subspace clustering (ESSC) by integrating
with-in class compactness and between-class separation in the subspace. Deng et al. [10] applied the concept of transfer
learning to prototype-based fuzzy clustering, i.e., the knowledge induced in the source domain, such as the cluster centers
and the subspace of the clustering results, has been appropriately used to boost the clustering performance in the target
domain. In the Structured Sparse Subspace Clustering (S3C) model [25], both the affinity and the segmentation are learned
in a joint optimization framework to exploit the dependency of them. [1] showed that the performance can be boosted by
fusing multi-modality data instead of taking just one modality into consideration. These methods can improve the clustering
accuracy. However, they leave the question how the affinity leads to exact clustering undiscussed.

Park et al. [33] addressed the gap problem by proposing greedy subspace clustering, which consists of two steps: the first
step, nearest subspace neighbor (NSN), determines a neighborhood set for each point; and the second step, greedy subspace
recovery (GSR), recovers subspaces from the given neighborhoods. They established statistical guarantees for exact clustering
with general subspace conditions. Wang et al. [41] addressed this problem in both noiseless and noisy cases. They improved
the graph connectivity of the original [y norm regularized optimization by adding a simple post-processing step. They also
provided the theoretical guarantee that, under mild conditions, with high probability, no two points from different subspaces
are clustered together. These methods have the theoretical results that the solution leads directly to exact clustering, and
the conditions are milder than those using I; norm regularization. However, the computational load is heavy because the
conventional optimization approach to the I; norm regularization problem employs LASSO methods which need a great deal
of computation. The computational load becomes significant when dealing with large scale dataset.

Recently, deep learning has been widely used in this field. Different from the methods based on learning an affinity ma-
trix, deep learning-based methods use deep networks to learn a low-dimensional representation such that simple clustering
such as K-means can be directly applied for the final result. Hershey et al. [18] proposed a deep clustering framework that
trains a deep network to form a low-rank pairwise affinity matrix that approximates the ideal affinity matrix. Peng et al.
[35] proposed the PARTY algorithm that introduces sparsity prior to the hidden layers such that the reconstruction relation
over the whole data set is preserved into the hidden representation. These methods avoids learning an affinity matrix. How-
ever, the graph connectivity problem still exists in the hidden layers of the deep network and has not been fully discussed.
For example, incorporating regularization on the intermediate representation that maximizes within-class coherence and
minimizes between-class coherence is a promising solution to improve the clustering accuracy.

In this paper, we propose a projection step which guarantees an exact clustering result and is computationally efficient.
We start by investigating the recently proposed method: sparse subspace clustering by orthogonal matching pursuit (SSC-
OMP) [46], which enjoys mild subspace-preserving conditions and fast processing speed. SSC-OMP suffers from the graph
connectivity problem, which is not addressed in [11,46,47]. We show that the graph connectivity can be improved signifi-
cantly by adding a projection step after OMP picks up one point. It is also found that the projection step can be moved out
of the iteration and put at the end of the algorithm. More importantly, the projection step makes it possible to guarantee
that the subspace-preserving condition leads directly to an exact clustering result.

Paper contributions. 1. A theoretical result is established that addresses and bridges the gap between a subspace-
preserving coefficient and the exact clustering result.

2. A novel post-processing step is proposed to address the graph connectivity problem of sparse subspace clustering. The
proposed algorithm is computationally efficient and with better graph connectivity.

3. The proposed algorithms address the case when the data are contaminated by noise, which is absent in the previous
researches [11,46,47].

1.1. Problem statement and notations

Definition 1. (Subspace clustering). Given a union of K subspaces S = U{;] Sy, each §; of dimension d; <n, N; > d; + 1 points
are generated i.i.d. from arbitrary unknown continuous distribution supported on S; for [ =1,..., K, and normalized to unit
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I, norm. Let X = [X{,X;,....,Xy] € R™N be the matrix containing all the N points, and N = Zf;l N,. Subspace clustering is
to partition the data X into their respective clusters.

In the sparse representation step, the self-expressiveness model solves the following sparse representation problem:

arg min ||¢;|
c;eRN

0, S.t.X; =XC,‘, Cii = 0 (1)

fori=1,2,...,N, where ¢; e RN is the sparse representation of x; with respect to X. A graph G = (V. E) is constructed based
on the coefficient matrix C = [c1, ¢y, . ... ,cy] for i=1,2,...,N learned by Eq. (1), where the vertices V correspond to the
points and the edge between vertices i and j is non-zero only if ¢; #0 and ¢;; 0. An affinity matrix W = {w;;} is constructed
with every entry w;; = (|¢;;| + [cji|)/2,1 <, j < N. The clustering result is obtained by applying spectral clustering on this
graph.

Definition 2. (Subspace-preserving). A coefficient ¢; € RN of a point x; € S; with respect to the dictionary X = [%1,X;, ..., xy]
is call subspace-preserving if

Vj=1,...,N, ci]-;éO:McjeS, (2)
A coefficient matrix C = [¢q, ¢y, ..., cy] is call subspace-preserving if Vi=1, ..., N, ¢; is subspace-preserving.

Throughout this paper, matrices and vectors are denoted, respectively, by bold uppercase and lowercase letters. Constants
and variables are denoted, respectively, by non-bold uppercase and lowercase letters. ||-||, denotes the I, norm. |T| denotes
the cardinality of set T. Let X_; € R"™*(N-1) be the matrix containing all the points with x; excluded, D; be the set of points
indexed by T, and Sy = span(Dr) be the subspace spanned by Dr.

The remainder of this paper is organized as follows. Section 2 introduces the OMP and SSC-OMP algorithms that are
most related to the proposed algorithm. Section 3 presents in detail two versions of the proposed algorithms, GOMPP™ and
GOMP. Section 4 theoretically analyses the proposed algorithms in comparison with OMP, based on which the condition for
exact clustering is established. Experimental results on both synthetic and real world data are reported in Sections 5 and6
concludes the whole article.

2. Previous works
2.1. Orthogonal Matching Pursuit (OMP)

Orthogonal Matching Pursuit [34] solves the following optimization problem [12]:

argmcin||c||0, s.t.y=Dc (3)

wherey e R" and D = [d;. d,. ..., dy] € RN is the observed signal and dictionary, respectively, ¢ € RN is the coefficient, and
|| -]lo is the Iy norm that counts the number of non-zero entries of a vector. The OMP algorithm is presented in Algorithm 1.

Algorithm 1 Orthogonal Matching Pursuit (OMP).
Input: y ¢ R": observed signal
D=[d;,d,,... dy] e R™N: dictionary
s: sparsity level
€: residual norm threshold
Output: ¢ € RN: sparse coefficient
1: Initialize k = 0, residual ry =y, support set Ty = @
2: while k < s and ||r||; > € do
3 dr=argmaxi_y n|d] 1], Tepq = T UL}
4 ry=y-Pr (¥), where P, is the projection to the subspace spanned by {d;. j € Tj 1}
5
6
7

k< k+1
: end while
: return ¢ = Dﬁ 62}

In the kth iteration, the algorithm finds the atom (column) in D that has the largest absolute of the inner product with
the residual ry, and orthogonally projects the signal y onto the span of the vectors indexed by the support set. The dimension
of the span increases and the I, norm of the residual decreases. As a result, the procedure is guaranteed to converge in a
finite number of iteration. Researchers have established the conditions under which the OMP algorithm reliably recovers the
correct support set [7,38].
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2.2. Sparse Subspace Clustering by Orthogonal Matching Pursuit (SSC-OMP)

Dyer et al. [11] first introduced OMP to sparse subspace clustering as an approach to the I; regularized optimization
(Eq. 1). A major issue lies in the sufficient condition under which OMP gives a subspace-preserving solution. Both the mu-
tual coherence and the restricted isometry property [5,6,38] established in the compressed sensing community cannot be
applied here because the dictionary atoms are highly correlated with each other. Dyer et al. provided a condition that
highlights the tradeoff between the mutual coherence which characterizes the similarity between points living in different
subspaces, and the covering radius which characterizes the similarity of the points within the same subspace. You and Vidal
[47] provided a preliminary geometric interpretation for SSC-OMP. Recently, You et al. [46] established a much weaker yet
more succinct and interpretable condition under three data generating models: independent deterministic subspace model,
arbitrary deterministic subspace model, and arbitrary random subspace model. It is the mildest subspace-preserving condi-
tion on the generating subspaces for SSC-OMP.

3. Subspace clustering by greedy orthogonal matching pursuit
3.1. Greedy orthogonal matching pursuit, preliminary

The preliminary version of the greedy orthogonal matching pursuit, GOMPP', is summarized in Algorithm 2.

Algorithm 2 Greedy Orthogonal Matching Pursuit, preliminary (GOMPP®),
Input: y ¢ R": observed signal
D =[d;,d,, ... dy] e R™N: dictionary
s: sparsity level
€1, €5: residual norm thresholds
Output: ¢ € RN: sparse coefficient
1: Initialize k = 0, residual ry =y, support set T = @
2: while k < s and ||r|]; > €; do
3 ir=argmaxi_y A1y, Tq = T ULig)
4 T =UlIIA=P )djll; <€, j=1,....N}
5. Ty =y-Pr, (¥), where P, is the projection to the subspace spanned by {d;, j € Ty 1}
6
7
8

k<—k+1
. end while
: return ¢ = D;fky

The self-expressiveness model represents a given point as a linear combination of the least number of other points.
However, in order to increase the graph connectivity, it is desirable to involve as many as possible the points in the same
subspace. To this end, once a new point is selected, we can search for other points lying in this subspace spanned by the
selected points and involve them in the support set. This motivates us to add Step 4 to the original OMP algorithm. After
picking up a new point, the algorithm searches for the points lying in the current subspace by projecting all the points in X
onto the current subspace. The points with projection error smaller than a threshold are regarded as the points lying in the
same subspace, i.e., T, .1 = {j| [|(T - Pfk+1 )djll2 <€,j=1,...,N}. Strictly speaking, €, should be zero. In practice, we set €;
a small positive number near zero.

3.2. Greedy orthogonal matching pursuit

The formal version of the greedy orthogonal matching pursuit, GOMP, is summarized in Algorithm 3.

It can be seen that the first 6 steps are the OMP method. We put Step 4 in GOMPP™ out from each iteration and do
it only once at the very end after OMP. As we will explain it in detail later, the advantages are: (1) under mild condition
GOMP is equivalent to GOMPP'; and (2) GOMP reduces the computational load of GOMPP'®,

3.3. Subspace clustering by greedy orthogonal matching pursuit

Let X_; e R™*(N-1) be the matrix containing all the points with x; excluded. For subspace clustering, we compute the
coefficient ¢; e RN-1 for x; with respect to X_; using either GOMPP™ or GOMP, e.g., ¢; = GOMP(x;, X_;). Insert a zero in the
ith entry in ¢; to get ¢ e RN, and C* =}, ..., c;,] € RV*N_ The affinity matrix can be constructed W = (|C*| +|C*T|)/2. By
applying spectral clustering on W we get the clustering results. This procedure is summarized in Algorithm 4.
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Algorithm 3 Greedy Orthogonal Matching Pursuit (GOMP).
Input: y € R": observed signal

D=[dy,d,, ... dy] € R™N: dictionary

s: sparsity level

€1, €. residual norm thresholds
Output: ¢ € RM: sparse coefficient
1: Initialize k = 0, residual ry =y, support set Ty = @
2: while k < s and ||r|], > €; do
3 lk = argmax_y, N |dz-rk|v =Tk U{lz}
4 N =y-Pp . (¥), where P, is the projection to the subspace spanned by {d;. j € T;,1}
5. k<« k+1
6
7
8

: end while

C T =l I =Pp)djll2 < €2, j=1,...,N}
: return c=Dﬂ y

Algorithm 4 Subspace Clustering by Greedy Orthogonal Matching Pursuit (SC-GOMP).
Input: X = [x4,...,xy] € R™N: data points
s: sparsity level
€1, €5: residual norm thresholds
Output: segmentation of data X
1: compute ¢ from GOMP(x;, X_;) fori=1,....N
2: compute C* = [}, ..., ¢§] and W = (|C*| +|C*T|)/2
3: apply spectral clustering to get the result.

4. Theoretical analysis

Proposition 1. Under the data generation model of Definition 1, with probability one, any p <d, points in S; are linearly inde-
pendent.

This is a natural result under the given data generation model, which is widely used in theoretical analysis of subspace
clustering [41,44] (please refer to [44] for the proof). Proposition 1 says that for any data point x € §; that is generated
according to a continuous distribution supported on &, it is almost surely that at least d; points in S; are required to
linearly represent x. This property plays an important role in the following analysis.

In the analysis we first assume the noiseless case €; = 0. Recall the two-step update of the support set in GOMPP™, i.e.,
Ty — Tiy1 = Tipq. The first step selects one point and adds it to the support set:

* = arg max, {1l T = TG} (4)

The second step searches for the points that lie in the current subspace

Tewr = {Jl 11T = Py )djll2=0.j=1.....N}. (5)

k+1
For the first step, due to the fact that the residual ry is always orthogonal to S, so dim(Sy,) < dim(sfk 1). We call this
+
the subspace increase step. For the second step, the dimension of STt remains the same as ka } but the number of points
+
increases (it will be proved later). We call this the subspace inflation step’.
Theorem 1. Let i} /.. STiy1.0MPs and 1, oyp be the index, the subspace spanned by Dr,ys and the residual in the kth iteration

in the OMP algorithm, respectzvely Let i copprres St,, comprre and 1y, gopprre be the correspondmg variables in the GOMPP™
algorithm. We have:

K £

k. omp = Y. compre (6)

STy.1.0MP = ST, GoMPpP™e (7)

Tii1.0mp = Ty, compre (8)
fork=0,...,s.

T Note that the names of these two steps are only for the convenience of presentation, but has nothing to do with the real world physical phenomenon.
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The proof of Theorem 1 can be found in Appendix.

Theorem 1 indicates that in each iteration, both the OMP and GOMPP' algorithms select the same point, form the same
subspace, and produce the same residual. The difference lies in the support set, where OMP contains only s indices while
GOMPP™e contains all the points lying in the current subspace.

Theorem 1 allows one to propose GOMP. The subtle difference lies in how the support set is updated. In GOMPP™, the
increase of the number of points in the support set, |Ty| — |T,¢|, follows the “one, many, one, many, ...” manner, while
in GOMP, it follows “one, ..., one, many”. However, according to Proposition 1 that, with probability 1, any p <d; points
in the data X ¢ ™M lying in & are linearly independent. That is to say, the probability of [T ;| > |T| is almost zero
for k <min(d;). Hence, there is no need to do the subspace inflation step in every iteration, and the equivalent results are
guaranteed.

Another advantage is that GOMP is generally faster than GOMPP™, The reason is quite simple because one does not need
to compute the projection operation (Step 4, Algorithm 2), which is the most time consuming step, in every iteration.

Theorem 2. Given a union of K subspaces S = UL S;, each §; of dimension d;<n, N; > d; + 1 points are generated i.i.d. from
arbitrary unknown continuous distribution supported on S, for I=1,..., K, and normalized to unit I, norm, denoted as X =
[%1,%,.....%y] € R™N exact clustering result is guaranteed if the solution is subspace-preserving.

Proof. To show the subspace-preserving solution leads to exact clustering result, it is equivalent to show that, with proba-
bility 1, the number of connected components in any subspace is 1. Assuming that there are more than 1 connected com-
ponents in the subspace, for example, let X; € S; be any point in one of the connected component, say C;. Let X[I] € R™MN
be all the points sampled from subspace S, and ¢} be the optimal solution of ¥;, only the entries corresponding to X[!] are
considered, denoted by ¢*[I] € RN, because the entries outside ¢*[I] are all zeros (subspace-preserving property). Hence, x;
can be represented as follows:

x = [X[lle, X[l]c+]e*(I] 9)
where X[l]c, and X[!].-1 denote, respectively, the points in C; and other connected components. ¢*[I] can be divided ac-
1
cordingly, ¢*[!] = [e*[l]e, €*[!]o-1 |7, and we know that ¢*[l].-1 = 0. According to Proposition 1, we have |C;|>d, ie., there
1 1

are at least d; linearly independent points included in the support set T. In such a case, the span of the points indexed by T
is equivalent to S, i.e.,, Sy = ;. Recall that the projection step in both GOMPP™ and GOMP,

Tepr ={il IX=P; )djll2=0,j=1,....N}. (10)

It is easy to show that X[I/].; satisfies the above equation if ST, = S;. Therefore ¢*[I]—1 # 0, which contradicts with
k+ 1
the assumption that ¢*[l]._1 =0. O
1

Theorem 2 is based on the subspace-preserving condition, which has been thoroughly discussed in prior papers
[11,46,47]. The advantage of this theorem is that subspace-preserving condition leads directly to the correct clustering result,
which bridges the gap.

5. Experimental results

We conduct experiments using the proposed algorithms on both of synthetic and real world data in comparison with
representative state-of-the-art algorithms.

Evaluation metrics. We employ the following metrics to evaluate the algorithms.

- clustering accuracy: This is the commonly used metric employed by all the other subspace clustering methods. It gives
the percentage of the correctly classified points by comparing the label given by the spectral clustering algorithms with the
true data label.

- running time: We calculate the time of building an affinity matrix for the whole set of points. We use a computer with
Intel i7-4770 CPU and 32 GB RAM in Matlab environment.

- connectivity [46]: Let the normalized Laplacian matrix of an undirected graph be L =I— D~12AD-1/2 where A ¢ RN*N
is the affinity and D is a diagonal matrix with D; = 3°;A;;. The second smallest eigenvalue of L is used to measure the
connectivity of the graph. In practice, the connectivity is computed as ¢ = min; )»,.2, where }\1.2 is the algebraic connectivity
for each cluster.

- Within-class recovery rate: suppose x; € S;, for each ¢;, we compute the percentage of recovered points in S; by exam-
ining the Iy norm and then average over all i, i.e,, r = @ i llwijeijllo/(N; — 1), where wy; {0, 1} is true weight between
point x; and x;.

- Precision: for the support set of ¢;, we count the number of indices corresponding to the points in the same subspace
and divide it by the total number of non-zero elements in ¢;. The final quantity is obtained by taking average over all the
points, i.e., r =190 3, [|wy;c;jllo/] 1€ 0.

- Friedman test: to evaluate the significant improvement of the proposed algorithms over the compared methods, we
apply the Friedman test to analyze the results obtained by each evaluation metric. We report the p-value for interpretation
and the improvement is significant if the p-value is less the significance level o = 0.05.
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Fig. 1. Experimental results on synthetic data. Five methods are compared, i.e., SC-GOMP, SC-GOMPP™¢, SSC-OMP, AI°-SSC and SSC. Five evaluations are

considered, i.e., clustering accuracy, running time, connectivity, precision, and within-class recovery rate. The x-axis denotes the total number of points and
is plotted in log scale. The y-axis of (d) is also in log scale.

Compared Methods. The compared methods include Sparse Subspace Clustering (SSC) [13], AI°-SSC [44], and SSC-OMP
[46]. We use the codes provided by the authors on their websites?. The algorithms proposed in this paper are denoted by
SC-GOMPP™® and SC-GOMP, respectively.

5.1. Synthetic data

We test the proposed algorithms using synthetic data. K = 10 subspaces of dimension d; = 6 are randomly generated
in an ambient space of dimension n = 9. In each subspace we sample N; points and normalize them to the I, unit sphere,
where N, ranges from 30 to 5000, resulting in that the total number of points varies from 300 to 50,000. Once the points are
generated, we run all the above-mentioned algorithms and calculate the metrics. This procedure is repeated for 10 trials and
the averaged results are reported. The AI°-SSC and SSC are run for N, <500 due to the computational complexity reason. The
parameters for the compared methods are set according to the original papers respectively. For SC-GOMPP'® and SC-GOMP,
the parameters are set € = 1073, €, = 1079, and s = 6, respectively.

For clustering accuracy, SC-GOMPP™ and SC-GOMP achieve better results than the original algorithm SSC-OMP by a large
margin. SC-GOMP is even better than SSC and AI°-SSC when the number of points is large, which demonstrates the advan-
tage of SC-GOMP in dealing with large scale dataset. For running time, SSC and AI°-SSC are the most time consuming while
SSC-OMP is the fastest. The processing speed of SC-GOMPP™ and SC-GOMP lies between them and is closer to SSC-OMP.
Note that the running time is in log-scale so that one can see a slight increase to the fastest algorithm SSC-OMP and a
significantly faster speed than the most time-consuming algorithms SSC and AI°-SSC. It can be concluded from Fig. 1(a,b)
that SC-GOMPP™ and SC-GOMP achieve the best tradeoff between clustering accuracy and processing time and SC-GOMP is
the best choice when dealing with large scale dataset.

The connectivity results can be seen in Fig. 1(c). SC-GOMP outperforms all the other algorithms by a large margin. SC-
GOMP achieves the highest score 0.2175 at N = 12,390, which is 4.91 times greater than the highest score of SSC (0.0443
at N = 7790).

Secondly, to illustrate the difference between the coefficient matrices produced by different algorithms, we randomly
generated another dataset with 3 subspaces of dimension 6 in an ambient space of dimension 9. Each subspace contains
N; = 500 points. We run each algorithm on the dataset, and the coefficient matrices are plotted in Fig. 2. The precision and

2 SSC: http://www.vision.jhu.edu/code/, AI°-SSC: https://github.com/yingzhenyang/LO-SSC, SSCOMP: http://vision.jhu.edu/code/fetchcode.php?id=16.
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Fig. 2. Coefficient matrices produced by different algorithms. Blue dot in the matrix represents an non-zero element in that position. ‘nz’ denotes the
number of non-zero elements in the matrix. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

within-class recovery rate (Figs. 1(d,e)) can be explained together with these plots. For each column, SC-GOMPP™ recovers
more points in the same subspace than previous methods. Some columns recover even the whole set of points in that
subspace. SC-GOMP recovers the most points in the same subspace.

The recovery rate of SC-GOMP in Fig. 1 starts to decrease when the number of points exceeds a certain threshold. This
is partially due to fact that, as data are getting dense in the spaces, the Euclidean distance between a pair of points gets
smaller. Using the a constant threshold €, in the subspace inflation step will incorporate more points, thus, decrease the
within-class recovery rate. An adaptive €, proportional to reciprocal of the number of points will help fix this phenomenon.

5.2. Clustering on MNIST dataset

The MNIST database of handwritten digits [23] contains a training set of 60,000 examples, and a test set of 10,000
examples. Each image consists of one of the handwritten digits 0-9. We randomly select N;e{100, 200, 300, 400, 500}
examples from each digit in the training set, and follow the practice of [46] by extracting ScatNet features [3] on the digit
images. Each image is converted to a feature vector of dimension 3472, projected to an 80 dimension vector using PCA,
and normalized to unit I, norm. In each trial we run all the compared methods and obtain the results. The experiments
are conducted for 10 trials and the averaged results are reported in mean and standard deviation (std) form as is shown in
Table 1.

For clustering accuracy, AI°-SSC achieves best scores when N; = 100,200, and SC-GOMP outperforms all the other al-
gorithms when N; = 300, 400, 500. For running time, SSC-OMP needs the least processing time while AI°-SSC is the most
time-consuming algorithm. SC-GOMP and SC-GOMPP™ turn out to be the second and third fastest algorithms. For connec-
tivity and within class recovery rate, SC-GOMP and SC-GOMPP™ obtain much higher scores than the other three algorithms,
while AI°-SSC and SSC perform better for precision evaluation.

The major problem with SSC and AI°-SSC is that the processing time grows extremely high as the number of data points
increases, because they have to solve the [; regularization by LASSO (or basis pursuit) -based optimization approaches,
which is known to be computationally inefficient when dealing with a large number of data points. On the contrary, SSC-
OMP turns out to be the fastest algorithm to obtain the results but the clustering accuracy is not satisfying. The proposed
algorithms overcome both limitations, achieving the best clustering accuracy when dealing with a large number of points
with processing speed significantly faster than AlO-SSC and SSC and near that of SSC-OMP.

5.3. Clustering on RGB-D object dataset

The RGB-D Object Dataset [22] is a large dataset of 300 common household objects arranged in 51 categories. This dataset
were recorded using a Kinect style 3D camera that records synchronized and aligned 640x480 RGB and depth images at
30 Hz. Each object was placed on a turntable and video sequences were captured for one whole rotation. We choose the
first 6 categories in our experiment. The categories and the number of data samples in each category are listed in Table 2.
The raw data need to be preprocessed as is illustrated in Fig. 3. A bounding box is obtained based on the mask image.
The color image is cropped according to the bounding box, resulting in the cropped image as shown in Fig. 3(c). All the
cropped images are converted to grayscale and resized to 32x32, resulting in a 1024-d column vector. We randomly select
N, {100, 300, 500} examples from each category and project the data points in 80 dimension using PCA. The experiments
are conducted for 10 trials and the averaged results are reported in mean and standard deviation (std) form as is shown in
Table 3.

For clustering accuracy, SC-GOMPP™ and SC-GOMP outperform other methods in all the settings, except when N; = 300
where AI%-SSC performs the best. In general, AI°-SSC exhibits comparative clustering accuracy to the proposed algorithms.
However, its running time becomes the longest as the number of points increases. For running time, similar conclusion can
be drawn to that in the previous experiment. It is surprising to observe that SC-GOMPP'® is faster than SC-GOMP, which is in
contrast to the notion in the theoretical analysis that SC-GOMP is expected to be faster than SC-GOMPP™® because SC-GOMP
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Table 1

Results in mean (std) format on MNIST dataset. The best and second mean values in each column are highlighted in bold face and
blue, respectively. The two numbers in the last column denote the Friedman test p-values between the method in the current row

with SC-GOMPP™ and SC-GOMP, respectively. Values less than the significance level o = 0.05 are highlighted in bold face.

# of points 1000 (N, = 100) 2000 (N, =200) 3000 (N, = 300) 4000 (N, = 400) 5000 (N, = 500)

p-value

clustering accuracy (%)

SSC 79.78 (3.95) 79.94 (2.39) 79.62 (1.23) 80.87 (1.09) 80.78 (1.08)
SSC-OMP 50.33 (4.37) 2756 (5.31) 17.84 (1.60) 14.39 (1.70) 12.45 (0.85)
Al0-SSC 81.06 (3.36) 81.07 (2.69) 81.99 (2.34) 80.98 (0.36) 81.07 (0.64)
SC-GOMPP™®  79.60 (6.24) 66.76 (3.40) 70.07 (6.74) 74.73 (4.60) 75.74 (3.91)
SC-GOMP 76.54 (4.27) 80.33 (3.09) 82.87 (1.32) 83.24 (0.63) 83.78 (1.77)
running time (sec)

SSC 11.59 (0.56) 58.27 (0.92) 196.41 (8.20) 430.63 (7.24) 797.20 (12.28)
SSC-OMP 0.27 (0.01) 0.61 (0.02) 1.04 (0.01) 1.58 (0.02) 2.19 (0.03)
AI°-SSC 12.62 (0.27) 88.24 (0.93) 300.54 (11.11) 715.59 (71.73) 1355.39 (44.10)
SC-GOMPP™®  9.87 (0.61) 27.22 (0.64) 43.19 (1.19) 61.75 (1.32) 81.46 (0.83)
SC-GOMP 2.06 (0.16) 8.12 (0.17) 16.99 (0.07) 27.79 (0.12) 41.06 (0.18)
connectivity (x1072)

SSC 5.36 (0.99) 3.77 (0.71) 3.11 (0.40) 2.71 (0.33) 2.08 (0.89)
SSC-OMP 3.57 (1.32) 2.20 (1.12) 1.79 (0.75) 0.95 (0.60) 1.34 (0.49)
AI°-SSC 4.52 (0.71) 3.79 (0.45) 3.34 (041) 2.93 (0.22) 2.81 (0.21)
SC-GOMPP'®  51.46 (2.60) 39.19 (1.83) 26.27 (2.19) 21.14 (3.15) 19.80 (1.43)
SC-GOMP 14.30 (5.69) 20.15 (6.11) 21.52 (5.78) 2213 (3.44) 2410 (0.82)
within class recovery rate (%)

SSC 7.03 (0.08) 3.77 (0.03) 2.41 (0.01) 1.73 (0.01) 1.33 (0.01)
SSC-OMP 2.59 (0.03) 1.27 (0.02) 0.83 (0.01) 0.62 (0.00%) 0.49 (0.00)
Al°-SSC 3.48 (0.02) 1.84 (0.02) 1.27 (0.01) 0.96 (0.00) 0.78 (0.00)
SC-GOMPP'e  92.54 (0.92) 70.95 (1.05) 56.98 (0.85) 48.66 (0.74) 43.28 (0.53)
SC-GOMP 30.22 (1.08) 29.94 (0.54) 29.59 (0.31) 29.24 (0.32) 29.10 (0.48)
precision (%)

SSC 65.17 (0.45) 73.41 (0.47) 78.11 (0.41) 80.70 (0.34) 82.04 (0.27)
SSC-OMP 25.87 (0.31) 25.39 (0.30) 25.04 (0.28) 24.71 (0.18) 24.60 (0.14)
Al°-SSC 81.86 (0.53) 84.87 (0.50) 86.96 (0.29) 87.83 (0.25) 88.48 (0.23)
SC-GOMPP'™®  14.78 (0.93) 38.37 (1.36) 52.79 (0.85) 60.41 (0.89) 64.97 (0.36)
SC-GOMP 50.53 (0.90) 51.36 (0.75) 51.53 (0.72) 51.94 (0.57) 52.28 (0.44)

0.0253, 0.1797
0.0253, 0.0253
0.0253, 0.6547

0.0253, 0.0253
0.0253, 0.0253
0.0253, 0.0253

0.0253, 0.0253
0.0253, 0.0253
0.0253, 0.0253

0.0253, 0.0253
0.0253, 0.0253
0.0253, 0.0253

0.0253, 0.0253
0.1797, 0.0253
0.0253, 0.0253

2 ‘0.00" means the first significant digit appears after the given decimal place.

Table 2
RGB-D Object Dataset selected categories used in our experiment.
Category Apple  Ball Banana  Bell pepper  Binder  Bowl
# of samples 607 820 726 634 710 580
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Fig. 3. Illustration of image cropping on RGB-D Object Dataset.
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Table 3

Results in mean (std) format on RGB-D Object Dataset. The best and second best mean values in each column are highlighted in
bold face and blue, respectively. The two numbers in the last column denote the Friedman test p-values between the method in the
current row with SC-GOMPP™® and SC-GOMP, respectively. Values less than the significance level @ = 0.05 are highlighted in bold
face.

#of points 600 (N, = 100) 1200 (N, = 200) 1800 (N, = 300) 2400 (N, = 400) 3000 (N, = 500)  p-value

clustering accuracy (%)

SSC 59.87 (10.44) 52.56 (1.44) 51.74 (1.12) 50.96 (3.97) 51.75 (4.89) 0.0253,0.0253
SSC-OMP 21.22 (1.61) 19.38 (1.19) 17.93 (0.55) 17.52 (0.29) 17.46 (0.58) 0.0253,0.0253
Al°-SSC 65.05 (9.47) 70.63 (10.67) 73.75 (7.09) 61.68 (10.26) 61.84 (10.14) 0.1797,0.6547
SC-GOMPPe  73.08 (1.21) 74.92 (3.18) 73.11 (3.36) 65.07 (4.66) 64.90 (2.57)
SC-GOMP 68.78 (0.68) 69.65 (2.15) 68.97 (0.52) 69.41 (0.41) 68.72 (0.42)
running time (sec)
SSC 3.65 (0.37) 18.28 (0.20) 48.83 (0.29) 107.06 (1.76) 205.24 (6.01) 0.0253,0.0253
SSC-OMP 0.15 (0.01) 0.32 (0.00) 0.54 (0.01) 0.79 (0.01) 1.09 (0.04) 0.0253,0.0253
AI°-SSC 3.46 (0.15) 17.50 (0.23) 60.78 (0.33) 150.51 (0.44) 305.95 (0.78) 0.0253,0.0253
SC-GOMPP™  3.26 (0.34) 7.48 (0.32) 13.26 (0.24) 19.94 (0.28) 27.03 (0.24)
SC-GOMP 2.68 (0.03) 8.03 (0.05) 17.02 (0.19) 28.03 (0.24) 44.12 (0.21)
connectivity (x102)
SSC 0.17 (0.16) 0.04 (0.05) 0.09 (0.02) 0.05 (0.04) 0.04 (0.03) 0.0253,0.0253
SSC-OMP 0.24 (0.14) 0.09 (0.04) 0.06 (0.03) 0.06 (0.03) 0.05 (0.03) 0.0253,0.0253
AI°-SSC 0.48 (0.26) 0.07 (0.02) 0.04 (0.02) 0.04 (0.01) 0.03 (0.02) 0.0253,0.0253
SC-GOMPP™®  19.79 (2.20) 14.50 (5.42) 0.27 (0.27) 0.26 (0.18) 0.24 (0.10)
SC-GOMP 22.74 (2.87) 21.28 (1.04) 21.30 (1.98) 20.12 (1.10) 19.53 (1.02)
within class recovery rate (%)
SSC 6.35 (0.16) 3.54 (0.05) 2.53 (0.02) 1.99 (0.01) 1.65 (0.01) 0.0253,0.0253
SSC-OMP 3.08 (0.04) 1.51 (0.02) 1.00 (0.01) 0.74 (0.01) 0.59 (0.00) 0.0253,0.0253
Al°-SSC 2.31 (0.05) 1.16 (0.01) 0.78 (0.01) 0.59 (0.00) 0.48 (0.00) 0.0253,0.0253
SC-GOMPP'™®  85.47 (0.94) 72.80 (1.43) 64.43 (0.87) 61.25 (0.58) 59.27(0.33)
SC-GOMP 76.89 (0.82) 76.68 (0.41) 76.92 (0.56) 76.99 (0.45) 76.74(0.35)
precision (%)
SSC 88.54 (0.51) 95.10 (0.34) 96.54 (0.16) 96.44 (0.10) 96.07 (0.06) 0.0253,0.0253
SSC-OMP 30.82 (0.40) 30.40 (0.39) 30.12 (0.35) 29.79 (0.20) 29.63 (0.26) 0.0253,0.0253
Al°-SSC 98.68 (0.26) 99.78 (0.05) 99.93 (0.03) 99.94 (0.03) 99.97 (0.02) 0.0253,0.0253
SC-GOMPP™® 4143 (2.03) 57.78 (2.34) 66.77 (0.66) 69.13 (0.32) 70.60 (0.29)
SC-GOMP 29.57 (0.70) 29.77 (0.43) 29.33 (0.50) 29.59 (0.26) 29.59 (0.27)
Table 4
UCI Dataset selected categories used in our experiment.

Category # of samples  # of data dimensions  # of clusters

Anuran Calls (MFCCs) 7195 21 4

Chess (King-Rook vs. King-Pawn) 3196 36 2

SPECTF Heart [21] 267 44 2

lonosphere [37] 351 34 2

Vehicle Silhouettes [36] 846 18 4

Wine [15] 178 13 3

needs only one step of projection while SC-GOMPP™® needs projection in each iteration. However, this notion is based on the
assumption that each projection operation takes equivalent computational complexity. In this experiment, the projection in
SC-GOMP takes much more time than all the projection operations in SC-GOMPP™ because SC-GOMP selects far more points
in the support set than SC-GOMPP™. The reason that SC-GOMP selects so many points is related to the parameter €;. A
larger €, will involve more points in the support set.

The recovery rate of SC-GOMPP™ and SC-GOMP are much higher than all the other methods, whereas SSC and AI°-SSC
outperform other methods in precision. This indicates that, for the coefficients obtained by different algorithms, almost
all the non-zeros of SSC and AI°-SSC come from the same cluster (high precision) but only a few points in this cluster are
recovered in the coefficient (low recovery), while although not all the non-zeros come from the same cluster (low precision),
most points in this cluster are recovered in the coefficient (high recovery). This experiment demonstrates that, instead of
pursuing the precision of the coefficient, to increase the recovery rate contributes to the final clustering accuracy.

5.4. Clustering on UCI dataset

The UC Irvine Machine Learning Repository [26] (UCI Dataset) holds 394 datasets from various sources as a service to
the machine learning community. Each dataset has an independent goal such as classification, regression, clustering, etc. The
number of data samples, dimensions, and clusters in each dataset differ from each other. We choose UCI dataset in order to
examine the performance of the proposed algorithms not only on the image data but also on other types of data. We choose
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Table 5

Results on the UCI Dataset. The best and second best values in each column are highlighted in bold face
blue, respectively. The two numbers in the last column denote the Friedman test p-values between the
method in the current row with SC-GOMPP™ and SC-GOMP, respectively. Values less than the significance
level o = 0.05 are highlighted in bold face.

category Anuran Chess SPECTF  lonosphere  Vehicle = Wine  p-value
clustering accuracy (%)
SSC 67.41 50.75 50.56 50.71 42.55 57.30 0.1025, 0.1025
SSC-OMP 51.84 52.25 72.28 58.69 32.98 45,51 0.1025, 0.1025
Al°-SSC 70.87 51.44 54.31 63.53 4043 88.76  0.4142, 0.4142
SC-GOMPPe  78.14 51.97 73.03 74.36 34.28 74.72
SC-GOMP 68.41 5113 73.03 64.67 34.04 74.72
running time (sec)
SSC 2069.87  193.91 0.36 0.65 714 0.13 0.0143, 0.0143
SSC-OMP 3.02 0.88 0.03 0.04 0.14 0.02 0.0143, 0.0143
AI°-SSC 3891.94 1546.97  230.03 38.42 253.80 8.88 0.0143, 0.0143
SC-GOMPPe  33.85 6.15 0.18 0.25 0.62 0.05
SC-GOMP 28.69 2.36 0.10 0.13 0.32 0.04
connectivity (x1072)
SSC 037 2.90 17.37 518 2.04 0 0.414, 0.4142
SSC-OMP 1.57 9.97 19.69 6.99 11.94 1936  0.4142, 0.1025
AI°-SSC 032 3.01 17.00 1.58 6.51 16.72 1.0000, 0.4142
SC-GOMPP®  14.82 0.23 15.11 493 0 37.52
SC-GOMP 0.61 0.38 15.12 0.62 0 37.52
within class recovery rate (%)
SSC 0.53 0.49 6.29 9.64 3.58 1.10 0.4142, 0.4142
SSC-OMP 0.24 0.34 5.47 2.52 130 6.17 0.1025, 0.1025
Al°-SSC 0.16 0.33 1143 3.72 144 6.44 0.1025, 0.1025
SC-GOMPP'e 13,51 0.14 135 1.04 0.35 2.06
SC-GOMP 29.53 0.18 135 1.82 0.35 2.06
precision (%)
SSC 64.10 80.93 65.14 55.01 37.21 3333  1.0000, 1.0000
SSC-OMP 42.73 57.40 72.96 4427 27.49 36.63  0.4142, 0.4142
Al°-SSC 82.64 79.44 7418 84.36 48.73 67.11 0.0143, 0.1025
SC-GOMPP'e 7317 74.40 59.93 59.97 24.67 40.82
SC-GOMP 85.21 74.44 59.93 65.09 24.67 40.82

Table 6

Results on the Extended Yale B Dataset. The best and second best values in each row are
highlighted in bold face blue, respectively.

methods SSC SSC-OMP  AI°-SSC ~ SC-GOMPP*®  SC-GOMP
accuracy (%) 54.43 67.73 76.35 72.25 77.711
time (s) 149.70 430 358.12 613.62 195.35
connectivity (x1072)  2.99 3.29 0.49 0.39 0.73
recovery rate (%) 6.47 5.89 4.19 3.28 3.84
precision (%) 55.90 37.39 89.17 69.41 60.95

6 datasets that are suitable for subspace clustering in this experiment. The number of data samples ranges from small-
scale (178) to large-scale (7195), and the classification type include two-class classification and multi-class classification.
The detailed information of the 6 datasets is listed in Table 4. We use all the data samples in each dataset so that the
results are deterministic (no mean and std values are given). The experimental results are shown in Table 5.

The results show that, among the 6 datasets, SC-GOMPP™ achieves the best clustering accuracy in 3 datasets and the
second best in 2 datasets, while SC-GOMP achieves the best clustering accuracy in 1 dataset and the second best in 2
datasets. For running time, SC-GOMPP™ and SC-GOMP are still the fastest algorithms except SSC-OMP. It is interesting to
observe that there exist situations when SC-GOMPP™ and SC-GOMP give exactly the same results, which is not observed
in other experiments. One possible reason is that the subspace assumption does not hold for these datasets, i.e., the data
samples in the same class do not form a subspace that is separable to the other subspaces or even they lie in two clusters in
the ambient space. One example is that there are two clusters of data of dimension 3, randomly sampled, respectively, from
two separating cubic regions. None of these clusters lie in a subspace of dimension 2 and it is possible for SC-GOMPP™ and
SC-GOMP to give the same results because the subspace inflation step would fail to incorporate any points in the support
set. This experiment also indicates that the data from the UCI Dataset would not always satisfy the subspace assumption.
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5.5. Clustering on extended yale b dataset

The Extended Yale Face Database B [16] contains 16,128 images of 28 human subjects under 9 poses and 64 illumination
conditions. We used the subversion that contains 38 individuals and a total number of 2414 images of size 32*32 pixels
provided by [17] in our experiment. Images were vectorized and normalized to have unit I, norm. Because no random
selection scheme is employed, the results are deterministic, i.e.,, no standard deviation is given. The results are plotted in
Table 6.

SC-GOMP achieves the best clustering accuracy, followed by AI°-SSC. It is interesting to find that the connectivity scores
of SSC and SSC-OMP are much higher than those of the other methods but the accuracy scores are far less, which seems
to contradict with the fact that graph connectivity contributes to the clustering accuracy. However, the fact is not wrong
and the phenomenon is because that SSC and SSC-OMP ‘over-connect’ the data, i.e., the graph is well connected so that
the whole graph turns out to be only one connected graph. The clustering accuracy naturally goes down under such a
circumstance.

6. Conclusions

This paper addresses the graph connectivity problem of subspace clustering in order to bridge the gap between subspace-
preserving solution and exact clustering results. We show that the graph connectivity of the sparse subspace clustering
methods can be significantly improved by introducing an effective projection to the SSC-OMP, and thus, improving the clus-
tering accuracy. Theoretical guarantee on exact clustering based on mild subspace-preserving condition is also provided.
Extensive experiments on synthetic and real-world datasets are conducted. The results demonstrate that the proposed algo-
rithms overcome the drawbacks of both LASSO-based and greedy-based algorithms, achieving a better clustering accuracy
with a relatively faster processing speed. In addition, to improve the graph connectivity of the representation of the hidden
layers of the deep learning-based subspace clustering methods is a promising future direction.
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Al. Proof of Theorem 1

Theorem 11. Let if .0, ST, ,.0MPs and 1y oyp be the index, the subspace spanned by D1,y and the residual in the kth iteration
in the OMP algorithm, respectively. Let i* Sr,..,.compvre and 1y, qoyprre be the corresponding variables in the GOMPP™

k.GOMPP™e’
algorithm. We have:

ik g%

L omp = Y comprre (11)
STi1.0MP = ST, GOMPP™® (12)
Te1.0mp = Ty, Gomprre (13)

fork=0,...,s.
First we need the following Lemmas to prove Theorem 1.

Lemma 1. In the subspace inflation step where Tkﬂ is updated to Ty, according to Eq. (5), the support set will not shrink, i.e.,

Tir1 S T (14)
Proof. It is equivalent to show that for Vd e DTM’ it satisfies:
(I-P; )d=0 (15)

k+1

Let DTk : be the matrix containing the points indexed by T, .1 as its columns. The orthogonal projection can be written
+

asP; =Dz DI , where D} isthe Moore-Penrose pseudoinverse matrix of D; . By definition of the Moore-Penrose
k+1 k1 Tyq Tia1 k+1
pseudoinverse, we have
. DY D- =D-
%07 Dy =Dy (16)
. D L=
- DTkHDTkH )DTk+1 =0 (17)


https://doi.org/10.13039/501100004663
https://doi.org/10.13039/501100001809

C. Zhao et al./Information Sciences 459 (2018) 135-148 147

This implies that Eq. (15) holds for Vd e DTkH’ which proofs the Lemma. O

Lemma 2. In the subspace inflation step, we have:
ka+1 = STk+1 (18)

Proof. According to Lemma 1, T4 can be divided into two parts, T, 1 = T UTE, where TIECH =T \ Ty +1- Note that <,
can be empty if there is no more points satisfying E~q. (5) except those indexed by T 4. If T,f+1 =g, then T,y =T}, and
the lemma holds. Thus, we focus on the case when T1<C+1 + .

Let d; be a point indexed by T¢ |, Vj e TC ,. d; satisfies
(I-P; )d;j=0 (19)
. . X N . "‘C‘ 5 . N
It implies that d; € STk+1’ Vje T Therefore, ,S‘ch+1 is a subspace of STk+1' O

Lemmas 1 and 2 imply that for the subspace inflation step, all the points living in STk . will be incorporated in the
+
support set, and the subspace STM remains unchanged.

Lemma 3. Let D1, D, be two sets of points with span(D;) = span(D,). When added respectively to both sets by a same point
d, ie, Dy = Dy u{d}, D, = D, U {d}, we have,

span(D;) = span(D,) (20)

We skip the proof of this lemma because it can be proved by simple linear algebra. Now we start to prove Theorem 1 by
mathematical induction.

Proof. It is easy to show that Eqs. 6-13 hold when k = 0. Suppose they hold when k = kg with kg >0. When k = kg + 1, we
have

Tr.omp = T compr (21)

ik gk
Lk omp = Ik compre (22)

this is true because the residuals from the last iteration are equal, and the indices are computed by the same equation.
Note that Ty gump # Ty comprre but we have

St 0MP = S7; GompP- (23)

Consider the two point sets Dr, omp and Dr, compPre- They are, respectively, updated to Dr,.,,.0MP and D—fk+1,GOMPpre by
adding the same point di;;qoMp. According to Lemma 3 we get,

S1,1.0MP = S5, comprre- (24)

According to Lemma 2 we have

Sr,.,1,.0MP = S, | compPe (25)

because the residuals i omp and 1y, gomprre are computed by y minus the projection of y onto the same subspace, they
are equal. So far, all the three equations are verified for k = kg + 1. It follows that the claim of this theorem holds for all
k>0. O
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