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Abstract

Multi-view subspace clustering has made remarkable achievements in the field of multi-

view learning for high-dimensional data. However, many existing multi-view subspace

clustering methods still have two disadvantages. First, most of them only recover the

subspace structure from either consistent or specific perspective. Second, they often

fail to take advantage of the high-order information among different views. To alleviate

these two issues, this paper proposes a novel multi-view subspace clustering method,

which aims to learn the view-specific representation as well as the low-rank tensor rep-

resentation in a unified framework. Particularly, our method learns the view-specific

representation from data samples by exploiting the local structure within each view. In

the meantime, we generate the low-rank tensor representation from the view-specific

representation to capture the high-order correlation across multiple views. Based on

the joint representation learning framework, the proposed method is able to explore

the intra-view pairwise information and the inter-view complementary information, so

that the underlying data structure can be revealed and then the final clustering result

can be obtained through the subsequent spectral clustering. Furthermore, in the pro-

posed Joint Representation Learning for Multi-view Subspace Clustering (JRL-MSC)
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method, a unified objective function is formulated, which can be efficiently optimized

by the alternating direction method of multipliers. Experimental results on multiple

real-world data sets have demonstrated that our method outperforms the state-of-the-

art counterparts.

Keywords: Multi-view subspace clustering, view-specific representation learning,

low-rank tensor representation learning, unified framework

1. Introduction

With the development of information technology, multi-view data have become

increasingly available in many scientific tasks. For instance, in computer vision, the

image features may be extracted from various visual descriptors like LBP, SIFT and

HOG. In natural language processing, each multilingual document may be reported in5

different languages, such as Chinese, English, French, and so on. In web information

retrieval, a web page can be represented by two views, e.g., the visual images and

the corresponding textual descriptions. As illustrated in these examples, multi-view

data can be generated from diverse domains or views, where different views charac-

terize the same object from heterogeneous viewpoints. In these situations, how to fuse10

the complementary knowledge from different views is still a challenging yet essential

problem.

Over the past decade, a great number of multi-view clustering methods have been

developed. Based on the different strategies, they can be roughly classified into four

categories: k-means based methods Zhang et al. (2017b, 2018), matrix factorization15

based methods Zong et al. (2017); Nie et al. (2020), graph-based methods Li et al.

(2015); Zhu et al. (2018) and subspace-based methods Brbić & Kopriva (2018); Huang

et al. (2019c). Compared to the other methods, graph-based methods and subspace-

based methods have attracted considerable attention owing to their superior perfor-

mance and mathematical interpretability. The graph-based methods are originally de-20

rived from the traditional spectral learning models, which address the multi-view clus-

tering problems by performing multiple graphs fusing and partitioning. Recent re-

searchers have proposed several typical works in graph-based methods, such as Nie
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et al. (2017a,b); Zhan et al. (2018); Liang et al. (2019). For these methods, the key is

to learn a consistent similarity matrix with k connected components, so that the under-25

lying structure could be easily detected in the spectral space.

Beyond the graph-based methods, another alternative research focus for multi-view

clustering resides in the subspace-based methods. In this category of methods, the pri-

mary goal is to generate a meaningful subspace representation across multiple views

with self-expression property. To achieve this goal, several subspace-based methods30

have been developed based on different strategies, including Cao et al. (2015); Zhang

et al. (2017a); Wang et al. (2015). In the fields of data mining and computer vision,

the aforementioned subspace-based methods have reported encouraging performance

compared with other types of methods. However, they still suffer from one common

drawback. That is, these methods neglect the high-order information across multi-35

ple views, which is essential to the multi-view subspace clustering. In more recent

years, some researchers tend to solve this issue by introducing tensor factorization

technology, like Zhang et al. (2015); Xie et al. (2018); Yin et al. (2018). Though these

tensor subspace-based methods have made considerable progress, most of them tend

to consider the global consistency among different views but ignore the specific local40

structure in each view.

To address the above issues, in this paper, we develop a new subspace-based method

termed Joint Representation Learning for Multi-view Subspace Clustering (JRL-MSC).

The key in the proposed method is to discover the intrinsic subspace structure through a

unified representation learning scheme. Particularly, our method learns a set of smooth45

representations in the view-specific spaces, and simultaneously generates a tenor rep-

resentation from the smooth representations by tensor-Singular Value Decomposition

(t-SVD), which enables our method to make full use of the intra-view pairwise re-

lationship and the inter-view high-order correlation Kilmer et al. (2013). The main

contributions of this paper are summarized as follows:50

• Our method learns the view-specific representation and the low-rank tensor rep-

resentation in a unified framework. Both the specific information within each

view and the complementary information among different views are captured
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for enhancing the multi-view subspace clustering.

• We design an effective algorithm to solve the JRL-MSC optimization problem55

with computational complexity analysis.

• Comprehensive experiments are conducted on eight benchmark data sets, and

the experimental results validate the effectiveness of our proposed joint repre-

sentation learning scheme.

The rest of this paper is organized as follows. In Section 2, we briefly review60

some related works. In Section 3, we introduce some notations and preliminaries.

And in Section 4, we introduce our methods, including the proposed model, related

optimization algorithm and corresponding time complexity analysis. Comprehensive

experimental results and discussions are provided in Section 5. Finally, we provide the

conclusion and future work in Section 6.65

2. Related Work

Multi-view clustering is a very powerful tool in analyzing data with heterogeneous

features. During the last two decades, numerous multi-view clustering methods have

been proposed to achieve robust clustering performance. In what follows, we will

briefly introduce several multi-view clustering methods from different perspectives.70

K-means based methods are one of the earliest schemes for multi-view clustering.

To name a few, Tzortzis & Likas (2012) developed a weighted kernel k-means method

for multi-view clustering, which achieved success in various nonlinearly separable data

sets. After that, Chen et al. (2013) developed a classical multi-view k-means clustering

method termed TW-k-means, which is able to compute the weighs of different views75

and individual features simultaneously. Besides, Cai et al. (2013) designed a novel k-

means clustering method for multi-view big data, whose computational speed is similar

to the k-means clustering algorithm. In addition, Jiang et al. (2014) extended collabo-

rative fuzzy k-means to multi-view domain and proposed a weighted clustering method

named WV-Co-FCM. Xu et al. (2015) further presented an interesting k-means based80

method to deal with the high-dimensional cases. In this method, the objective is to
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integrate multi-view clustering and feature selection into a joint framework, so that the

suitable views and important features could be selected for clustering.

Matrix factorization based methods belong to another category of multi-view clus-

tering, and they have a strong connection with k-means methods. Liu et al. (2013b)85

applied nonnegative matrix factorization to multi-view clustering and developed a well-

known method termed MultiNMF. In this method, the key idea is to discover the latent

common factors across different views by joint matrix factorization process. There-

after, Zhao et al. (2017) further presented a deep multi-view clustering method based

on semi-nonnegative factorization, where a deep structure is built to capture the com-90

mon representation from multiple views. Following this work, Huang et al. (2019c)

developed a multi-view clustering method to uncover the hierarchical semantics across

different views. Moreover, Huang et al. (2019b) made an effort to solve the view-

insufficiency issue and designed a robust clustering method called MVIC. Recently,

Yao et al. (2019) proposed a novel method based on multiple co-clustering strategy,95

which aims to generate a series of high-quality clusterings by considering both individ-

uality and commonality of multi-view data.

Graph-based methods play a central role in the context of multi-view clustering,

which provide an effective way to solve the nonlinearly separated problems. For ex-

ample, Nie et al. (2017a) developed a popular graph-based method, which is capable100

to perform multi-view clustering and local structure learning simultaneously. At the

same time, Nie et al. (2017b) proposed another graph-based method for multi-view

clustering named SwMC. The basic idea behind this method is to generate a robust

common graph from a series of low-quality view-specific graphs. Similarly, Zhan et al.

(2017) further designed a notable clustering method based on two-step multiple graph105

fusion strategy. What’s more, Li et al. (2018) proposed a novel method that performs

multi-view graph partitioning with discriminative metric learning. In this method, both

the intra-view connections and the inter-view couplings are taken into consideration to

facilitate the clustering performance.

Subspace-based methods have recently become the mainstream in multi-view clus-110

tering researches, aiming at discovering the latent subspace structure across different

views. Gao et al. (2015) made an early attempt to extend traditional subspace-based
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method for multi-view clustering, termed as MVSC. Unlike the previous methods,

MVSC not only captures the subspace structure in each view, but also guarantees the

consistency among different views. Along this line, Wang et al. (2017) further devel-115

oped a subspace-based method that exploits both representation complementarity as

well as indicator consistency for multi-view clustering. Moreover, Zhang et al. (2017a)

proposed a novel multi-view subspace clustering method, whose key idea is to conduc-

t subspace clustering in the latent common space. In addition, Zhang et al. (2020)

designed another multi-view subspace clustering method based on one-step frame-120

work. Very recently, Chen et al. (2020) developed a similar subspace clustering method

named MCLES. To boost the clustering performance, this method jointly constructs

the latent embedding space from multiple views, while at the same time discovers the

latent subspace structure in the learned embedding space. Apart from the aforemen-

tioned methods, several efforts have been made on the tensor subspace-based methods125

in recent years. For example, Zhang et al. (2015) presented a multi-view subspace

clustering method based on unfolding low-rank tensor constraint. To further enhance

the physical meaning, Xie et al. (2018) introduced a new low-rank tensor constraint on

the rotated tensor, and thereby established a novel method named t-SVD-MSC. More

recently, Yin et al. (2018) developed a novel multi-view subspace clustering method by130

means of t-product operation. Particularly, this method organizes the multi-view fea-

tures as a third-order tensor and simultaneously exploits the tensor subspace structure

through sparse and low-rank tensor constraints.

3. Notations and Preliminaries

This section briefly introduces some notations and preliminaries, which are related135

to the proposed method.

Throughout this paper, we denote tensors by calligraphy letters (e.g., A), ma-

trices by capital letters (e.g. A), and vectors by lowercase letters (e.g. a). For a

third-order tensor A ∈ Rn1×n2×n3 , its i-th horizontal slice, j-th lateral slice and

k-th frontal slice are defined by A(i, :, :), A(:, j, :) and A(:, :, k), respectively. The140

Discrete Fourier transform (DFT) along the third dimension of tensor A is denot-
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ed by Af = fft(A, [], 3). Conversely, tensor A can be obtained by inverse DFT,

i.e., A = ifft(Af , [], 3). Moreover, we use matrix A(k) to represent the frontal slice

A(:, :, k) for brevity.

Before introducing the definition of t-SVD, we need to give the five block-based145

operators, namely, bcirc, unfold, fold, bdiag and bdfold, in advance. For any third-

order tensor A ∈ Rn1×n2×n3 , the block circulant matrix bcirc(A) ∈ Rn1n3×n2n3 is

defined as follows.

bcirc(A) =




A(1) A(n3) · · · A(2)

A(2) A(1) · · · A(3)

...
. . . . . .

...

A(n3) A(n3−1) · · · A(1)



.

And the unfold as well as fold operations of tensor A can be defined as follows.

unfold(A) =




A(1)

A(2)

...

A(n3)



, fold(unfold(A)) = A.

Besides, the bdiag and bdfold operations of tensor A are defined as follows.150

bdiag(A) =




A(1)

A(2)

. . .

A(n3)



, bdfold(bdaig(A)) = A.

Next, we give some important definitions that are related to t-SVD in what follows.

Definition 1. (t-product Kilmer & Martin (2011)). Let A ∈ Rn1×n2×n3 , and B ∈
Rn2×n4×n3 . Then the t-product C = A ∗ B is a tensor of size n1 × n4 × n3,

C = A ∗ B = fold(bcirc(A) · unfold(B)). (1)
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Note that the t-product represents the multiplication between two tensors, which is

analogous to the matrix multiplication except that the circular convolution replaces the

multiplication operation between the elements, i.e.,

C(i, j, :) =

n2∑

k=1

A(i, k, :) ◦ B(k, j, :). (2)

Here ”◦” represents the circular convolution between two tubes. To be specific, t-

product in the original domain is equivalent to the matrix multiplication in the Fourier

domain, which can be further expressed as follows:

Cf (k) = Af (k)Bf (k), k = 1, · · · , n3, (3)

where Cf , Af and Bf are the Discrete Fourier Transformation (DFT) of tensors C, A
and B, respectively.

Definition 2. (f-diagonal tensor Kilmer & Martin (2011)). A tensor is called f-diagonal155

if each of its frontal slices is diagonal matrix.

Definition 3. (Identity tensor Kilmer & Martin (2011)). For the identity tensor I ∈
Rn×n×n3 , its first frontal slice is the identity matrix with size n × n, and all other

frontal slices are zero.

Definition 4. (Tensor transpose Kilmer & Martin (2011)). For any tensorX ∈ Rn1×n2×n3 ,160

its transpose tensor X T ∈ Rn2×n1×n3 can be obtained by transposing each frontal s-

lice of X and then reversing the order of the transposed frontal slices 2 through n3.

Definition 5. (Orthogonal tensor Kilmer & Martin (2011)). A tensorQ ∈ Rn×n×n3 is

orthogonal if it satisfies

QT ∗ Q = Q ∗ QT = I, (4)

where ” ∗ ” denotes the t-product.

Theorem 1. (t-SVD Kilmer & Martin (2011)). For a tensor A ∈ Rn1×n2×n3 , it can

be factorized by t-SVD as

A = U ∗ S ∗ VT , (5)

8
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where U ∈ Rn1×n1×n3 and V ∈ Rn2×n2×n3 are orthogonal, and S ∈ Rn1×n2×n3 is

f-diagonal. The specific proof process of t-SVD can be found in paper Kilmer & Martin165

(2011).

Especially, Figure 1 shows the t-SVD sample of a tensor X . Based on the t-

operation demonstrated in Eq. (3), we can compute the t-SVD of a given tensor A
in the Fourier domain, which is shown in Algorithm 1 Kilmer et al. (2013).

Algorithm 1 t-SVD
Input: Tensor A ∈ Rn1×n2×n3 .

1: Af = fft (A, [], 3).

2: for k = 1: n3 do

3: [U, Σ, V] = SVD (Af (k)).
4: U (k)

f = U, S(k)f = Σ, V(k)
f = V.

5: end

6: U = ifft (Uf ,[], 3), S = ifft ( Sf ,[], 3 ), V = ifft (Vf ,[], 3).

Output: Tensors U , S and V .

Definition 6. (t-SVD based tensor nuclear norm). The t-SVD based tensor nuclear

norm ‖ A ‖~ of a tensor A ∈ Rn1×n2×n3 is defined by the sum of singular values of

all the frontal slices of Af :

‖ A ‖~=

n3∑

k=1

‖ A(k)
f ‖∗=

min(n1,n2)∑

i=1

n3∑

k=1

| S(k)
f (i, i) | , (6)

where Af is the Discrete Fourier Transformation (DFT) of tensor A. S(k)
f (i, i) can be170

computed by the t-SVD asA(k)
f = U (k)

f S
(k)
f V

(k)T
f of frontal slices ofAf in the Fourier

domain.

4. Methodology

4.1. Background

This subsection briefly reviews the general framework for conventional subspace175

clustering, including a representative method, namely, Subspace Clustering by SMooth

Representation (SMR) Hu et al. (2014).

9
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=

n1

n1

n3

* *

n3
n3

n3

n2

n1 n1

n2 n2

n2

𝑥 𝑢 𝑠 𝑣T

张量 STV绘图Figure 1: The t-SVD sample of a tensor X ∈ Rn1×n2×n3 .

In the present literature, the mainstream for subspace clustering falling into the

self-expressive based methods. However, beyond this category of methods, several

other subspace clustering approaches have been developed over the past years, such180

as Greedy Subspace Clustering Park et al. (2014), Robust Subspace Clustering via

Thresholding Heckel & Bölcskei (2015), Innovation Pursuit based Subspace Cluster-

ing Rahmani & Atia (2017), Subspace Clustering using Ensembles of K-Subspaces

(EKSS) Lipor et al. (2017) and Adaptive online k-subspaces with cooperative re-initialization

Lane et al. (2019). The aforementioned subspace clustering methods address the clus-185

tering problems based on different strategies, which have shown encouraging perfor-

mance in many pattern recognition and computer vision tasks, due to their strong the-

oretical and empirical guarantees.

In this paper, we focus on the self-expressive based methods for multi-view sub-

space clustering. For the sake of convenience, we will abbreviate the self-expressive

based subspace clustering as subspace clustering in the rest of our paper. Formally, let

X = {x1, · · · , xn} ∈ Rd×n be a given data set, where each column represents a data

sample, and d denotes the dimensionality of the feature space. The purpose of sub-

space clustering methods is to partition the data samples into several linear subspaces

by using self-expression property. Particularly, self-expression property indicates that

the data samples can be expressed by the linear combinations of themselves. Without
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loss of generality, we can write this in the matrix form:

X = XZ + E, (7)

where Z ∈ Rn×n is the representation matrix and E ∈ Rd×n is the error matrix. In the

light of this, the general optimization problem of subspace clustering can be written as

follows:

min
Z,E

Θ(X,XZ) + αΩ(Z) (8)

s.t.X = XZ + E.

Here Θ(·, ·) and Ω(·) represent the loss function and regularized term, respectively.

α > 0 represents a balanced parameter that is controlled by users. After obtaining the190

representation matrix Z, we can compute the affinity matrix by A = (|Z| + |ZT |)/2 ,

and further employ it as the input of the spectral clustering algorithm for achieving the

final clustering result.

In the last decade, researchers have designed several representative subspace clus-

tering methods from different perspectives, such as Sparse Subspace Clustering (SSC)

Elhamifar & Vidal (2013), Low-Rank Recovery (LRR) Liu et al. (2012), Subspace

Clustering by SMooth Representation (SMR) Hu et al. (2014) and d Low-Rank Sparse

Subspace Clustering (LRSSC) Wang et al. (2013). Among these methods, Subspace

Clustering by SMooth Representation (SMR) has become one of the most popular

methods owing to its promising performance and scalability. This method not only ex-

plores the global subspace structure, but also preserves the local geometrical structure

for better grouping the data samples into correct subspace. For that goal, it needs to

learn a smooth representation by enhancing the group effect of representations. Ac-

cordingly, the regularized term for SMR is defined as follows:

Tr(ZLZT ) =

n∑

i=1

n∑

j=1

||zi − zj ||22wij , (9)

where W ∈ Rn×n is the graph weighting symmetric matrix that encodes the local

similarity information among data samples. Besides, L = D −W is the Laplacian

matrix, where D is the diagonal matrix and its element dii =
∑n
j=1 wij . Consider

11
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an input data matrix X = {x1, · · · , xn}, the target function of SMR is formulated as

follows:

min
Z,E
||E||2F + αTr(ZLZT ) (10)

s.t.X = XZ + E.

In practice, there are many ways to construct the graph weighting matrix, like 0-

1 weighting, heat kernel weighting and so on. Different from the SMR method, we195

choose the heat kernel weighting strategy to construct the graph weighting matrices

due to its effectiveness.

4.2. The proposed model

This subsection presents the details of our proposed model step by step. In the

multi-view setting, suppose that we are given a data set X = [X(1)T , . . . ,X(V )T ]
T

with V views, where X(v) = [x
(v)
1 , · · · , x(v)

n ] ∈ Rdv×n denotes the v-th data matrix

with dv dimensionality. Intuitively, self-expression property can be easily extended

to the multi-view scenario in a direct way. If we treat each view independently, the

multi-view self-expression formulation could be expressed as follows:

X(v) = X(v)Z(v) + E(v),∀v, (11)

where Z(v)∈ Rn×n is the representation matrix in the v-th view, and E(v)∈ Rdv×n is

the error matrix in the v-th view. Based on this, we can further formulate the objective

function of SMR based Multi-view Subspace Clustering (SMR-MSC) as follows:

min
E(v),Z(v)

V∑

v=1

||E(v)||2,1 + λ1

V∑

v=1

Tr(Z(v)L(v)Z(v)T )

s.t. X(v) = X(v)Z(v) + E(v), v = 1, · · · , n, (12)

where L(v) is the Laplacian matrix constructed in the v-th view, and λ1 is a positive

balancing parameter. Note that the above optimization problem (12) performs SMR in

each view independently, which can not explore the complementarity and high-order

information across different views. Hence, it is necessary to find an effective way to

explore the high-order correction across different views. Many recent works Xie et al.

12
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(2018); Yin et al. (2018); Wu et al. (2019, 2020) have validated the t-SVD based tech-

nology is able to sufficiently capture the low-rank structure across different views in the

tensor space. Furthermore, t-SVD technology can learn the robust low-rank tensor rep-

resentation which provides deeper insight into the multi-view features, comparing with

the other tensor decomposition technologies. Motivated by the aforementioned bene-

fits of t-SVD technology, we can further achieve the low-rank tensor representation S
from original view-specific representation {Z(v)}Vv=1 by:

min
S
||S||~ +

λ3
2
||S − Z||2F

s.t. Z = Φ(Z(1),Z(2), · · · ,Z(V )). (13)

Here Φ(·) is an operator which stacks the view-specific representation {Z(v)}Vv=1

into a third-order tensor Z , and then rotates its size to n × V × n, as shown in Figure200

2. ||S||~ represents the t-SVD based tensor norm on tensor S , as shown in Definition

7. To be specific, this introduced tensor norm ensures that our method can efficiently

explore the high-order correlations of different views. Naturally, by putting the func-

tions in Eq. (12) and Eq. (13) together, we eventually obtain the overall model of our

method as follows:205

min
Z(v),E(v),S

V∑

v=1

||E(v)||2,1 + λ1

V∑

v=1

Tr(Z(v)L(v)Z(v)T ) + λ2||S||~ +
λ3
2
||S − Z||2F

s.t. X(v) = X(v)Z(v) + E(v),∀v,

Z = Φ(Z(1),Z(2), · · · ,Z(V )), (14)

where λ1, λ2 and λ3 are three positive balancing parameters. Different from the ex-

isting methods, our method aims to learn the view-specific representation as well as

the low-rank tensor representation in a joint framework. Under this joint representa-

tion learning framework, both the intra-view pairwise relationship and the inter-view

correlation are fully explored for multi-view subspace clustering, and thus a more ro-210

bust description of latent clustering structure should be provided. Particularly, in our

method, the t-SVD tensor factorization is a very powerful tool to find the joint repre-

sentation, so that the optimal affinity matrix could be obtained for generating the final
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clustering results.

Tensor rotation

Size:n*n*V Size:n*V*n 

Views

Figure 2: Example of rotation operation.

4.3. The optimization algorithm215

The proposed model in Eq. (14) can be efficiently optimized by Alternating Direc-

tion Method of Multiplier (ADMM) algorithm Boyd et al. (2011). First of all, we need

to convert it into the following augmented Lagrangian function:

Lµ>0({Z(v)}Vv=1, {E(v)}Vv=1,S) (15)

=
V∑

v=1

||E(v)||2,1 + λ1

V∑

v=1

Tr(Z(v)LvZ(v)T ) + λ2||S||~ +
λ3
2
||S − Z||2F+

V∑

v=1

〈
Y(v),X(v) −X(v)Z(v) − E(v)

〉
+
µ

2

V∑

v=1

||X(v) −X(v)Z(v) − E(v)||2F ,

where Y(v) is the Lagrange multiplier in the v-th view, and µ is the penalty parameter.

〈·, ·〉 means the inner product of any two matrices. Under the ADMM framework, we220

present an alternative optimization algorithm to solve this problem. Precisely, we can

update one variable by treating the others as constant in one iteration. The correspond-

ing description of optimization procedure is introduced in what follows.
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4.3.1. Update rule for the variable {Z(v)}Vv=1

When the other variables {E(v)}Vv=1 and S are fixed, the optimization problem in

Eq. (15) reduces to (Note that we have Φ−1(v)(S) = S(v) and Φ−1(v)(Z) = Z(v) here) :

min
Z(v)

λ1Tr(Z(v)LvZ(v)T ) +
λ3
2
||S(v) − Z(v)||2F+ (16)

< Y(v),X(v) −X(v)Z(v) − E(v) >+
µ

2
||X(v) −X(v)Z(v) − E(v)||2F .

The problem in Eq. (16) is a smooth convex program. Thus, we set the derivative

of this problem w.r.t. variable Z(v) to zero and have:

(λ3I + µX(v)TX(v))Z(v) + Z(v)(2λ1L(v)) = λ3S(v) + Q(v), (17)

in which Q(v) = X(v)TY(v) + µX(v)TX(v) − µX(v)TE(v). Apparently, the above225

equation is a Sylvester equation Bartels & Stewart (1972), and it can be efficiently

solved by classical Bartels-Stewart algorithm Bartels & Stewart (1972). The core idea

of Bartels-Stewart algorithm relies on applying the Schur decomposition to transform

the Sylvester matrix equation into a triangular system, so that it can be efficiently solved

by the backward substitutions on blocks. In our method, we use the lyap function of230

the Matlab Control Toolbox to solve the problem in Eq.(17).

4.3.2. Update rule for the variable {E(v)}Vv=1

When the other variables {Z(v)}Vv=1 and S are fixed, the optimization problem in

Eq. (15) reduces to:

min
E(v)
||E(v)||2,1 +

µ

2
||E(v) − (X(v) −X(v)Z(v) +

1

µ
Y(v))||2F . (18)

The problem in Eq.(18) can be solved by Lemma 4.1 in (Liu et al. (2013a)). Con-

cretely, the Lemma is introduced as follows:

Lemma 1. (Liu et al. (2013a)) For any given matrix F and parameters α, β > 0, the

optimal solution to the following problem

min
D
α‖D‖2,1 +

β

2
‖D− F‖2F (19)
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is given by

D:,j =





‖F:,j‖2−αβ
‖F:,j‖2

F:,j , if ‖F:,j‖2 > α
β

0, otherwise .
(20)

Here D:,j and F:,j represent the j-th column of matrix D and F, respectively. The235

proof of this lemma can be found in paper Yang et al. (2009). Based on this, the optimal

solution to the problem in Eq.(18) is given by:

E
(v)
:,j =





||H(v)
:,j ||2− 1

µ

||H(v)
:,j ||2

H
(v)
:,j if ||H(v)

:,j ||2 > 1
µ ,

0 otherwise.
(21)

Here H(v) = X(v)−X(v)Z(v) + 1
µY(v) and H

(v)
:,j denotes the j-th column of matrix

H(v).

4.3.3. Update rule for the variable S240

When the other variables {Z(v)}Vv=1 and {E(v)}Vv=1are fixed, the optimization prob-

lem in Eq. (15) reduces to:

min
S
λ2||S||~ +

λ3
2
||S − Z||2F . (22)

The problem in Eq. (22) is referred to as the tensor multi-rank minimization prob-

lem. According to the Theorem 2 in Xie et al. (2018), we can obtain the solution of

this problem by using the tensor tubal shrinkage operator:

S = Cn3π(Z) = U ∗ Cn3π(O) ∗ VT , (23)

where π = λ3/λ2 and Z = U ∗ O ∗ VT . Besides, Cn3 (Z) = Z ∗ J , herein, J is

an n1 × n2 × n3 f-diagonal tensor, and its diagonal element in the Fourier domain is

Jf (i, i, j) = (1 − n3π

O(j)
f (i;i)

)+. Note that the tubal shrinkage operator in the original

domain is equivalent to the tensor SVT in the Fourier domain. Therefore, the problem

in Eq. (22) can be solved by an efficient algorithm 2.245
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Algorithm 2 t-SVD based Tensor Multi-Rank Minimization Xie et al. (2018)
Input: Tensor Z ∈ Rn1×n2×n3 , parameter τ (In problem (22), τ = λ3/λ2).

Output: Tensor S.

1: Zf = fft (Z, [], 3), τ̃ = n3τ .

2: for k = 1: n3 do

3: [U (k)
f , C(k)f , V(k)

f ] = SVD (Zf (k)).
4: J (k)

f = diag { (1− τ̃

C(k)f (i,i)
)+}, i = 1, · · · ,min(n1, n2).

5: C(k)f,τ̃ = C(k)f J (k)
f .

6: S(k)f = U (k)
f C(k)f,τ̃ V

(k)
f

T
.

7: end

8: S = ifft (Sf ,[], 3).

9: Return: Tensors S.

4.3.4. Update rule for the Lagrange multiplier {Y(v)}Vv=1

In addition, we update the Lagrange multiplier by:

Y(v) = Y(v) + µ(X(v) −X(v)Z(v) − E(v)). (24)

The above four steps are repeated until the stopping criterion is met or the number

of iterations reaches the threshold value. Specifically, the stopping criterion is given as

follows:

V∑

v=1

||X(v) −X(v)Z(v) − E(v)||∞ < ε. (25)

Here ε is a very small predefined value (i.e, 10−6 in this paper). Note that when

the convergence condition in Eq. (25) is satisfied, we construct the final affinity matrix

from the tensor representation S by unfolding it into a set of view-specific matrices

(i.e., {S(v)}Vv=1). For clarity, we summarize the whole optimization procedure in Al-250

gorithm 3.

4.4. Complexity analysis

As shown in Algorithm 3, the optimization procedure for our model mainly consists

of four steps. In the first step, the computational complexity of updating variable Z(v)

17
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Algorithm 3 JRL-MSC

Input: Multi-view data set X = {X(1), · · · ,X(V )} with V views, the maximum num-

ber of iterations tmax (i.e., 10 here) and three balancing parameters λ1, λ2, λ3 > 0.

Parameter Setup: Set the number of k-nearest neighbor knn = 5. Set parameters µ =

1, ρ = 1.5 and µmax = 106.

1: Initialization: Set t = 1. Initialize Z = 0, S = 0 and Y(v) = 0,∀v.

2: repeat

3: Update Z(v) in the v-th view by using Bartels-Stewart algorithm to solve

Sylvester equation (17).

4: Update E(v) in the v-th view by using Eq. (21).

5: Update S by using Algorithm 2.

6: Update Y(v) in the t-th view by using Eq. (24).

7: Update µ by using µ = min(ρµ, µmax).

8: t = t+ 1.

9: until The stopping criterion in (25) is met or t > tmax

10: Obtain the overall affinity matrix by using: A = 1
V

∑V
v=1

|S(v)|+|S(v)|T
2 .

11: Perform spectral clustering on the overall affinity matrix A and generate the final

clustering label.

Output: The final clustering label.

is O(n3), where n represents the number of data samples. In the second step, the255

computational complexity of updating variable E(v) is O(dvn), where dv represents

the dimensionality in the t-th view. In the third step, the computational complexity of

updating variable Z is O(n log n). In the fourth step, the computational complexity

of updating multiplier Y(v) is O(1). Therefore, the whole computational complexity

of our method is about O(T × (
∑V
v=1(n3 + dvn + 1) + n log n)) = O(T × n ×260

max{V n2,
∑V
v=1 dv}), herein, T represents the iteration number and V represents the

view number.
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5. Experiments

In this section, we carry out extensive experiments to evaluate some properties of

our proposed method: comparison experiments, parameter analysis and running time265

analysis. All the experiments are implemented on a workstation with Intel 3.4-GHz

processors and 64-GB RAM.

5.1. Data Sets and Evaluation Metrics

The experiments are conducted on eight publicly available data sets: UCI Digit,

MSRC-v1, Yale, YaleB, ORL, VIS/NIR, Reuters and Cora. They are collected from270

different applications: handwritten digits, object images, facial images, news reports

and scientific publications. Table 1 describes the characterizes of these data sets. The

information of these data sets is briefly introduced as follows.

Table 1: The statistics of eight data sets used in the experiments.

View type UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters

1 FOU(76) CM(24) Intensity(4096) Intensity(4096) Intensity(2500) View 1(10000) English(974

2 FAC(216) GIST(512) LBP(3304) LBP(3304) LBP(3304) View 2(10000) French(9109

3 KAR(64) LBP(256) Gabor(6750) Gabor(6750) Gabor(6750) - German(777

4 PIX(240) GENT(254) - - - - -

5 ZER(47) - - - - - -

6 SIFT(200) - - - - - -

Samples 2000 210 400 165 650 1056 600

Classes 10 7 40 15 10 22 6

• UCI Digit 1 is a multi-view data set for handwritten digits (0-9) recognition. In

this data set, there are 2000 samples over 10 classes. Sample images are shown275

in the first row of Figure 3.

• MSRC-v1 2 is a widely used data set for object recognition. This data set con-

tains 38 different classes, with 30 images in each class. In the experiments, we

select 7 classes as an experimental data set. Besides, we also extract four visual

1http://archive.ics.uci.edu/ml/datasets/Multiple+Features
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feature sets from each image. Sample images are shown in the second row of280

Figure 3.

• ORL 3 is one of the best-known data sets in the face clustering literature. This

data set contains a set of 400 face images, with 10 images in each subject. Par-

ticularly, these 10 various images are taken at different times, lighting, facial

expressions, and facial details. Sample images are shown in the third row of285

Figure 3.

• Yale 4 is a well-known face image data set that contains 165 grayscale images of

15 subjects. For each subject, there are 11 images with different facial expres-

sions and configurations. Specially, there are three feature sets (i.e., views) in

this data set. Sample images are shown in the fourth row of Figure 3.290

• YaleB 5is a face image data set described by three views. In summary, there are

38 diverse subjects of face images in this data set. We select the first 10 subjects

for multi-view clustering, with 65 images for each subject. Sample images are

shown in the fifth row of Figure 3.

• VIS/NIR is a data set consisting of face images whose features are available295

in two different light environments ( i.e., views): Visible Light and Near-IR il-

lumination. Similar to the work in Zhang et al. (2020), we construct a subset

containing 1056 images for multi-view clustering. Sample images are shown in

the sixth row of Figure 3.

• Reuters is a data set that contains multilingual documents corresponding to six300

Reuters categories. Same to the previous work, we use a randomly sampled

subset containing 600 documents in our experiments.

• Cora is a link-based document data set, which contains two types of views,

i.e., the document contents and document citations. It consists totally of 1051

2http://research.microsoft.com/en-us/projects/objectclassrecognition/
3http://www.uk.research.att.com/facedatabase.html
4http://vision.ucsd.edu/content/yale-face-database
5http://vision.ucsd.edu/ iskwak/ExtYaleDatabase/Yale%20Face%20Database.htm
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Examples of the  datasets used in this paper(the rows from top to bottom correspond to UCI Digit,MSRC‐V1,ORL, Yalefaces , Yale B and VIS/NIR)

Figure 3: Sample images of used data sets.

machine learning papers, belonging to two classes.305

In our experiments, three popular metrics are used to evaluate the clustering per-

formance: Accuracy (Acc) Zhong & Ghosh (2003), Normalized Mutual Information

(NMI) Huang et al. (2019a) and F-score Lin et al. (2018).

Considering two different partitions, let ν be the predicted partition of K clusters,

and ω be the target partition of L classes. Given a data set with N samples, the NMI310

score between ν and ω is computed as follows:

NMI(ν, ω) =
2
∑K
k=1

∑L
l=1

nlk
N log

nlkN∑K
i=1 n

l
i

∑L
i=1 n

i
k

H(ν) + H(ω)
. (26)

Here H(ν) and H(ω) denote the Shannon entropy of predicted partition ν and target

partition ω respectively. Besides, here ni and nj are the numbers of data samples in

cluster i and class j, and nji represents the number of data samples in cluster i and class

j.315
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Acc is another important evaluation metric that measures the correct rate of pre-

dicted partition and the target partition. Suppose a data set X with N data samples, we

denote ν as the predicted partition and ω as the target partition. Then the definition of

Acc could be expressed as:

Acc(ν, ω) =

∑N
i=1 δ(π,map(ω))

N
. (27)

Here δ(·) is the delta function, andmap(·) is the best permutation mapping function320

which projects each predicted partition to the target partition.

Before calculating the value of F-score, we need to obtain Precision and Recall in

advance. The values of the Precision and Recall metrics can be computed by:

Precision(Cα, Cβ) =
Nα,β
|Cα|

, (28)

Recall(Cα, Cβ) =
Nα,β
|Cβ |

, (29)

where Cα and Cβ are two different clusters, and Nα,β represents the number of data

samples from Cα in the class Cβ . |Cα| and |Cβ | represent the module of the class Cα325

and Cβ respectively.

Finally, we can compute the F-score between two clusters Cα and Cβ by:

F(Cα, Cβ) =
2Precision(Cα, Cβ)Recall(Cα, Cβ)

Precision(Cα, Cβ) + Recall(Cα, Cβ)
. (30)

These metrics characterize different properties of the clustering results, thus a com-

prehensive analysis could be acquired from multiple viewpoints. Particularly, for all

three evaluations, the larger values indicate the better results.330

5.2. Comparison Results and Analysis

In this subsection, we compare the proposed JRL-MSC with eleven state-of-the-art

clustering methods for comprehensive comparisons. The compared methods include

three single-view subspace clustering methods, three multi-view graph clustering meth-

ods and five multi-view subspace clustering methods. Particularly, for the single-view335

subspace clustering methods, we need to concatenate the features from different views
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and feed them into these algorithms. Note that SMR has been already introduced in

section 4, thus we will not introduce this method in this subsection. The brief introduc-

tion of the remaining methods is given as follows.

• Sparse Subspace Clustering (SSC) Elhamifar & Vidal (2013): SSC is a typ-340

ical method in the single-view subspace clustering literature. The goal of SSC

is to cluster the data samples into their subspaces with sparse self-expression

property.

• Low Rank Recovery Representation (LRR) Liu et al. (2012): LRR is another

representative method in the field of single-view subspace clustering. It aims to345

group the data samples into several subspaces with low-rank representation.

• Multi-view Learning with Adaptive Neighbors (MLAN) Nie et al. (2017a):

MLAN is one of the most famous methods in the domain of multi-view graph

clustering. To be specific, this method is capable to perform multi-view cluster-

ing and local structure learning simultaneously.350

• Self-weighted Multiview Clustering (SwMC) Nie et al. (2017b): SwMC is a

well-known method for multi-view graph clustering. In this method, the key idea

is to generate a robust global graph by taking advantage of the complementarity

across different views.

• Graph-based Multi-view Clustering (GMC) Wang et al. (2020): GMC is a355

novel multi-view graph clustering method, whose purpose is to adaptively reveal

the underlying graph structure of multiple views under one-step framework.

• Diversity-induced Multi-view Subspace Clustering (DiMSC) Cao et al. (2015):

DiMSC is a classical subspace clustering method for multi-view data, which ex-

plores the diversity of different views through HSIC regularizer.360

• Low-Rank Tensor Constrained Multiview Subspace Clustering (LT-MSC)

Zhang et al. (2015): LT-MSC is a tensor multi-view subspace clustering method,

whose main idea is to make use of the high-order correlations by a low-rank

tensor constraint.
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• Latent Multi-view Subspace Clustering (LMSC) Zhang et al. (2017a): LM-365

SC is a novel multi-view subspace clustering method, which simultaneously

learns the latent space from multiple views as well as discovers the subspace

structure in the learned space. To the best of our knowledge, LMSC makes the

first attempt to solve the view-insufficiency problem in multi-view clustering.

• Consistent and Specific Multi-view Subspace Clustering (CSMSC) Luo et al.370

(2018): CSMSC is a newly developed method for multi-view subspace cluster-

ing. The method targets at learning subspace representation from both consistent

and diverse perspectives.

• Multi-view Clustering in Latent Embedding Space (MCLES) Chen et al.

(2020): MCLES is a very recently proposed method for multi-view subspace375

clustering. The method integrates two important tasks into a unified problem,

namely, latent space learning and subspace clustering.

For the comparative methods, we run the source codes released by the authors,

while adjusting their parameters in a wider range than the suggestion of published

paper.6 For the proposed method, we carefully tune the balancing parameters in the380

same range of (0,2]. The experiments were repeated 20 times for all methods, and

the average values with standard deviations were reported as the results. For each

experiment, the best result is marked in highlighted in bold font.

Tables 2, 3 and 4 report the comparison results in terms of Acc, NMI and F-score,385

respectively. Note that the MCLES method runs too long on the UCI digit data set,

so we do not report the corresponding results here. In addition, due to the very sparse

structure of Cora data set, we could not perform the SSC and DiMSC methods on this

data set. The main findings arising from these tables are as follows.

6In our experiments, we tune the parameters of competitive methods within the same range of

{0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1.0, 2.0, · · · , 10, 30, 50, 70, 90, 100, 500, 1000}. For SMR, MLAN,

SwMC methods, we tune their parameter k which controls the number of k-nearest neighbors within the

range of {5, 10, 15, · · · , 50, 60, 70, 80, 90, 100}.
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Table 2: Comparison results in terms of NMI (%) on eight benchmark data sets

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cor

SSC 82.7±3.22 58.5±3.20 83.0±1.53 63.1±2.20 50.0±1.51 90.1±2.20 41.9±1.63 N/A

LRR 83.6±0.23 47.1±0.82 83.8±1.00 65.2±1.23 63.3±0.30 96.7±0.74 34.5±1.68 64.2±0

SMR 83.4±0.22 50.8±3.73 83.6±1.12 69.5±1.10 57.2±0.00 94.4±0.73 38.6±1.06 70.3±0

MLAN 93.9±0.00 75.9±0.00 84.3±0.32 70.5±0.66 37.1±0.00 56.2±0.48 26.0±1.43 12.5±6

SwMC 91.9±0.00 74.3±0.00 86.9±0.00 65.6±0.13 50.6±0.00 96.1±0.50 23.0±0.21 26.3±0

GMC 90.4±0.00 76.8±0.00 87.1±0.00 68.9±0.00 44.9±0.00 98.5±0.00 24.9±0.00 21.7±0

DiMSC 77.2±0.23 71.4±0.22 91.8±1.24 71.6±1.51 63.5±0.21 92.8±1.72 30.4±3.01 N/A

LT-MSC 85.7±0.71 75.2±0.52 92.1±1.26 76.7±0.44 63.7±0.33 99.0±0.30 30.8±0.23 32.4±0

LMSC 82.5±2.01 67.4±6.06 91.2±1.62 76.8±1.93 63.6±1.68 98.8±3.93 31.8±3.01 72.4±1

CSMSC 87.5±0.00 77.5±0.00 93.3±0.79 78.7±0.38 55.0±0.00 95.3±0.23 32.7±0.00 59.8±0

MCLES N/A 79.8±0.75 91.3±0.98 72.0±2.05 40.5±0.83 85.2±2.30 32.6±2.33 67.9±0

JRL-MSC 96.6±0.00 100.0±0.00 98.9±0.31 93.4±0.63 75.0±0.00 100.0±0.00 65.2±0.00 76.2±0

Table 3: Comparison results in terms of Acc (%) on eight benchmark data sets.

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cor

SSC 73.5±4.02 68.1±4.38 66.4±3.00 60.4±3.73 51.3±3.83 69.7±4.14 56.3±1.49 N/A

LRR 90.1±0.14 59.1±0.84 69.5±2.53 63.7±2.30 65.0±0.32 87.6±2.83 47.1±2.95 95.0±0

SMR 81.7±0.61 61.3±4.84 68.7±2.33 65.7±0.92 56.2±0.00 86.6±2.51 47.7±1.76 94.8±0

MLAN 97.3±0.00 74.2±0.00 67.8±1.51 67.6±0.83 36.4±0.00 36.7±0.23 27.8±1.52 77.6±1

SwMC 89.3±0.00 72.4±0.00 68.3±0.00 64.3±0.22 50.2±0.00 91.6±0.93 25.8±0.00 85.1±0

GMC 88.2±0.00 73.4±0.00 65.3±0.00 65.5±0.00 43.4±0.00 95.5±0.00 30.3±0.00 80.6±0

DiMSC 70.3±0.31 80.7±0.33 81.0±2.14 69.6±2.09 61.5±0.32 90.6±3.12 45.7±0.30 N/A

LT-MSC 92.3±0.63 82.4±0.33 81.3±2.08 73.6±0.28 62.6±1.03 97.2±3.00 47.7±0.27 82.7±0

LMSC 84.0±5.80 72.3±5.90 80.5±1.72 74.2±2.44 62.4±2.14 97.0±0.56 45.3±5.04 95.8±2

CSMSC 93.5±0.00 85.2±0.00 85.2±1.75 75.5±0.97 54.2±0.00 88.6±0.45 47.9±0.00 94.1±0

MCLES N/A 88.2±0.38 79.5±2.18 69.3±2.07 42.7±0.50 74.3±1.99 42.1±0.00 95.7±0

JRL-MSC 98.5±0.00 100.0±0.00 95.6±1.38 90.3±0.83 70.9±0.00 100.0±0.00 72.8±0.00 96.8±0

• First, it can be seen that single-view subspace methods sometimes show com-390

parable performance to the multi-view subspace methods, but still have gaps on

the most of the data sets. This is probably for the reason that single-view sub-

space methods directly concatenate the multi-view features, which may lead to

the redundant information in most of cases.

• Second, for the multi-view clustering cases, we can observe that subspace-based395

methods always achieve more promising results than the graph-based methods

(expect on the UCI Digit data set). This indicates that subspace-based methods
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Table 4: Comparison results in terms of F-score (%) on eight benchmark data sets.

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cora

SSC 68.5±6.80 53.6±3.58 52.3±3.70 41.0±2.55 32.3±0.93 70.9±5.37 44.3±0.43 N/A

LRR 79.2±0.23 45.4±0.86 55.8±1.88 44.2±1.44 39.0±0.42 89.6±2.01 38.6±0.56 92.9±0

SMR 77.0±2.04 47.6±3.30 56.7±2.64 50.6±1.40 40.8±0.08 86.9±1.19 40.8±0.31 92.3±0

MLAN 93.8±0.00 67.2±0.00 38.5±1.24 52.1±1.30 24.2±0.00 27.7±5.09 29.3±0.48 78.4±0

SwMC 87.5±0.00 66.9±0.00 39.7±0.00 47.3±0.02 32.9±0.00 91.2±5.13 28.9±0.10 80.7±0

GMC 86.5±0.00 68.5±0.00 53.9±0.00 48.0±0.00 28.5±0.00 94.7±0.00 32.2±0.00 81.7±0

DiMSC 69.5±0.09 68.7±0.35 76.8±2.17 54.6±2.26 50.4±0.58 89.4±3.05 35.1±0.23 N/A

LT-MSC 85.0±1.03 71.8±0.36 75.7±2.34 61.2±0.65 52.1±0.57 96.8±1.93 37.3±0.11 83.4±0

LMSC 78.2±3.50 63.5±8.23 73.9±2.14 57.3±1.77 52.8±1.40 93.2±7.49 35.7±2.14 93.8±3

CSMSC 86.5±0.00 75.8±0.00 78.1±2.00 64.2±0.57 36.8±0.00 86.8±1.00 37.5±0.00 91.7±0

MCLES N/A 79.0±0.60 71.3±0.40 53.8±2.96 28.7±0.54 70.2±3.43 37.1±0.73 93.8±0

JRL-MSC 97.0±0.00 100.0±0.00 95.5±1.45 86.1±1.07 66.4±0.00 100.0±0.00 63.0±0.00 94.6±0

may be more applicable to solve the image clustering problems in practice.
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Figure 4: Analysis on the effect of parameters λ2 and λ3 by fixing parameter λ1.
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• Finally, results indicate that the proposed method consistently outperforms the

compared methods on all the tested data sets. Surprisedly, our method gain-400

s significant improvement over the second-best method. Take Yale data set as

an example, our method obtains an increase of more than 14.9%, 13.9 % and

21.9 % over the NMI, ACC and F-score metrics, compared with the other com-

petitors. This is mainly due to the fact that our method can jointly preserve the

view-specific underlying structure within each view, and discover the high-order405

correlation among diverse views. In multi-view subspace clustering domain,

these two components are essential to enhance the clustering performance. To

sum up, these comprehensive results validly prove the superior performance and

the robustness of the proposed method.
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Figure 5: Analysis on the effect of parameters λ1 and λ3 by fixing parameter λ2.

27

Jo
ur

na
l P

re
-p

ro
of



Journal Pre-proof
0.8

0.9

0.4

N
M
I

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(a) UCI Digit (λ3 = 1.0)

0.8

0.9

0.4

N
M
I

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(b) ORL (λ3 = 0.8)

0.6

0.4

0.8

N
M
I

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(c) Yale (λ3 = 1.0)

0.9

0.4

A
c
c

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(d) UCI Digit (λ3 = 1.0)

0.8

0.4

A
c
c

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(e) ORL (λ3 = 0.8)

0.6

0.4

0.8

A
c
c

0.8

1

2.0

1

1.2
1.6

2

1.6 1.2
2.0 0.8

0.4

(f) Yale (λ3 = 1.0)

Figure 6: Analysis on the effect of parameters λ1 and λ2 by fixing parameter λ3.

5.3. Parameter Analysis and Running Time Analysis410

In this subsection, we investigate the effects of different parameters (i.e., λ1, λ2

and λ3) on the performance of our method. Particularly, we select the values of λ1,

λ2 and λ3 from the same predefined range of {0.4, 0.8, 1.2, 1.6, 2.0}. Moreover, we

analyze the sensitivity of any two parameters, while keeping the rest one in each exper-

iment fixed. In this experiment, three data sets are selected for the parameter analysis.415

Meanwhile, the clustering results are evaluated in metrics of NMI and Acc.

The clustering results under different parameter settings are presented in Figure 4

to Figure 6. Based on the results in these figures, it can be observed that our method

performs fairly stable with different values of λ1, λ2 and λ3, especially on the UCI

Digit and ORL data sets. Furthermore, we can find that the proposed method obtains420

the best performance when the parameters λ1, λ2 and λ3 are tuned in the range from

0.4 to 1.2. The experimental results imply that our method is relatively robust for the
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parameters that change in different clustering tasks.

After that, we report the running time of our method as well as the comparative

methods on six multi-view data sets. From the results shown in table 5, we can clear-425

ly see that multi-view graph methods run faster over the other comparison methods,

including single-view and multi-view subspace methods. When it comes to the multi-

view subspace methods, we also find that the proposed method is more efficient than

the competitors in most of the cases. In summary, the running time of our method ranks

at the middle-upper level among all the clustering methods.430

Table 5: Running time (in seconds) of all clustering methods on eight benchmark data sets.

Method UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cora

SSC 55.97 1.03 25.20 3.60 47.70 190.84 6.54 N/A

LRR 581.41 3.51 42.91 11.85 86.59 292.90 110.68 138.64

SMR 30.45 0.06 1.25 0.33 1.89 7.53 0.48 4.82

MLAN 15.65 0.10 1.18 0.22 2.67 5.27 51.04 1.54

SwMC 99.43 0.49 0.85 3.31 7.65 34.55 14.11 20.97

GMC 13.79 0.22 0.94 0.32 1.38 2.52 66.87 1.16

DiMSC 2754.23 1.85 10.03 1.52 30.52 80.87 37.47 N/A

LT-MSC 984.17 4.30 56.88 16.15 111.92 276.14 131.52 127.21

LMSC 481.54 3.86 40.35 28.72 80.05 128.80 75.24 102.98

CSMSC 473.96 2.92 72.41 24.39 138.38 404.63 16.41 159.23

MCLES N/A 5.83 35.27 5.67 243.74 3610.21 165.30 1214.06

JRL-MSC 1650.84 1.51 7.85 1.52 23.76 75.40 8.59 71.61

5.4. Ablation Study

In this subsection, we conduct ablation study by comparing our method with two

baselines that are special cases of the proposed method. The brief introduction of these

two baselines are as follows:

• SMR based Multi-view Subspace Clustering (SMR-MSC) : SMR-MSC is a435

special case of our method which only considers the view-specific local structure

within each view. The objective function of SMR-MSC can be found in Eq. (12).

• Tensor Representation Learning for Multi-view Subspace Clustering (TRL-

MSC): TRL-MSC is another special case of the proposed method which merely
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Table 6: Ablation study in terms of NMI (%) on eight benchmark data sets.

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cor

SMR-MSC 91.0±0.00 70.1±0.00 93.5±0.47 76.8±1.24 54.8±0.00 98.6±0.40 40.3±0.26 67.9±0

TRL-MSC 84.7±0.26 92.8±0.00 97.7±0.63 87.5±1.66 65.2±0.10 98.8±0.17 59.4±0.00 73.6±0

JRL-MSC 96.6±0.00 100.0±0.00 98.9±0.31 93.4±0.63 75.0±0.00 100.0±0.00 65.2±0.00 76.2±0

Table 7: Ablation study in terms of Acc (%) on eight benchmark data sets.

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cor

SMR-MSC 95.7±0.00 83.3±0.00 83.8±1.50 75.4±1.67 54.0±0.00 94.8±1.47 52.8±0.31 95.2±0

TRL-MSC 91.7±0.21 95.2±0.00 93.5±1.94 89.1±1.10 63.4±0.10 98.9±0.14 65.7±0.00 96.2±0

JRL-MSC 98.5±0.00 100.0±0.00 95.6±1.38 90.3±0.83 70.9±0.00 100.0±0.00 72.8±0.00 96.8±0

Table 8: Ablation study in terms of F-score (%) on eight benchmark data sets.

UCI Digit MSRC-v1 ORL Yale YaleB VIS/NIR Reuters Cor

SMR-MSC 91.7±0.00 70.6±0.00 77.2±1.29 58.4±1.41 37.3±0.00 95.1±1.33 42.6±0.16 93.4±0

TRL-MSC 82.7±0.37 91.2±0.00 92.9±2.01 79.8±2.08 52.6±0.22 97.8±0.27 56.3±0.00 94.3±0

JRL-MSC 97.0±0.00 100.0±0.00 95.5±1.45 86.1±1.07 66.4±0.00 100.0±0.00 63.0±0.00 94.6±0

considers the higher correlation across different views. The objective function of440

TRL-MSC can be found in Eq. (13).

The clustering results in terms of NMI, Acc and F-score are shown in Tables 6, 7

and 8, respectively. According to the results reported in these tables, we can observe

two aspects of findings. First, TRL-MSC substantially outperforms the SMR-MSC

on seven of eight tested data sets (except on the UCI Digit data set). This indicates445

that efficiently exploring the high-order correlations makes greater contribution to the

clustering performance. Second, the proposed methods JRL-MSC performs better than

two baselines (i.e., SMR-MSC and TRL-MSC) on all the tested data sets. These two

baselines belong to the special cases of our method, which only consider one com-

ponent of JRL-MSC and have their merits. Therefore, the better way to enhance the450

clustering performance relies on considering the local structure within each view and

the high-order complementarity across different views jointly.
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5.5. Convergence Analysis

In this subsection, we empirically analyze the convergence property of our method

on four tested data sets, namely HW, MSRC-v1, Yale and YaleB. In particular, the455

convergence condition of our method is determined by the reconstruction error (i.e.,
∑V
v=1 ||X(v) − X(v)Z(v) − E(v)||∞ ), as shown in Eq. (25). Based on the curves dis-

played in Figure 7, we can see that the values of reconstruction error decrease rapidly

during the iteration. On all the tested data sets, the proposed method tends to converge

within a small number of iteration (i.e., around 10 to 20 iterations). This result con-460

firms that our method JRL-MSC is relatively efficient for handing multi-view subspace

clustering problem.
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Figure 7: Convergence analysis of JRL-MSC on four benchmark data sets.
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6. Conclusion and Future Work

In this paper, we propose a novel multi-view subspace clustering based on the joint

representation learning framework. Notably, the proposed method aims to learn the465

view-specific representation by discovering the local geometrical structure within each

view. In the meanwhile, our method targets at generating the low-rank tensor repre-

sentation for capturing the global complementarity across different views. These two

representation learning processes are jointly leveraged into our method, which can be

regarded as the local and global constraints respectively. Compared with the existing470

methods, the proposed method is able to explore the intra-view pairwise relationship

as well as the intra-view high-order correlation for boosting the performance of multi-

view subspace clustering. Finally, comprehensive experiments on different multi-view

data sets demonstrated the effectiveness of our method. In the future work, we would

like to combine our method with representation learning of deep learning, which aims475

to handle the more challenging multi-view clustering problems in practice.
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3

4
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. This paper proposes a new multi-view subspace clustering method.  

. Our method is based on a joint representation learning framework. 

. Our method can preserve the view-specific information within each view. 

. Our method can capture the complementary information across multiple views. 

. Extensive experiments confirm the effectiveness of our method. 
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