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Recently, clustering in the Riemannian manifolds has received a great interest. The main specificity of this 

kind of spaces is their ability to detect nonlinear forms in the real world data groups. Accordingly, nu- 

merous Euclidean clustering algorithms have been emerged to the Riemannian framework. One of them 

is the Sparse Subspace Clustering (SSC) method. Within this context, an interesting method named Ker- 

nel Sparse Subspace Clustering in the Riemannian manifold (KSSCR) has been proposed. In order to im- 

prove the clustering performance of the SSC method, KSSCR is based on the idea of data projection into 

a Reproducing Kernel Hilbert Space (RKHS) through a Riemannian kernel. This modification in terms of 

projection space has yielded to significant clustering results compared to the original SSC. This paper 

proposed a Multi-Kernel SSCR (MKSSCR) method. The idea is to create a linear combination of a set of 

Riemannian kernels. In fact, by using a single kernel, the faraway points will be neglected. Thus, the 

key motivation of this work is to use a mixture of kernels. The purpose here is to emphasis the closest 

data points without ignoring the faraway ones in the process of selecting neighbors for each data point. 

Several experiments carried out on varied face clustering data sets demonstrate the clustering accuracy 

improvement by the proposed method compared to other state-of-the-art methods. 

© 2019 Elsevier B.V. All rights reserved. 
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. Introduction 

Over the last few years, the Riemannian manifolds have

eceived a particular interest in computer vision (Turaga and

rivastava, 2015). The main reason of switching from the conven-

ional Euclidean geometry to the non-linear Riemannian geometry

s that the real world data are often collected into special struc-

ures which Euclidean geometry fails to capture. Modeling data

n such manifolds has lead to success in numerous computer vi-

ion fields such as human activity and interaction recognition

30] , shape retrieval [22] , visual object categorization and video

ased face recognition [12] . In the context of clustering, numer-

us attempts have been made to extend clustering methods into

he Riemannian spaces. Such methods include the kernel K-means

13] and the non linear Mean shift [20] which have yielded bet-

er clustering results comparing to K-means [9] and the original

ean shift [5] . As a differential geometry, the Riemannian mani-

olds are endowed with special metrics. In fact, the similarity mea-

ure between two points in a Riemannian space is defined as the
� Conflict of interest: None. 
∗ Corresponding author. 

E-mail addresses: hechmi_sabra@yahoo.fr (S. Hechmi), 

zzeddine.zagrouba@fsm.rnu.tn (E. Zagrouba). 

i  

i  

t  

a  

n  

ttps://doi.org/10.1016/j.patrec.2019.03.019 

167-8655/© 2019 Elsevier B.V. All rights reserved. 
ength of the shortest curve connecting them and known as the

eodesic distance [14] . Essentially two Riemannian manifolds can

e cited. Both they have known signicant attention in computer

ision applications. The first is the Grassmann manifold [2] which

resents the space of all m dimensional linear subspaces of R 

d . The

econd is the space of Symmetric Positive Definite (SPD) matrices

3] . In fact, for all nonzero element x ∈ R 

d , a real SPD matrix M ,

enoted as Sym 

+ 
d 
, is a matrix that verifies the property x T Mx �

. This manifold forms a convex cone in the d 2 -dimensional Eu-

lidean space. In practice, the SPD matrices are encountered in the

orms of covariance region descriptors matrices modeled as points

n this manifold. There are two principal similarity measures used

n the SPD matrices space which are the affine-invariant distance

nd the Log-Euclidean distance [23] . Nevertheless, the calculation

n these Riemannian topological spaces is extremely difficult and

xpensive, especially for massive amounts of data. To overcome

his problem, the idea is to implicitly transform data in this mani-

old into a Reproducing Kernel Hilbert Space (RKHS) through a non

inear map associated with a kernel function [12] . Indeed, a kernel

n the geometry of Riemannian manifolds is obtained by replac-

ng the Euclidean distance in the Gaussian kernel for example with

he geodesic distance in the treated manifold. However, in almost

ll cases, the Riemannian kernels which are derived in this man-

er can not verify the Mercer condition (positive definite kernel).

https://doi.org/10.1016/j.patrec.2019.03.019
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patrec
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Fig. 1. Face clustering: Each face image is represented by a covariance matrix which is considered as a point in the SPD matrices manifold. By embedding these matrices 

into a RKHS space, an easy separation of the data points will be obtained. 
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Therefore, the kernel trick could be suitable to address the com-

putational problem posed in non linear spaces. Moreover, the right

choice of the kernel could significantly improve the clustering per-

formance ( Fig. 1 ). 

On the other hand and within the context of high dimensional

data, subspace clustering methods [25] have shown promising re-

sults. In fact, the goal of these methods is to uncover clusters

of data according to their underlying subspaces. Explicitly, each

method of them aims to collect a group of data by seeking for

neighbors that are not close according to a predefined metric but

rather to the fact of being in the same subspace or not. Based

on the above-mentioned definition, an important number of al-

gorithms have been proposed such as Generalized Principal Com-

ponent analysis (GPCA) [26] , Low Rank Representation (LRR) [15] ,

Local Subspace Affinity (LSA) [28] and Sparse Subspace Clustering

(SSC) [7] . More precisely, The SSC method is based on the idea that

every data point in a union of subspaces can be written as a linear

combination of a few other data points from its own local sub-

space. The resulting expression is known as the sparsest represen-

tation. This one is used in the next step to build a subspace clus-

tering affinity matrix. Then, the segmentation of the data can be

obtained by a spectral clustering technique. Because of its robust

theoretical bases, the SSC method has succeeded to provide an ex-

act neighborhood around each point. Besides, it ensured great clus-

tering performance even for noisy data [7] . Motivated by its signifi-

cant results, numerous attempts have been made to better improve

the SSC method accuracy. For instance, Yin et al. [29] have pro-

posed an extension of the SSC method on the SPD matrices space

through a single Log-Gaussian kernel, chosen as the appropriate

kernel function. This method, known as KSSCR, has shown inter-

esting results especially for face clustering. 

In this paper, the proposed approach is to define a multi-kernel

SSC into the SPD matrices space. This is explained by the fact that

the main goal of the SSC method is to search the exact local sub-

space for each data point. Nonetheless, by using this method, the

nearest points could be only selected and we risk to neglect the

faraway ones that can be in the same subspace as the query point.

Indeed, the idea of integrating multiple kernels into classification

algorithms, is not entirely new [8] . The principle of these attempts

is to determine the appropriate number of kernels m forming a

weighted linear combination which its coefficients are to be de-

termined also. However all these initiatives remain in a theoretical

and supervised framework. Therefore, the proposed idea is to use

a mixture of two Log-Euclidean Gaussian kernels with two differ-

ent sigma scales i.e. with high and low sigma values. In this case,

the sparse optimization problem is reformulated by integrating a

linear combination of two Log-Euclidean Gaussian kernels. Thus,

the optimization of the new problem is aimed to find the opti-

mal sparse coefficients as well as the linear coefficients associated

to the two kernels. The rest of this paper is organized as follows:

in Section 2 we present the classical SSC method and the Kernel

Sparse Subspace Clustering on SPD manifold (KSSCR) and their ba-

sic theories. In Section 3 , the proposed multi-kernel method is in-

troduced. In Section 4 , a deep experimental study is carried out on
 m
everal well-known data sets for face clustering to prove the effi-

iency of the proposed method. Finally, a conclusion and ideas for

urther work are presented in Section 5 . 

. Related work 

.1. Sparse subspace clustering 

The SSC is considered as one of the most successful subspace

lustering methods [7] . The motivation here is to build a neigh-

orhood around each data point based on the fact of belonging to

he same subspace. Indeed, under some conditions, each data point

ying in the union of subspaces can be expressed as a linear com-

ination of few other data points from its own local subspace. 

More specifically, let Y = [ y 1 y 2 . . . y N ] a noise-free data matrix

hat collects a set of points { y i ∈ R 

D } N 
i =1 

drawn from the union of n

ubspaces S 1 ∪ S 2 ∪ . . . ∪ S n of dimensions { d j } n j=1 
in R 

D such that,

or each subspace S j is associated a sub-matrix Y j ∈ R 

D ×N j of rank

 j and a number of points N j , such that N 1 + N 2 + . . . . + N n = N. 

To find the sparse representation of data points, each data point

as to be written with the minimum number of nonzero elements

hich corresponds efficiently to a d j number of other data points

rom the data set Y . Therefore, the sparse optimization problem is

ritten as: 

 i = Y c i , c ii = 0 , ‖ c i ‖ 0 ≤ d j (1)

here c i = [ c i 1 c i 2 . . . c iN ] 
T is the vector of linear coefficients as-

ociated to each y i , c ii = 0 eliminates the trivial solution of writing

 data point as a linear combination of itself and ‖ . ‖ 0 denotes the

ardinality of nonzero elements of c i . But since this problem is NP-

ard, l 0 -norm is replaced by its l 1 -convex relaxation [6] . Thus, the

ptimizing problem becomes: 

in ‖ c i ‖ 1 s.t. y i = Y c i and c ii = 0 (2)

his problem is expressed according to the matrix form as: 

in ‖ C ‖ 1 s.t. Y = Y C and diag(C) = 0 (3)

here C = [ c 1 c 2 . . . c N ] ∈ R 

N×N is the sparse coefficient matrix. To

andle with the real world noisy data, the optimization problem is

eformulated as follows: 

in ‖ C ‖ 1 + 

λz 

2 

‖ Y − Y C ‖ 

2 
F s.t diag(C) = 0 (4)

here λz > 0 is a regularization term in the objective function, ‖ . ‖ F 
esigns the Frobenius norm selected as the appropriate norm to

etect noise. After having the sparse coefficient matrix C , a sim-

larity graph W = | C | + | C | T is constructed. Eventually, the data

egmentation is obtained by applying a spectral clustering algo-

ithm to the similarity graph W [17] . Compared to many subspace

lustering methods, the SSC algorithm has shown interesting clus-

ering results especially for face clustering and motion segmenta-

ion. Therefore, the SSC method has been widely studied in order

o enhance its performance. One of many attempts is to exploit the

iemannian geometry. In this spirit, we define below the KSSCR

ethod. 
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.2. Kernel sparse subspace clustering on symmetric positive definite 

anifolds (KSSCR) 

Recently, the Riemannian geometry has emerged as a power-

ul tool for many computer vision applications [23] . The main ad-

antage of this geometry is the ability to support nonlinear forms

ontrary to the traditional Euclidean geometry. Some Riemannian

anifolds have been widely used for data representation such as

he manifold of symmetric positive definite SPD matrices which

re usually encountered in the forms of covariance matrices [3] .

his data representation descriptor is defined as follows: Given an

mage I of N pixels and let Φ defines a function that extracts a n -

imensional feature vector z i from each pixel i in the image I such

hat: 

(I, x i , y i ) = z i (5)

here z i ∈ R 

n and ( x i , y i ) is the spatial coordinates of the ith pixel.

he given image is represented by the n × n covariance matrix CM

f the feature vectors { z i } | N| 
i =1 

of all pixels of the image. The feature

ector z i can be represented in several forms such as the pixel co-

rdinates and the image gray level or color, edge magnitude and

rientation, filter responses, etc [18,24] . 

Finally, the covariance matrix descriptor is given by: 

M = 

1 

N − 1 

N ∑ 

i =1 

(z i − μ)(z i − μ) T (6)

here μ = 

1 
N 

∑ N 
i =1 z i is the mean vector of the image I . 

The covariance matrix is known as an efficient feature for image

escription. For this reason, it has been used in many computer

ision applications including texture classification [21] , object cat-

gorization and face recognition [23] . In fact, covariance matrices

re considered as points on SPD manifolds. The geodesic distance

etween them is calculated essentially through two metrics which

re the affine invariant and the Log-Euclidean distances. For two

oints C 1 and C 2 in the SPD space, the affine invariant metric is

efined as: 

ist 1 (C 1 , C 2 ) = ‖ log(C −1 / 2 
1 

C 2 C 
−1 / 2 
1 

) ‖ F (7)

nd the Log-Euclidean metric is defined as: 

ist 2 (C 1 , C 2 ) = ‖ log(C 1 ) − log(C 2 ) ‖ F (8)

here ‖ . ‖ F denotes the Frobenius norm. 

To further improve clustering performance, kernels have been

sed on the Riemannian manifolds. In fact, SPD manifolds could

e projected into RKHS via Mercer kernels. However, the resulting

ernels are not necessarily positive definite for all metrics. For in-

tance, the affine invariant metric does not yield a positive definite

ernel. On the other hand, the Log-Euclidean kernels such as the

og-Euclidean Gaussian kernel and the Log-Euclidean polynomial

ernel are valid Mercer kernels. For example, the Log-Euclidean

aussian kernel is written as follows: 

(C 1 , C 2 ) = exp{−γ ‖ log(C 1 ) − log(C 2 ) ‖ 

2 
F (9)

otivated by the above properties of the Riemannian geometry,

umerous attempts have been made to generalize algorithms from

uclidean spaces to Riemannian manifolds in the goal to enhance

heir performance. One of them is the SSC method. Indeed, Yin

t al. [29] have proposed a kernel sparse subspace clustering by

mbedding the SPD matrices into a RKHS space through the Log-

uclidean Gaussian kernel. Let � be a mapping function from the

PD matrices spaces to the reproducing kernel Hilbert space RKHS.

he kernel Gram matrix K is defined as: 

 K] i, j = [�(Y ) , �(Y )] i, j and �(y i ) 
T �(y j ) = k (y i , y j ) (10)
here k is the Log-Euclidean Gaussian kernel chosen as the appro-

riate kernel. Thus, by applying the kernel trick to the main sparse

ptimization problem, we obtain: 

in ‖ C ‖ 1 + λ ‖ �(Y ) − �(Y ) C ‖ 

2 
F s.t. diag(C) = 0 (11)

xpanding the Frobenius norm, the optimization problem be-

omes: 

in 

C 
‖ C ‖ 1 −2 tr(KC) + tr(C KC T ) s.t. diag(C ) = 0 (12)

inally, to solve this problem via alternating direction method of

ultipliers (ADMM) [4] , an auxiliary matrix A is introduced and

he problem is written as follows: 

in 

C,A 
‖ C ‖ 1 −2 tr(KA ) + tr(AKA 

T ) s.t. A = C − diag(C) (13)

As the SSC method, and after having the sparse coefficients,

n affinity graph W = | C | + | C | T is built and a spectral clustering

echnique is applied to get the final data segmentation. By exploit-

ng the interesting properties of the Riemannian geometry as well

s the kernel trick, the KSSCR method has shown very significant

esults. This was proven specifically when tested on well-known

ata sets of texture and face clustering. 

. Contribution 

We discuss in this paper the possibility to use a mixture of two

og-Euclidean Gaussian kernels as a linear combination of kernels.

earing in mind that the goal of the optimization problem in the

SSCR method is to select, for each data point, a set of neighbors

hat belong to its own local subspace. However, by using a sin-

le kernel, the selection of the nearest points can be emphasized

nd the other ones would be neglected. To overcome this problem,

he proposed method is to construct a sparse optimization prob-

em where a linear combination of two kernels is integrated. In

his case, the problem is to find the optimal sparse coefficients as

ell as the linear coefficients associated to the two kernels. The

ain condition to respect here, is the ability to provide the best

alance between the selection of near and far data points. 

Let suppose that we have two Log-Euclidean Gaussian kernels

ith high and low sigma values. Accordingly, there are two dif-

erent RKHS spaces H 1 and H 2 associated to each kernel. To en-

ure that the combination of these kernels stills satisfying the

ercer condition, we consider an augmented Hilbert space ˜ H =
 1 � H 2 which is constructed by the concatenation of two feature

aps such that ˜ φ(x ) = [ 
√ 

w 1 φ1 (x ) ; √ 

w 2 φ2 (x ) ] 
T 

with two different

eights w 1 , w 2 ≥ 0. Obviously, the clustering in the new space ˜ H is

quivalent to employing a combination of kernels ˜ K (x, y ) that gives

ise also to a symmetric and positive semi-definite kernel matrix

31] . This kernel matrix is defined as: 

˜ 

 (x, y ) = w 1 k 1 (x, y ) + w 2 k 2 (x, y ) with w 1 + w 2 = 1 , w 1 , w 2 ≥ 0 . 

(14) 

n our case, the two kernels k 1 and k 2 defined above are two Log-

uclidean Gaussian kernels as: 

 1 (x, y ) = exp{−γ1 ‖ log(x ) − log(y ) ‖ 

2 
F } 

 2 (x, y ) = exp{−γ2 ‖ log(x ) − log(y ) ‖ 

2 
F } 

fter rewriting the sparse optimization problem, the obtained

quation is the following: 

in λ ‖ C ‖ 1 + ‖ 

˜ φ(Y ) − ˜ φ(Y ) C ‖ 

2 
F s.t. diag(C) = 0 (15)

xpanding the Frobenius norm and using the kernel trick, the ob-

ective function is: 

in λ ‖ C ‖ 1 + tr( ̃  K − 2 ̃

 K C + C T ˜ K C) (16)
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Where tr (.) is the trace operator of a given matrix. Integrating an

auxiliary matrix A and replacing ˜ K by (w 1 k 1 + w 2 k 2 ) , the optimiza-

tion problem becomes as follows: 

min λ ‖ C ‖ 1 + tr(w 1 k 1 − 2 w 1 k 1 A + A 

T w 1 k 1 A ) 

+ tr(w 2 k 2 − 2 w 2 k 2 A + A 

T w 2 k 2 A ) + 

ρ

2 

‖ A − C + diag(C) ‖ 

2 
F 

+ 

ρ

2 

(w 1 + w 2 − 1) 2 s.t. A = C − diag(C) , 

w 1 + w 2 = 1 and w 1 , w 2 ≥ 0 . (17)

Thus, by using the ADMM method and adding the Lagrangian mul-

tipliers, the optimization steps of the above problem are described

as: 

1. Updating step for A : Let 
∼
C = C − diag(C) . Thereby, a sub-

problem is resulted as follows: 

L (A ) = tr(w 1 k 1 − 2 w 1 k 1 A + A 

T w 1 k 1 A ) + tr(w 2 k 2 − 2 w 2 k 2 A ) 

+ A 

T w 2 k 2 A ) + 

ρ

2 

tr[(A −
∼
C ) T (A −

∼
C )] + tr(� 

T (A −
∼
C )) 

(18)

After setting the derivative of L ( A ) to zero, we have: 

A t+1 = (2 w 1 k 1 + 2 w 2 k 2 − � t + ρ
∼
C t )(2 w 1 k 1 + 2 w 2 k 2 + ρI) −1 

(19)

2. Updating step for C : 

L (C) = min λ ‖ C ‖ 1 + 

ρ

2 

tr[(A − C + diag(C)) T 

× (A − C + diag(C))] + tr(� 

T (A − C + diag(C)) (20)

By fixing all other variables on zero, the solution of this sub-

problem is given as: 

C t+1 = J − diag (J) , J = � λ
ρ

(
A t+1 + 

� t 

ρ

)
(21)

where �ν (.) is the shrinkage thresholding operator acting on

each element of the given matrix, and is defined as �ν(x ) = (|
x | + ν) + sgn (x ) , where the operator (. ) + returns its argument if

it is non-negative and returns zero otherwise. 

3. Updating step for w 1 and w 2 : The optimization sub-problem is

written as: 

min tr(w 1 k 1 − 2 w 1 k 1 A + A 

T w 1 k 1 A ) 

+ tr(w 2 k 2 − 2 w 2 k 2 A + A 

T w 2 k 2 A ) 

+ 

ρ

2 

(w 1 + w 2 − 1) 2 s.t. w 1 + w 2 = 1 and w 1 , w 2 ≥ 0 . (22)

Which the associated Lagrangian is: 

L (w 1 , w 2 ) = tr(w 1 k 1 − 2 w 1 k 1 A + A 

T w 1 k 1 A ) 

+ tr(w 2 k 2 − 2 w 2 k 2 A + A 

T w 2 k 2 A ) 

+ 

ρ

2 

(w 1 + w 2 − 1) 2 + δ(w 1 + w 2 − 1) (23)

After setting the derivative of L ( w 1 , w 2 ) to zero with respect to

each variable, we get: 

w 1(t+1) = 

1 

ρ
(2 k 1 A 

T 
t − k 1 − A t k 1 A 

T 
t − δt ) − w 2(t) + 1 (24)

w 2(t+1) = 

1 

ρ
(2 k 2 A 

T 
t − k 2 − A t k 2 A 

T 
t − δt ) − w 1(t) + 1 (25)

4. Updating step for � and δ : By fixing A and C , the gradient

ascent with step size of ρ is performed to update � and δ as:

� t+1 = � t + ρ(A t+1 − C t+1 + diag(C t+1 )) (26)
δt+1 = δt + ρ(w 1(t) + w 2(t) − 1) (27) n  
These steps are repeated until ‖ A t − C t ‖ ∞ 

≤ ε, ‖ A t+1 − A t ‖ ∞ 

≤
, ‖ w 1(t+1) − w 1(t) ‖ ∞ 

≤ ε and ‖ w 2(t+1) − w 2(t) ‖ ∞ 

≤ ε. In Fig. 2 ,

he main steps of the proposed method named Multi-Kernel Sparse

ubspace Clustering on the Riemannian manifold or MKSSCR are

llustrated. 

. Experimental results 

In this section, an experimental study is carried out to ver-

fy the effectiveness of the proposed MKSSCR method compared

o other state of the art subspace clustering methods essentially

SC and KSSCR. In order to do this, two data sets, which are com-

only used in testing face clustering and recognition algorithms,

re adopted. The first one is ‘Feret’ database [19] and the second

s the YouTube Celebrities ‘YTC’ videos data set [10] . In order to

uantify precisely the subspace clustering performance, two differ-

nt criteria are adopted in this work: 

1. The Rand Index (RI) [1] which is a popular cluster validation

index defined as: 

RI = 

T P + T N 

T P + F P + F N + T N 

(28)

Where TP is the true positive, TN shows the true negative, FP is

the false positive and FN presents the false negative. The Rand

Index value lies between [0, 1]. The RI value is equal to 1 when

two solutions perfectly match. 

2. The Normalized Mutual Information (NMI) [1] which is gen-

erally used to evaluate the performance of spectral clustering

methods. Let T be the set of all true classes and V the set of all

the clusters. We suppose that p ( T i ) and p ( V j ) are respectively

the joint probability mass function of each class of T and each

cluster of V . Thus, the NMI measure is defined as: 

NMI (U, T ) = 

I(T i , V j ) 

[ H(V j ) + H(T i )] / 2 

(29)

Where 

H(V j ) = −
∑ 

j 

p(V j ) log p(V j ) (30)

I(T i , V j ) = 

∑ 

i 

∑ 

j 

p(T i ∩ V j ) log 
p(T i ∩ V j ) 

p(T i ) p(V j ) 
(31)

Here I ( T i , V j ) is the mutual informtion between the true as-

igned class and the resulted cluster label. H ( V j ) denotes the en-

ropy of cluster V j when the information about T i is available. De-

ned in the same way as H ( V j ), H ( T i ) denotes the entropy of cluster

 i when the information about V j is known. 

.1. Experiments on Feret database 

As a first application context, the performance of the proposed

ethod MKSSCR compared to other state of the art methods, on

he ‘b’ subset of ‘Feret’ database, is evaluated. This data set con-

ains 1400 facial images of 200 persons with the size 80 × 80 pix-

ls for each image taken under different illumination, pose and

xpression conditions. Precisely, each person has 7 frontal images

oted as: ‘ba’, ‘bd’, ‘be’, ‘bf’, ‘bg’, ‘bj’ and ‘bk’ ( Fig. 3 ). 

In our experiments, each face image is represented as a co-

ariance matrix of size 43 × 43 [18] using the feature vector:

 x, y, I(x, y ) , | G 00 (x, y ) | , . . . , | G 07 (x, y ) | , . . . , | G 47 (x, y ) | ] T , where

 x, y ) is the pixel position, I ( x, y ) is the intensity value of the

urrant pixel and G uv is the response of a 2D Gabor filter con-

tructed by eight orientations (u ∈ { 0 , . . . , 7 } ) and five scales

(v ∈ { 0 , . . . , 4 } ) . Thus, for each pixel ( x, y ) there are 43 features

omposed by 40-dimensionality Gabor features, 2 spatial coordi-

ates and an intensity value. In this test, 100 subjects of this data
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Fig. 2. Flowchart presenting the main steps of the proposed method MKSSCR. 

Fig. 3. Facial images for one person from the Feret database. 

Fig. 4. RI score results on Feret data set. 
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et are chosen randomly. Thus, to see the effect of the number

f subjects, all choices of K ∈ {10, 20, 30, 40, 50, 60, 70, 80, 90,

00} are tested. In addition, for each number of subjects K , we

hoose to make 10 iterations such that each iteration represents

 different combination of subjects except for K = 100 since we

ave a single combination. We apply all the subspace clustering

ethods for all K subjects with λz = 

60 
μz 

, for the KSSCR method γ

s fixed to 2 . 10 −3 and for the MKSSCR the values of γ 1 and γ 2 

re fixed respectively to 1 . 10 −3 and 2 . 10 −3 . It is noted that these

alues of γ 1 and γ 2 are the ones giving the best clustering results.

In Fig. 4 , the Rand Index (RI) Values are presented to prove the

erformance of the MKSSCR compared to SSC and KSSCR meth-

ds. The results recorded by MKSSCR are 92.81, 96.02, 97.16, 97.74,

8.15, 98.45, 98.61, 98.76, 98.92 and 98.98 for the number of sub-
ects 10, 20, 30, 40, 50, 60, 70, 80, 90 and 100 respectively. How-

ver, we have 92.75, 95.90, 96.30, 97.02, 97.42, 97.85, 98.04, 98.23,

8.40 and 98.53 for the KSSCR and we have 89.44, 93.83, 95.48,

6.63, 97.34, 97.46, 97.69, 98.01, 98.25 and 98.44 for the classic SSC.

hus, we have an average of RI of values 97.56, 97.04 and 96.25 for

espectively, MK SSCR, K SSCR and SSC. Thereby, as it can be noticed,

he proposed MKSSCR achieves high Rand Index rates. 

Moreover, in Fig. 5 , the NMI results are presented. We have

ecorded 75.23, 78.83, 79.74, 79.73, 80.55, 81.42, 81.16, 81.42, 82.17

nd 81.54 for all the different choices of subject number (10, 20,

0, 40, 50, 60, 70, 80, 90 and 100 respectively) for MSSCR. Nev-

rtheless, the NMI scores of the KSSCR method are: 74.97, 78.13,

2.65, 72.62, 72.02, 72.81, 71.58, 71.36, 71.49 and 72.11 and we have

5.8, 66.64, 67.83, 71.69, 73.12, 71.12, 70.5, 71.44, 72.27, 72.52 for
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Fig. 5. NMI score results on Feret data set. 

Fig. 6. Facial image frames from the YTC data set. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Clustering results on the YTC data set. 

Gallery Probe 

Algorithm RI NMI RI NMI 

KSSCR 96.67 71.56 96.49 61.23 

MKSSCR 97.12 73.41 96.83 67.12 

t  

e  

d  

W  

f  

a  

2  

s

 

(  

s  

M  
the classic SSC. Thus, we have an average of NMI values as: 80.17,

72.97 and 68.70 for respectively MK SSC, K SSCR and SSC. Finally, we

can conclude that the proposed MKSSC method gives better results

than those given by both KSSCR and SSC methods in terms of clus-

tering quality. These results are explained by the impact of using

a mixture of two kernels for the MKSSCR method instead of one

kernel in the case of the KSSCR. In fact, this modification has suc-

ceeded in selecting different sets of neighbors that are supposed

to be in the same final cluster of the query points and thus it im-

proves the final clustering accuracy. 

4.2. Experiments on YouTube Celebrities database 

In this part, we choose to conduct our experiments on YouTube

Celebrities (YTC) database. This data set compounds videos of

celebrities making real life activities in various environments col-

lected from YouTube. The YTC data set contains 1910 video se-

quences of 47 subjects ( Fig. 6 ). This data set is divided into two

subsets: Gallery and Probe. Each one has, for every person, 3 im-

age sets and 6 image sets respectively. Furthermore, the face region

in each image is resized into 20 × 20 intensity image according
o the works [27] and [16] . For the set-based covariance matrix

xtraction, we follow the work of [11] . Finally, the process of ran-

om testing evaluation was repeated 10 times for each subset.

e apply the KSSCR method and the proposed MKSSCR method

or the number of subjets K = 47 with λz = 

80 
μz 

for Gallery subset

nd λz = 

20 
μz 

for Probe subset. For the KSSCR method γ is fixed to

 . 10 −4 and for the MKSSCR the values of γ 1 and γ 2 are fixed re-

pectively to 2 . 10 −4 and 3 . 10 −4 . 

Table 1 presents the clustering results in terms of Rand Index

RI) and Normalized Mutual Information (NMI). For the Gallery

ubset, RI values are respectively 96.67 and 97.12 for KSSCR and

KSSCR. For the same subset, NMI values are 7156 and 73.41
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espectively for KSSCR and MKSSCR. On the other hand, for the

robe subset, we have as RI values:96.49 and 96.83 respectively for

 SSCR and MK SSCR and NMI values: 61.23 and 67.12. These results

how again the effectiveness of our proposed method (MKSSCR) as

ell as the effect of the use of mixture of kernels instead of one

ernel in the process of neighbors selection. 

. Conclusion 

In this paper, we have proposed a novel sparse subspace

lustering method named MKSSCR. The main motivation of our

ethod is using the kernels properties in a Riemannian geometry

ontextin order to improve the clustering results. In fact, the idea

s to use a mixture of two kernels in the process of neighbors se-

ection for each data point. The experimental results on the ‘Feret’

atabase and ‘YTC’ video-based data set for face clustering, have

evealed consistently the performance of the proposed MKSSCR

ompared to the traditional SSC and the KSSCR. As future work,

e still focus on the process of neighbors selecting for each query

oint, as well as the minimization of the computational complexity

n the sparse optimization problem. In order to achieve this goal,

e will adopt the concept of coresets. The idea, in this case, is to

hoose particular points instead of the whole data set as an input

f the sparse optimization problem. 
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