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Abstract. As an effective nonparametric classifier, nearest subspace (NS) clas-
sifier exhibits its good performance on high-dimensionality data. However, NS
could not well classify the data with the same direction distribution. To deal
with this problem, this paper proposes a nonlinear extension of NS, or nonlin-
ear nearest subspace classifier. Firstly, the data in the original sample space are
mapped into a kernel empirical mapping space by using a kernel empirical map-
ping function. In this kernel empirical mapping space, NS is then performed on
these mapped data. Experimental results on the toy and face data show this non-
linear nearest subspace classifier is a promising nonparametric classifier.

Keywords: Nearest subspace classifier, Kernel empirical mapping, Least square
method, Machine learning.

1 Introduction

At present, subspace learning has attracted substantial attention in machine learning
and computer vision. The idea of nearest subspace (NS) classification is very popular
[9],[10],[3],[8]. Here, subspaces mean not only the (reduced) low-dimensional space
but also the space spanned by samples per class. In [10], the nearest feature line (NFL)
algorithm is presented to classify a test sample by finding the minimum distance be-
tween the test sample and any pair of training samples belonging to the same class. The
nearest feature plane (NFP) and nearest feature space (NFS) classifiers are proposed as
extensions of NFL in [3]. In these two methods, the distance is computed between a
test sample and any plane or space spanned by the training samples per class, respec-
tively. In addition, NFS uses at least four feature training samples to span subspaces
in each class. The subspaces are typically spanned by five to nine training samples in
[8], and spanned by all the samples per class in [9]. Here, we consider the NS classifier
used in [9],[12],[18],[4], i.e., the subspace spanned by all training samples per class.
The NS classifier is to classify a test sample based on the best linear representation
in terms of all the training samples in each class [12]. There is no training procedure,
so NS is a nonparametric learning method, like nearest neighbor (NN) [6] and sparse
representation-based classifier (SRC) [12]. The test sample is classified based on the
best representation in terms of a single training sample in NN, and based on the best
sparse representation according to all training samples of all classes in SRC. NS has
been widely applied to face recognition [9],[3],[12],[8], microarray cancer datasets [4],
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and credit risk evaluation [18]. However, NS loses it classification ability even for the
linearly separable tasks in which the data from different classes have the same direction.

This paper deals with this problem occurred in NS by introducing the kernel em-
pirical mapping, and proposes a nonlinear extension of NS classifier, or nonlinear NS
(NNS) classifier. In this method, we firstly map data in the original sample space into
a kernel empirical mapping space by using some kernel empirical mapping function.
Next, the NS classifier is adopted to classify these mapped samples.

2 Nonlinear Nearest Subspace Classifier

This section proposes a nonlinear extension of NS classifier, NNS classifier. Firstly, the
kernel trick and kernel empirical mapping is briefly reviewed in this section. Then we
discuss the construction of NNS classifier.

2.1 Kernel Empirical Mapping

The kernel trick is a very popular technique in machine learning and pattern recognition.
Typically, the role of the kernel trick is to generalize a linear algorithm to a nonlinear
one. It has been successful applied to SVM, KPCA and KFDA. In these kernel methods,
only Mercer kernels, kernels satisfying Mercer’s condition, are used. In other words, a
Mercer kernel is continuous, symmetric, positive semi-definite kernel function. Usually,
a Mercer kernel can be expressed as

k
(
x, x′
)
= Φ(x)TΦ(x′) (1)

where x and x′ are any two points inX, Φ is a nonlinear mapping andΦ(x) is the image
of x in the feature space. Some common used nonlinear kernels include polynomial
kernels, Gaussian radial basis function (RBF) kernels, and wavelet kernels [15],[16].

The polynomial kernels have the form k (x, x′) =
(
xT x′ + 1

)d
and RBF kernels can

be expressed as k (x, x′) = exp
(
−γ‖x − x′‖22

)
, where d ∈ N and γ > 0 are the kernel

parameters.
In kernel methods, we don’t know what Φ is and just adopt the kernel function (1).

Thus, we can not get the mapped feature space, which makes the operation on the
images of samples difficult. Zhang et al. construct a family of empirical mapping with
kernel functions, and use them in SVM [14], PCA [17], and FDA [13]. The kernel
empirical mapping can be explicitly computed in an empirical mapping space (feature
space). Typically, the kernel empirical mapping on the data set X = {x}ni=1 is:

Φ (x) = [k (x1, x) , k (x2, x) , · · · , k (xn, x)]T (2)

where x ∈ Rm is an arbitrary sample in the input space, and n is the number of samples.
From (2), we can see that the dimensionality of the kernel empirical mapping feature
space is n. If m > n, then a dimensionality reduction is performed by (2). Importantly,
it doesn’t require that kernel functions used in (2) must satisfy Mercer’s condition [14].
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2.2 Nonlinear Nearest Subspace Classifier

Assume that there are c training subsets {X1, X2, · · · , Xc}, where the jth class training
subset X j = {x j,i, y j,i = j}nj

i=1 is a subspace, x j,i ∈ X ⊂ Rm, y j,i ∈ {1, · · · , c} ⊂ N are
labels corresponding to x j,i, n j is the number of the jth class training samples, X is
the input space, m is the dimensionality of the sample space X and c is the number of
classes. Given a test sample x ∈ X, the goal is to assign the label y of x according to the
reconstruction errors between x and its approximations.

By introducing kernel empirical mapping, we map the samples in the input subspaces
into a feature subspace as follows.

Φ : x j,i ∈ X j → Φ
(
x j,i

)
=
[
k
(
x1,1, x j,i

)
, · · · , k

(
x1,n1 , x j,i

)
, · · · , k

(
xc,nc , x j,i

)]T ∈ F j (3)

where Φ
(
x j,i

)
∈ Rn is the image of x j,i in the feature subspace F j, and n =

∑c
j=1 n j.

Note that the mapping is performed on the whole training samples instead of the jth
class samples. Actually, the kernel function k(x, x′) can measure a relationship between
x and x′, e.g. similarity relationship. Thus, the image Φ

(
x j,i

)
reflects the relationship

between x j,i and whole training samples, and can be taken as the globally nonlinear
features of x j,i to a certain extent.

Now we construct the jth sample matrix from the jth training samples inF j. Namely,

K j =
[
Φ(x j,1), Φ(x j,2), · · · , Φ(x j,nj )

]
∈ Rn×nj , j = 1, · · · , c (4)

where each column denotes an image corresponding to a training sample. Obviously,
K j is full rank in column since n > n j. Now, we represent the test sample linearly by all
images in a feature subspace, and then have

Φ(x) = K jα j, j = 1, · · · , c (5)

where α j ∈ Rnj is the weight vector of the jth feature subspace, and

Φ (x) =
[
k
(
x1,1, x

)
, · · · , k (x1,n1 , x

)
, k
(
x2,1, x

)
, · · · , k (xc,nc , x

)]T (6)

As mentioned above, K j is not a square matrix, so we can not also directly solve the
linear equation set (5). By using the least square method, we construct the objective
function

min
α j

‖Φ(x) −K jα j‖22, j = 1, · · · , c (7)

Likewise, the solution to (7) can be computed as

α j =
(
KT

j K j

)†
KT

jΦ(x) (8)

or
α j =

(
KT

j K j + σI
)−1

KT
jΦ(x) (9)

where (·)−1 denotes the inverse of a matrix,σ ≥ 0 is a very small constant, say 10−8, and
I is the identity matrix. The approximations or reconstructions of x in feature subspaces



Nonlinear Nearest Subspace Classifier 641

are K jα j, j = 1, · · · , c. Among them, the best reconstruction with minimal reconstruc-
tion error is selected. The reconstruction error (residual) is defined as the Euclidean
distance from the image to its reconstruction. Namely,

δ j = ‖Φ(x) −K jα j‖2, j = 1, · · · , c (10)

By using which, we assign the label of the nearest feature subspace to x, or

ŷ = arg min
j=1,··· ,c

δ j (11)

The complete classification procedure of NNS is shown in Algorithm 1. The step 5 in
Algorithm 1 makes all projected samples lie on a unit hypersphere. Note that the step
4 in Algorithm 1 is an optional one. If we don’t choose a projection method, then P j is
assigned the identity matrix. Clearly, the feature spaceF has the dimensionality of n. As
stated previously, the dimensionality of the samples is already reduced for small sample
size problems in which m > n when applying kernel empirical mapping. Of course, n
is definitely larger than n j. If n is too large, we can perform dimensionality reduction
by using any possible projection methods, such as principle component analysis (PCA)
[6], Fisher discriminant analysis (FDA) [6], [1], and even random projection (RP) [12].

Algorithm 1. Nonlinear nearest subspace method

1. Input: A set of training sample subsets {Xj}cj=1, where the subset Xj = {x j,i, yj,i = j}n j

i=1,x j,i ∈
R

m, a test sample x ∈ Rm, and let σ > 0.
2. Select a Mercer kernel k(·, ·) and its parameters.
3. Map samples in the input space into a feature space. we get the images of the training
samples x j,i:

Φ
(
x j,i

)
=
[
k
(
x1,1, x j,i

)
, · · · , k

(
x2,1, x j,i

)
, · · · , k

(
xc,nc , x j,i

)]T
, i = 1, · · · , nj, j = 1, · · · , c,

the sample matrices K j, j = 1, · · · , c, and the image of the test sample x

Φ (x) =
[
k
(
x1,1, x

)
, · · · , k

(
x1,n1 , x

)
, k
(
x2,1, x j,i

)
, · · · , k (xc,nc , x

)]T
.

4. [Optional] Select a projection method and get the corresponding projection matrix P j.
5. Normalize the columns of PT

j K j, j = 1, · · · , c and PT
jΦ(x) to have unit �2-norm.

6. Solve the least square problem (7) to get the weight vectors α j, j = 1, · · · , c according to
(9) or (8).
7. Compute the c reconstruction errors δ j = ‖PT

j Φ(x) − PT
j K jα j‖2, j = 1, · · · , c.

8. Output: The estimated label ŷ for x according to (11).

3 Numerical Experiments

To validate the proposed NNS classifier, we perform numerical experiments on toy and
face data sets, and compare NNS with other nonparametrical methods. All numerical
experiments are performed on the personal computer with a 1.8GHz Pentium III and
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1G bytes of memory. This computer runs on Windows XP, with MATLAB 7.01 and
VC++ 6.0 compiler installed.

3.1 Setting of Algorithms and Their Parameters

In our experiments, some nonparametric classifiers are compared with NNS, including
SRC, NN and NS. The algorithms and their parameters are described as follows.

1. SRC [12] is a new nonparametric classifier which uses sparse signal reconstruction
method to sparsely represent a test point. SRC can be formulated as a quadrati-
cally constrained �1-minimization problem, which here is solved by exploiting �1-
MAGIC software package [2]. Let the parameter ε = 0.001 in [12].

2. NN [6] is an old nonparametric method, but it is very simple and efficient. The Eu-
clidean distance is taken as a distance measurement. The number of nearest neigh-
bors is one.

3. NS [9] can be regarded as an extension of NN. Here, NS uses the method similar
to (9) to get its solution. Let δ = 10−8.

4. NNS proposed here is a nonlinear extension of NS. (9) are adopted to obtain the
solution of NNS. Let δ = 10−8. We take into account the NNS with polynomial
kernel (Poly-NNS) and the NNS with RBF kernel (RBF-NNS) in our experiments.
The RBF kernel parameter γ is set by the median value of 1

‖Φ(xi)−Φ(x)‖2 , i = 1, · · · , n,

where Φ(x) is the mean of all training samples.

3.2 Synthetic Data Set

In the synthetic data set, there are two-class data X1 and X2 with m-dimensionality,
where m takes value from {21, 22, · · · , 27}. Each feature in X1 and X2 takes value from
the interval [−3,−1] and [1, 3], respectively, and is corrupted by Gaussian noise with
zero mean and 0.01 variance. We generate 20 training and 100 test points in X1 and X2,
respectively. Figs. 1(a)-1(b) show the case of two-dimensional data X1 and X2, and the
decision boundaries obtained by NNS and NS methods in one trial. In Fig. 1(a), all data
surrounded by boundaries are classified to the same class by NS. Fig. 1(b) shows that
RBF-NNS perfectly classifies this data set.

The average test errors on 100 runs are reported in Table 1. From Table 1, we can also
see as the increasing of feature dimensions, the classification errors of two methods are
almost unchanged. RBF-NNS has a zero error, and NS has about 50% error rate. This
data set obviously is linearly separable, but NS could not solve it well.

Table 1. Mean and standard deviation of test error rate (%) on the synthetic data set

Method
Dimensionality

2 4 8 16 32 64 128
NS 50.54±2.55 50.24±2.96 50.25±3.18 50.19±2.84 49.96±3.14 49.28±3.14 50.06±3.93

RBF-NNS 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00 0.00±0.00



Nonlinear Nearest Subspace Classifier 643

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

(a) Decision boundary obtained by NS
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(b) Decision boundary obtained by NNS

Fig. 1. Comparison of NNS with NS on the synthetic data set. The bolded lines are decision
boundaries. Training data are denoted by ”�” and ”♦”, respectively; Test data are denoted by ” · ”
and ” + ”, respectively.

3.3 Face Data Sets

It is well known that NS have good performance on face data, so we perform experiment
on two face databases, including ORL face database [11], and UMIST face database
[7].Here, NNS is compared with nonparametric learning methods (NN, SRC, and NS).
The original features of each face image are obtained by stacking its columns. Then for
a m1 × m2 gray-scale face image, we get m1m2 features which are normalized by 255.
Namely features take values from the interval [0, 1]. In each database, we randomly
select half of images in each subject as the training samples, and the rest as the test
samples. This procedure is repeated ten times. The polynomial kernel with d = 3 is
adopted for NNS.

Since the feature number is very large, it is difficult to directly perform on the original
data for some methods, such as SRC. The random projection (RP) method is used for
reducing the dimensionality of original data. RP shows its effective in face recognition
[12]. Eight dimensionality are adopted here, or 10, 20, 30, 40, 50, 70, 100, and 150. For
each dimensionality, random projection is performed 10 runs.

ORL Database: There are 10 different images for each subject in the ORL face database
composed of 40 distinct subjects. All the subjects are in up-right, frontal position (with
tolerance for some side movement). The size of each face image is 112 × 92, and the
resulting standardized input vectors are of dimensionality 10,304. The number of im-
ages for both training and test is 200. The classification errors on test set are reported
in Figure 2(a). We can see that NNS is the best algorithm from 10D to 150D on the
ORL face data, where D denotes dimensionality. In addition, NNS slightly decreases its
error when the dimensionality is larger than about 40. Whilst NN and NS improve their
performance as increasing dimensionality.

UMIST Database: The UMIST face database is a multi-view database which consists
of 574 cropped gray-scale images of 20 subjects, each covering a wide range of poses
from profile to frontal views as well as race, gender and appearance. Each image in the
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database is resized into 112 × 92. The total number of the training samples is 290, and
that of the test samples is 284. The final results on the UMIST database are shown in
Figure 2(b). We observe that NNS is always better than NS from 10D to 150D. Only on
10D and 20D, NNS is worse than NN and SRC.
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Fig. 2. Classification errors of test set on two face databases (a) ORL, and (b) UMIST

According to the results on two face databases, we have the following conclusions.
NNS is always better than NS when the dimensionality is relatively lower, such as
less than 50D. In addition, the performance NNS is improved slightly when increasing
dimensionality to some degree. On two face data sets, NNS is better than SRC.

4 Conclusion

This paper proposes a nonlinear nearest subspace classifier. NS loses its classification
ability when applying it to a general classification task in which samples belonging to
different classes have the same orientation. This problem can be solved by mapping the
samples into a (RBF) kernel empirical mapping space and then performing NS in this
space, which is supported by the experiment on toy data set. Experiments on public face
data sets are performed. The performance comparison of NNS with NN, NS, and SRC
are taken into account. In the case of high-dimensional face data, NNS with polynomial
kernel is better than NS when the dimensionality is lower than 50D.

Although NNS is a promising nonparametric classifier, NNS also has its drawback
when processing high-dimensional data. NNS first greatly decreases its test error as
increasing dimensionality, and then slightly decreases as increasing dimensionality. In
[5], a method for optimizing sensing matrix and sparsifying dictionary is proposed.
The sample matrix in NS and NNS can be regarded as the sparsifying dictionary. In
the further, the optimization of sample matrix will be taken into account to expectantly
improve performance of NNS. In addition, we will take into account the selection of
kernel parameters for NNS, which would further improve the performance of NNS.
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