Pattern Recognition 82 (2018) 40-55

Contents lists available at ScienceDirect

Pattern Recognition

journal homepage: www.elsevier.com/locate/patcog

A nonlinear orthogonal non-negative matrix factorization approach to )

subspace clustering

Check for
updates

Dijana Toli¢®*, Nino Antulov-Fantulin®, Ivica Kopriva?

3 Laboratory for Machine Learning and Knowledge Representations, Ruder Boskovi¢ Institute, Zagreb, Croatia, Bijenicka cesta, 54, Zagreb 10000, Croatia
bETH Ziirich, Swiss Federal Institute of Technology, Clausiusstrasse 50, COSS, CLU, Ziirich 8092, Switzerland

ARTICLE INFO

Article history:

Received 28 March 2017
Revised 22 March 2018
Accepted 27 April 2018
Available online 2 May 2018

Keywords:

Subspace clustering

Non-negative matrix factorization
Orthogonality

Kernels

Graph regularization

ABSTRACT

A recent theoretical analysis shows the equivalence between non-negative matrix factorization (NMF) and
spectral clustering based approach to subspace clustering. As NMF and many of its variants are essen-
tially linear, we introduce a nonlinear NMF with explicit orthogonality and derive general kernel-based
orthogonal multiplicative update rules to solve the subspace clustering problem. In nonlinear orthogo-
nal NMF framework, we propose two subspace clustering algorithms, named kernel-based non-negative
subspace clustering KNSC-Ncut and KNSC-Rcut and establish their connection with spectral normalized
cut and ratio cut clustering. We further extend the nonlinear orthogonal NMF framework and introduce
a graph regularization to obtain a factorization that respects a local geometric structure of the data after
the nonlinear mapping. The proposed NMF-based approach to subspace clustering takes into account the
nonlinear nature of the manifold, as well as its intrinsic local geometry, which considerably improves the

clustering performance when compared to the several recently proposed state-of-the-art methods.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Introduced in [1] as a parts-based low-rank representation of
the original data matrix, non-negative matrix factorization (NMF)
has shown to be a useful decomposition of multivariate data [2-
4]. The most important feature of NMF is the non-negativity of
all elements of the matrices involved, which allows an additive
parts-based decomposition of the data. This non-negativity is of-
ten encountered in real world data, providing a natural interpreta-
tion in contrast to other decomposition techniques that allow neg-
ative combinations (such as SVD). Related NMF factorizations in-
clude convex NMF, orthogonal NMF and kernel NMF [5-10].

The key idea in subspace clustering is to construct a weighted
affinity graph from the initial data set, such that each node rep-
resents a data point and each weighted edge represents the simi-
larity based on distance between each pair of points (e.g. the Eu-
clidean distance). Spectral clustering then finds the cluster mem-
bership of the data points by using the spectrum of an affinity
graph.

State-of-the-art methods in single view subspace clustering
learn affinity graph matrix by imposing sparseness [11], low-
rank [12] or jointly sparseness and low-rank constraints [13] on
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representation matrix. In multi-view subspace clustering represen-
tation matrices across views can be learnt by utilization of in-
dependence criterion which decreases redundancy between rep-
resentations [14]. Joint low-rank sparseness constrained approach
can be extended to multi-view clustering [15]. The NMF methods
proposed herein to handle single view subspace clustering prob-
lem can be extended to NMF-based multi-view subspace cluster-
ing [16]. Furthermore, the methods proposed by us could possibly
improve performance further through post-processing step that re-
assigns samples to more suitable clusters [17].

Spectral clustering can be seen as a graph partition problem
and solved by the eigenvalue decomposition of the graph Lapla-
cian matrix [18-22]. In particular, there is a close relationship be-
tween the eigenvector corresponding to the second eigenvalue of
the Laplacian and the graph cut problem [23,24]. However, the
complexity of optimizing graph cut objective function is high, e.g.
the optimization of the normalized cut (Ncut) is known to be an
NP-hard problem [5,25-27]. Spectral clustering seeks to get the re-
laxed solution, which is an approximate solution for the graph par-
tition. Compared with conventional clustering algorithms, spectral
clustering has advantages to converge to global optimum and per-
forms well for the sample space of arbitrary shape [18,19,26,28].

Despite empirical success of spectral clustering, one drawback
is that a mixed-signed result given by the eigenvalue decomposi-
tion of the Laplacian may lack clustering interpretability or degrade
the clustering performance [2]. The computational complexity of
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the eigenvalue decomposition is O(n3), where n denotes the num-
ber of points. To avoid the computation of eigenvalues and eigen-
vectors, a recently established connection of the spectral clustering
and non-negative matrix factorization (NMF) was utilized in [29-
31]. As pointed out in [30], the formulation of non-negative spec-
tral clustering is motivated by practical reasons: (i) one can use the
update algorithms of NMF to solve spectral clustering, and (ii) NMF
framework can easily incorporate additional constraints to spectral
clustering algorithms.

It was shown in [30] that spectral clustering Ncut can be
treated as a symmetric NMF problem of the graph affinity matrix
constructed from the data matrix. Similarly, it was also proven that
the Rcut spectral clustering is equivalent to the symmetric NMF
of the graph affinity matrix, introducing the non-negative Lapla-
cian embedding (NLE) [31]. Both results [30,31] only factorize the
graph affinity matrix, imposing the assumption that the input data
comes in as a matrix of pairwise similarities. The factorization of
the graph affinity matrix was replaced with the factorization of the
data matrix itself in [29], and including an additional global dis-
criminative regularization term in [32]. However, both NMF-based
NSC methods [29,32], minimize data fidelity term in the linear in-
put space.

In this paper we propose a nonlinear orthogonal NMF approach
to subspace clustering. We establish an equivalence with spectral
clustering and propose two non-negative spectral clustering algo-
rithms, named kernel-based non-negative spectral clustering KNSC-
Ncut and KNSC-Rcut. To further explore the nonlinear orthogonal
NMF framework, we also introduce a graph regularization term
[4] which captures the intrinsic local geometric structure in the
nonlinear feature space. By preserving the geometric structure, the
graph regularization term allows the factorization method to have
more discriminating power for clustering data points sampled from
a submanifold which lies in a higher dimensional ambient space
[4].

Recently, a similar connection between kernel PCA and spec-
tral methods has been shown in [18,28,33,34]. Our method gives
an insight into the connection between kernel NMF and spectral
methods, where the kernel matrix from multiplicative updates cor-
responds to the nonlinear graph affinity matrix in spectral cluster-
ing. Different from [29-32], our equivalence is established by di-
rectly factorizing the nonlinearly mapped input data matrix. To the
best of our knowledge, this is the first approach to non-negative
spectral clustering that uses kernel orthogonal NMF.

By constraining the orthogonality of the clustering matrix dur-
ing the nonlinear NMF updates, the cluster membership can be ob-
tained directly from the orthogonal clustering matrix, avoiding the
need of usual k-means clustering [29-32]. The proposed approach
has a total run-time complexity of ©(kn?) for clustering n data
points to k clusters, which is less than standard spectral cluster-
ing methods ©(n?) and the same complexity as the state-of-the-
art methods [29,32,35].

We perform a comprehensive analysis of our approach, includ-
ing the convergence proofs for the kernel-based graph regularized
orthogonal multiplicative update rules. We conduct extensive ex-
periments to compare our methods with other non-negative spec-
tral clustering methods and further perform the sensitivity analy-
sis of the parameters used in our approach. We highlight here the
main contributions of the paper:

1. We formulate a nonlinear NMF with explicitly enforced or-
thogonality to address the subspace clustering problem.

2. We derive kernel-based orthogonal multiplicative updates to
solve the constrained non-convex nonlinear NMF problem. We per-
form the convergence analysis for the multiplicative updates and
give the convergence proofs using an auxiliary function approach
[36].

Table 1
Notations.
Notation Definition
m the dimensionality of a data set
n the number of data points
k the number of clusters
L the Lagrangian
K e R™" the kernel matrix
X e R the input data matrix
A e R the graph affinity matrix
D e R™" the degree matrix based on A
L e R™" the graph Laplacian
Lym € R™" the normalized graph Laplacian
®(X) € RP" the nonlinear mapping
H, Z € Rkxn the cluster indicator matrices
V e Rk the basis matrix in input space
F e Rk the basis matrix in mapped space

3. We formulate a nonlinear (kernel-based) orthogonal graph
regularized NMF approach to subspace clustering. The ability of the
proposed method to exploit both the nonlinear nature of the man-
ifold as well as its local geometric structure considerably improves
the clustering performance.

4, The proposed clustering algorithms provide an insight into
the connection between the spectral clustering methods and kernel
NMF, where the kernel matrix in the kernel-based NMF multiplica-
tive updates corresponds to the nonlinear graph affinity matrix in
Ncut and Rcut spectral clustering.

The rest of the paper is organized as follows: In Section 2 we
present a brief overview of the NMF-based spectral clustering.
In Section 3, we propose our framework and present three non-
negative spectral clustering algorithms, along with the theoretical
results on the equivalence of our approach and non-negative spec-
tral clustering. In Section 4, we compare our methods to the 9
recently proposed non-negative spectral clustering methods on 6
data sets. Lastly, we give the conclusions in Section 5.

2. Related work

We denote all matrices with bold upper case letters, all vectors
with bold lower case letters. AT denotes the transpose of the ma-
trix A, and A~ denotes the inverse of the matrix A. I denotes the
identity matrix. The Frobenius norm is denoted as || - ||r. The trace
of the matrix is denoted with Tr(-). In Table 1 we summarize the
rest of the notation.

2.1. Definitions

The task of subspace clustering is to find a low-dimensional
subspace to fit each group of data points [37-40]. Let X € R™*"
denote the data matrix m x n which is comprised of n data points
X; € R™, drawn from a union of k linear subspaces S; US, U...US,
of dimensions {m,-}L]. Let X; € R™" be a submatrix of X of rank
m; with ZL n; = n. Given the input matrix X, subspace clus-
tering assigns data points according to their subspaces. The first
step is to construct a weighted similarity graph G(V, E) from X,
such that each node from the node set V ={1,2,...,n} repre-
sents a data point X; € R™ and each weighted edge represents a
similarity based on distance (e.g. the Euclidean distance) between
the corresponding pair of nodes. Typical methods to construct the
similarity graph are e-neighbourhood graphs, k-nearest neighbour
graphs and fully connected graphs with Gaussian similarity func-
tion [4,41]. Spectral clustering then finds the cluster membership
of data points by using the spectrum of the graph Laplacian ma-
trix. Let A € R™" be a symmetric affinity matrix of the graph and
Ajj=0 be the pairwise similarity between the nodes. The degree
matrix D based on A is defined as the diagonal matrix with the
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degrees d, ..., d, on the diagonal, where the degree d; of a node i
is

d; = ZAij (1)
=

Given a weighted graph G(V, E) its unnormalized graph Laplacian
matrix L is given as [42]

L=D-A (2)

The symmetric normalized graph Laplacian matrix Lsym, is defined
as

Lym =D "’LD""? =1-D""?AD"'2 3)

where I is the identity matrix.
2.2. Graph cuts

The spectral clustering can be seen as partitioning a similarity
graph G(V, E) into a set of nodes SV separated from the comple-
mentary set S =V\S. Depending on the choice of the function to
optimize, the graph partition problem can be defined in different
ways. The simplest choice of the function is the cut s(S,S) defined

as s(S,5) = Y vesv.csAij- To achieve a better balance in the cardi-
i€.Vj

nality of S and S, the Ncut and Rcut optimization functions are
proposed [42-44]. Let h; be the indicator vector for cluster C, i.e.
h,(i) = 1 if x; € G, otherwise h;(i) =0, then |G| = h;h/". The clus-
ter indicator matrix H € R¥*" can be defined as

h h hy
H = , 4
(nh]u Tholl* " Thy X

Evidently, HH" = I. Rcut spectral clustering can be formulated as
the following optimization problem

m}}nTr(HLHT) st. HH' =1 (5)

where Tr(-) denotes the trace of a matrix and L is the
graph Laplacian. Similarly, define the cluster indicator vector as
z, =D"?h,/|D"?h,| and the cluster indicator matrix as Z' =
(z1.2Zy....,2;) where Z e R, Then Ncut is formulated as the
minimization problem

mZinTr(ZLsymZT) st. 72" =1 (6)

By allowing the cluster indicator matrices (H, Z) to be continuous
valued the problem is solved by eigenvalue decomposition of the
graph Laplacian matrix given in Eqgs. (2) and (3) [18,19,28].

2.3. NMF approach to non-negative spectral clustering

The connection between the Ncut spectral clustering and sym-
metric NMF has been established in [30]

D 2AD"'2 =H'H, s.t. H>0. (7)

According to the Theorem 2 from [30], enforcing symmetric fac-
torization approximately retains the orthogonality of H. Similarly,
according to the Theorem 5 from [31] the Rcut spectral clustering
has been proved to be equivalent to the following symmetric NMF
problem

A-D+ol=H'H, st. HH' =1, H>0 (8)

where o is the largest eigenvalue of the graph Laplacian matrix L

and the matrix H € R¥*" contains cluster membership information

that data point x; belongs to the cluster c;

¢; = argmax Hj;. (9)
1<j<k

In Egs. (7) and (8) a factorization of n x n symmetric similarity ma-

trix A has a complexity ©(kn2) for k clusters.

Based on the results [30,31], in [29] it is proved that for non-
negative input data matrix X, and fully connected graph affinity
matrix A given as the standard inner product A = XX, Ncut spec-
tral clustering is equivalent to the NMF of the scaled input data
matrix (NSC-Ncut)

D 2X"~Z"Y st. ZZ" =1,Z> 0 (10)

with cluster indicator matrix Z € R¥*?, Similarly, the Theorem 2 of
[29] establishes the connection of Rcut non-negative spectral clus-
tering (NSC-Rcut) and NMF problem

X"~H'Y st. HH' =LH>0 (11)

with cluster indicator matrix H e RK*", Both NMF-based ap-
proaches to non-negative spectral clustering (10) and (11) are for-
mulated in the input data space as a factorization of an input data
matrix X € R™" with the complexity O(nmk) [29]. The matrix fac-
torization in Egs. (10) and (11) is limited to the graph affinity ma-
trix defined as an inner product of the input data matrix.

Furthermore, the global discriminative NMF-based NSC model
introduced in [32], includes an additional nonlinear discriminative
regularization term to the NMF optimization function proposed in
[29]. As shown in [32], the global discriminant information greatly
improves the accuracy of NSC-Ncut and NSC-Rcut [29]. Although in
[32] the nonlinear character of the manifold is taken into account
through the nonlinear discriminative matrix, the NMF data fidelity
terms are still defined in the input data space.

3. Nonlinear orthogonal NMF approach to subspace clustering

In this section we develop a nonlinear orthogonal NMF ap-
proach to subspace clustering and establish its equivalence with
Ncut and Rcut spectral clustering algorithms. We generalize the
NMF objective function to a nonlinear transformation of the in-
put data and derive kernel-based NMF update rules with explic-
itly imposed orthogonality constraints on the clustering matrix H
(or Z). Enforcing the explicit orthogonality into the multiplicative
rules allows obtaining the cluster membership directly from the
cluster indicator matrix. In this way, we obtain a formulation of
the nonlinear NMF that explicitly addresses the subspace cluster-
ing problem.

3.1. Kernel-based orthogonal NMF mutiplicative updates

In this paper we emphasize the orthogonality of the nonlinear
NMF to keep the clustering interpretation while taking into ac-
count the nonlinearity of the space data are drawn from. We en-
force rigorous orthogonality constraint into the NMF optimization
problem and seek to obtain kernel-based orthogonal multiplicative
update rules to solve it.

Let X= (X1,X,...Xp) € R™M" be the data matrix of non-
negative elements. The NMF factorizes X into two low-rank non-
negative matrices

X~ VH (12)

where V= (V{,V,...,V;) e R™ and H" = (hy, hy, ... h) e Rk
and k is a prespecified rank parameter. Generally, the rank of ma-
trices V and H is much lower than the rank of X (i.e., k < min(m,
n)). The non-negative matrices V and H are obtained by solving the
following minimization problem

: _ 2
‘;};;ZI})IIX VH|[¢ (13)

Consider now a nonlinear transformation (a mapping) to the
higher D-dimensional (or infinite) space x; — ®(x;) or X—
O(X) = (P(x1), P(x3),..., ®(xy)) € RP*". The nonlinear NMF
problem aims to find two non-negative matrices W and H whose
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Fig. 1. Clustering with NMF (left) and nonlinear NMF (right). We apply the nonlinear NMF (KNSC-Ncut) (35) with Gaussian kernel (right) and linear NMF introduced in
[1] to the synthetic data set composed of two rings and denote the cluster memberships with different colors. The nonlinear NMF is able to produce the nonlinear separating

hypersurfaces between the two rings.

product can approximate the mapping of the original matrix ®(X)

& (X) ~ WH (14)

For instance, we can consider nonlinear data set composed of two
rings as in Fig. 1. The standard linear NMF (13) [45] is not able to
separate the two nonlinear clusters. Compared with the solution
of Eq. (17), the nonlinear NMF is able to produce the nonlinear
separating hypersurfaces between the clusters. We formulate the
objective function for the nonlinear orthogonal NMF as

min | (X) - WH? st HH' =1 (15)

Here, W is the basis in feature space and H is the clustering
matrix. It is worth noting that since ® can be infinite dimensional,
it is impossible to directly factorize ®(X) [7,21,22]. In what follows
we will derive a practical method to solve this problem, and keep
the rigorous orthogonality imposed on the clustering matrix. Fol-
lowing [7] we restrict W to be a linear combination of transformed
input data points, i.e., assume that W lies in the column space of
O (X)

W = ®(X)F (16)

The Eq. (16) can be interpreted as a simple transformation to the
new basis, leading to the following minimization problem

ll{nFir(l)HCD(X) — ®(X)FH||?, s.t. HH" =1 (17)

The optimization problem of Eq. (17) is convex in either F or H,
but not in both, meaning that the algorithm can only guarantee
convergence to a local minimum [46]. The standard way to opti-
mize (17) is to adopt an iterative, two-step strategy to alternatively
optimize (F, H). At each iteration, one of the matrices (F, H) is op-
timized while the other one is fixed. The resulting multiplicative
update rules with explicitly included orthogonality constraints are
obtained as

"o H («F'K + 2uH);; (18)
Y 7Y (aF'KFH +2uHH'H);
(KH") (19)

R e P
where Ke R™" is the kernel matrix [47,48] defined as K=
OT(X)P(X), where ®(X) is a feature matrix in a nonlinear
infinite-dimensional feature space.

We discuss two issues: (i) Convergence of the algorithm, (ii)
correctness of the converged solution. Correctness. The correct-
ness of the solution is assured by the fact that the solution at con-
vergence will satisfy the Karush-Kahn-Tucker (KKT) conditions for

(17). The Lagrangian £ of the above optimization problem (17) is
L =aTr[®X)PT(X)] — 2aTr[®(X)FHOT (X)]
+aTr[® (X)FHH FT &7 (X)] + u|HH" — I |2 (20)

By computing the partial derivatives of (20) with respect to H and
F, we obtain

STE[ = 2aF ®T(X)®(X) 4+ 2oF" ®T(X) P (X)FH
+AUHHH — Inyp) (21)
?Ti =—a®TX)PX)H" + ¢ dT(X)D(X)FHH" (22)

Substituting the quadratic terms with the kernel matrix K=
®T(X)P(X) yields

«(FTKFH — F'K) + 2uHMHH = I1,,) =0 (23)

—2aKH" + 2«KFHH" = 0 (24)

Defining the Lagrange multiplier matrix for constraint H> 0 as
W = [v;;] gives the KKT condition ;;H;; =0. Similarly, the La-
grange multiplier matrix for constraint F > 0 is given by E = [&j]
and §;;F;; = 0. We obtain

[@(FTKFH — F'K) + 2uHHH — I, ];H;; = 0 (25)

[20KFHH' — 2aKH"];F; =0 (26)

Separating positive and negative parts of the gradient leads to
the multiplicative update rules (33) and (32).

Convergence. The convergence is proved by following the auxil-
iary function method in [7,31]. As shown in [7], these update rules
guarantee the decrease of the error and eventual convergence to
local minima. Note that in [7] a more general proof of the conver-
gence can be obtained, for semi-nonnegative matrix factorization,
where input data matrix is negative X < 0. We provide the proof
for the convergence in the Appendix B.

3.2. Kernel-based orthogonal NMF and spectral clustering

A connection between spectral clustering and factorization of
the graph affinity matrix A was demonstrated in [30] for Ncut
spectral clustering, and for Rcut spectral clustering in [31]. It was
also shown that the spectral clustering can be viewed as a fac-
torization of the (scaled) data matrix itself [29]. Our question is
whether the spectral clustering can be viewed as a non-negative
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factorization of the input data matrix mapped to a nonlinear fea-
ture space. From Eq. (12) it can be seen that the Ncut spectral clus-
tering is equivalent to the optimization problem

max Tr(zD '/?AD™'?Z") st. ZZT =1 (27)
Theorem 1. Let X > 0 denote the input data matrix. Let the similarity
between the data points be defined as the inner product in the non-
linear feature space, ie. the graph affinity matrix A = ®T(X)®(X).
Then the k-way Ncut spectral clustering (27) is equivalent to the non-
negative matrix factorization of the scaled input data matrix mapped
to the nonlinear feature space ®(X)D~'/? = WZ subject to ZZ" =1,
where W = ®(X)F and Z and F are two non-negative matrices, and
the columns of Z serve as a clustering indicator vector of each data
point.

The proof of the Theorem 1 is given in the Appendix A.
Theorem 1 shows that Ncut spectral clustering can be viewed as
a nonlinear orthogonal NMF problem with the scaling factor D~1/2,
For the Rcut spectral clustering we cannot obtain an exact equiv-
alence. However, we can relax the Rcut spectral clustering and get
an equivalence between the relaxed Rcut spectral clustering and
nonlinear orthonormal NMF.

Theorem 2. Let X > 0 denote the input data matrix. Let the similar-
ity between the data points be defined by inner product in nonlin-
ear feature space i.e. the affinity matrix A = ®T(X)®(X). Then the
k-way relaxed Rcut spectral clustering (11) is equivalent to the non-
negative matrix factorization of the data matrix ®(X) = WHsubject
to HH" =1, where W = ®(X)F and H and F are two non-negative
matrices, and the columns of H serve as a clustering indicator vector
of each data point.

The proof of the Theorem 2 is given in the Appendix A.
Theorems 1 and 2 establish the nonlinear orthogonal NMF ap-
proach to non-negative spectral clustering. Our assumptions in-
clude that the similarity graph is fully connected and the similarity
matrix A is given by the kernel K = ®T(X)®(X). Similarly to this
result, it was shown in [30] that the standard inner-product ma-
trix A = X"X can be extended to any other kernel by a nonlinear
transformation to a higher dimensional space.

To solve Ncut and Rcut spectral clustering we employ the
kernel-based multiplicative update rules with orthonormal con-
straints. Considering the equivalence and solving the two optimiza-
tion problems we obtain kernel-based non-negative spectral cluster-
ing for Ncut (KNSC-Ncut)

Zn}ir(l)||d>(X)D’1/2 — ®(X)FZ|2, st. 22" =1 (28)

with the following multiplicative update rule

(«F'KD™ "% 4 2u2);;

Zij < Zi 29
Y Y (aFTKFZ + 2uZZ7Z); (29)

(KZ™)

Fyy < Fjj———
N KFzE

(30)

The parameter u can be set so that the orthogonality of the
matrix Z is preserved during the updates. An exact orthogonal-
ity of the clustering matrix Z implies each column of Z can have
only one non-zero element, which implies that each data object
belongs only to one cluster. This is hard clustering, such as in
k-means [5,30]. Furthermore, KNSC-Ncut has a soft clustering in-
terpretation [1,30,31] where a data point could belong fractionally
to more than one cluster. The soft clustering membership of data
point Xx; to cluster j can be defined as a probability distribution
Cij=2Zji/ >k Z. We summarize the KNSC-Ncut algorithm in the
Algorithm 1. Similarly, the optimization problem for kernel-based

non-negative spectral clustering for Rcut (KNSC-Rcut)
}?}i%HCD(X) — ®(X)FH||?, st. HH' =1 (31)

gives the multiplicative update rule for KNSC-Rcut

0o H («F'K + 2uH);; (32)
Y 7Y (aF'KFH +2uHHH);
(KH") (33)

Fit = b epmET) P
and summarize the KNSC-Rcut algorithm in Algorithm 2.

The convergence of the multiplicative update rules (29)- (30),
and (32)-(33), has been proved in Appendix B by the auxiliary
function method. These update rules guarantee the decrease of er-
ror and eventually converge to a local minima [7]. In our exper-
iments, we have set the maximum amount of iterations to 300
(usually 100 iterations are enough) and we use the convergence
rule E;_; — E; <« max(1,E;_1) in order to stop the updates when
the reconstruction error (E;) between the current and previous up-
date is small enough. We have set the « = 1073.

The two proposed algorithms have a run-time complexity of
O(kn?) for clustering n data points to k clusters, which is less than

Algorithm 1 Kernel-based non-negative spectral clustering for
Ncut (KNSC-Ncut).
Input: X ¢ R™", K ¢ R™", A ¢ R™", number of clusters k
Output: clustering matrix Z € R¥*", vector of cluster member-
ships ¢; = argmax Zj;
1<j<k
Initialize two non-negative matrices Z € R**" and F € R"™*¥ with
random numbers generated in the range [0,1].

Calculate the degree matrix D = diag(dy, ...dn)
di=) Aj (34)
j=1

repeat

(«F'KD™ "% 4 2u2);;
7.
Y (aF'KFZ + 2727 Z);;

KZ").
i Fie i
(KFZZ");

until Stopping criterion is reached

Algorithm 2 Kernel-based non-negative spectral clustering for
Rcut (KNSC-Rcut).

Input: X ¢ R™", K ¢ R™", number of clusters k

Output: clustering matrix H € R®" vector of cluster member-

ships ¢; = argmax Hj;

1<j<k

Initialize two non-negative matrices H € R¥*" and F € Rk with

random numbers generated in the range [0,1].

repeat

(«F"K + 211H);;

H:i < H.::
Y Y (aF'KFH +2uHHH);

KH");
Fii < Fﬂ(i?rﬂ
(KFHH")

until Stopping criterion is reached
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standard spectral clustering methods ©(n®) and the same com-
plexity as the state-of-the-art methods [29,32,35]. The main ad-
vantage of the kernel-based NMF approach is that it can be easily
optimized to achieve higher clustering accuracy for the data drawn
from nonlinear manifolds, avoiding the computation of eigenvalues
and eigenvectors.

3.3. Graph regularized kernel-based orthogonal NMF

A non-negative matrix factorization that respects the geomet-
ric structure of the data in the nonlinear feature space can be
constructed by introducing an additional graph regularization term
into the objective function (17). Recall that our nonlinear NMF
tries to find a set of basis vectors that can be used to best ap-
proximate the data ®(X) = WH. Let h; denote the jth column of
H, hj =[hj;,..., hy], then h; can be regarded as the new rep-
resentation of the jth data point with respect to the new basis
W = ®&(X)F. The graph regularization term can be viewed as a lo-
cal invariance assumption [41,49,50], which states that if two data
points ®(x;) and ®(x;) are close to each other in the original ge-
ometry of the data distribution, then h; and hy, the low dimen-
sional representations of these two points, are also close to each
other. This can be written as

1< n n

R=5 > lIhj=hl[fA;=>3 hhjD;; — 3 " hjh/A; =Tr(HLH')
=1 j=1 jl=1

(35)

By minimizing the regularization term R with respect to H, we
expect that when ®(x;) and ®(x;) are close (i.e. when Aj; is large)
the points h; and h; are also close with respect to the new basis.
The objective function for nonlinear orthogonal graph regularized
NMEF is given as

minal|®(X) - @ (X)FH||? + ATr(HLH"), s.t. HH' =1 (36)
By adopting the same iterative procedure to alternatively fix one of

the matrices F and H, we solve the minimization problem (36) and
obtain the multiplicative update rules

(«F 'K+ 2pH + AHA);;
ij i T (37)
(«F ' KFH + 2;¢.HH'H + AHD);;
(KH") (38)

o Fy— L
I (KPHHT )

where K is the kernel matrix. There are many choices to define
the weight matrix A of the graph. For example, the scalar product
weighting and the cosine similarity are most suitable for process-
ing documents, while for image data the heat kernel is commonly
used [4,41,51]. We will use the fully connected affinity graph with
the Gauss kernel weighting, as we do not treat different weighting
schemes separately.

Correctness. The correctness of the solution is assured by the
fact that the solution at convergence will satisfy the KKT condi-
tions for the optimization problem (36). The Lagrangian £ of the
optimization problem (36) can be written as

£ =aTr[®X)PT(X)] — 2oTr{ S (X)FHO T (X)]
+aTr{®(X)FHH'F' &7 (X)]
+u|HH" — I |2 + ATr[HDH"] — ATr[HAH ] (39)

Algorithm 3
(KOGNMF).
Input: X € R™", number of clusters k, K € R™", A € R™"
Output: clustering matrix H, vector of cluster memberships ¢; =
argmax Hj;
1<j<k
Initialize two non-negative matrices H € R¥*" and F € R™ with
random numbers generated in the range [0,1].
Calculate the degree matrix D = diag(dy, ...dn)

di = ZAU'
j=1

repeat

Kernel-based orthogonal graph regularized NMF

u («F"'K + 2uH + AHA);;
CCH.
Y Y («F'KFH + 2/tHH"H + AHD);;

KH);
R
(KFHH") ;

until Stopping criterion is reached

We calculate the partial derivatives of (39) with respect to H
and F

gT[-:l = —2aF ®T(X)D(X) + 20F" &7 (X)® (X)FH

+4H(H™H — I,.,) + 2AHD — 2AHA (40)
0L T T T T
oF = —a®TX)®X)H' + ad' (X)®(X)FHH (41)
Substituting the quadratic terms with kernel matrix gives
o (F'KFH — F'K) + 2uHH"H — I,;) + AHL =0 (42)
—2aKH" + 20KFHH" =0 (43)

Defining the Lagrange multiplier matrix for constraint H> 0 as
W = [v;], the KKT condition is ;;H;; = 0. Similarly, the Lagrange
multiplier matrix for constraint F > 0 is given by E = [§;] and we
obtain

[o:(F'KFH — F'K) + 2uH(HH — L) + AHL];;H;; = 0

[20KFHH" — 20KH"];F; =0 (44)

We separate positive and negative parts of the gradient and obtain
multiplicative update rules (37) and (38). By setting A = 0 the up-
date rules in Eqs. (37) and (38) reduce to the update rules of the
KONMEF. We summarize the graph regularized kernel-based orthog-
onal NMF in the Algorithm 3.

The proposed algorithm has two additional matrix multiplica-
tions HA and HD with complexity of O(kn2). Therefore, the total
run-time complexity is unchanged and equal to O(kn?) for cluster-
ing n data points to k clusters. The convergence proof for the mul-
tiplicative updates (37) and (38)can be found in the Appendix B.

4. Experiments

In this section we carry out extensive experiments on syn-
thetic and real world data sets to illustrate the effectiveness of the
three proposed algorithms: KNSC-Ncut, KNSC-Rcut and KOGNMF.
We compare nine recently proposed non-negative spectral cluster-
ing algorithms [29,31,32] and traditional Ncut and Rcut spectral
clustering methods [19,26]. Our experimental setting is similar to
[29,32]. For the purpose of reproducibility we provide the code and
data sets (see supplementary files).
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Fig. 2. The optimized clustering results of the KNSC-Ncut algorithm compared with the optimized clustering results of the NSC-Ncut [29]. The two-dimensional data sets
with 2 and 4 clusters are plotted in the first row, different clusters are represented with different colors. In the second row we plot the clustering results of the NSC-Ncut.
The clustering results of the KNSC-Ncut algorithm are plotted in the third row. The clustering accuracy over 256 independent runs is 0.5, 0.7 and 0.62 for NSC-Ncut, and
0.90, 0.85 and 0.82 for the KNSC-Ncut, for the three data sets respectively. The KNSC-Ncut is able to separate the nonlinear data set composed of two rings of points with
high clustering accuracy.

Table 2 in the Table 2, including the number of samples, dimensions and
Features of the UCI and AT&T data sets. the number of clusters.
Datasets Samples  Dimension  Clusters The clustering accuracy is evaluated by the common cluster-
Soybean 47 35 4 ing accuracy measure [29,31,32], which computes the percentage
Zoo 101 16 7 of data points that are correctly clustered with respect to the ex-
AT&T 400 10,304 40 ternal ground truth labels. For each data point x; it’s label is de-
Glass 214 9 6 noted with ¢; and the ground truth cluster index with g;. In order
Dermatology 366 33 6 . . PR
Vehicle 846 18 4 to calculate the optimal assignment of labels to cluster indices f{c;),
the Hungarian bipartite matching algorithm [52] is used, with the
complexity O(k3) for k clusters. The clustering accuracy can be ex-
pressed as:
4.1. Data sets and the evaluation metric acC— Y8 (;gli’ f(Ci))’ (45)

We have used the same data sets as in [29,30,32]: Five UCI
[52] data sets and AT&T face database [53]. The UCI datasets
are Soybean, Zoo, Glass, Dermatology and Vehicle. The AT&T face
database consists of gray scale face images of 40 persons. Each per-
son has 10 facial images under different light and illumination con-
ditions and the images from the same person belong to the same 5, ¢) = {1 g = f(c),
cluster. The important statistics of these data sets are summarized e 0: g # f(c).

where n denotes the total number of data points and the & func-
tion is defined as
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Fig. 3. The average clustering accuracy of KNSC-Ncut algorithm compared with Ncut, NSC-Ncut and NSSC-Ncut algorithms on five UCI [52] data sets and AT&T face database

[53]. The average clustering accuracy is plotted for the independent number of runs 2!

={2,4,..., 256}. The clustering accuracy of KNSC-Ncut is higher on the majority of

data sets. The clustering accuracy for the AT&T face database is considerably improved when compared with the state-of-the-art non-negative spectral clustering methods.

4.2. Compared algorithms

We compare our methods to nine recently proposed non-
negative spectral clustering approaches and traditional spectral
clustering Ncut and Rcut methods:

e Normalized cut (Ncut) and ratio cut (Rcut) spectral cluster-
ing. Ncut spectral clustering exists in different normalizations
[19,28]. Our implementation is according to Ncut from [19],
where eigenvectors of normalized Laplacian matrix Z are nor-
malized such that the L, norm of each row equals 1.

* Non-negative spectral clustering methods NSC-Ncut, NSC-Rcut,
and non-negative sparse spectral clustering methods NSSC-Ncut
and NSSC-Rcut from [29].

e Global discriminative-based nonnegative spectral clustering
methods [32] GDBNSC-Ncut and GDBNSC-Rcut.

o Symmetric NMF for spectral clustering [31] (NLE). This is the
symmetric NMF of the pairwise affinity matrix, which is origi-
nally implemented as the standard inner product linear kernel
matrix A = X"X.

4.3. Clustering results

We perform n = 256 independent runs with random initializa-
tions for each of the proposed methods KNSC-Ncut, KNSC-Rcut and
KOGNMF. In each run, we randomly initialize matrices (H, Z, F) and
then iterate multiplicative update rules to achieve convergence and
obtain cluster indicator matrix. In all experiments we have used
300 iterations and the convergence occurred after approximately
100 iterations. The cluster memberships for each data point i is ob-
tained by taking the index of the maximal value of ith column in
the orthogonal clustering matrix H (or Z). For the Rcut and Ncut,
the first k eigenvectors are computed once and then 256 runs of
k-means are performed.

In Fig. 2 we plot the clustering performance of the NSC-Ncut
and KNSC-Ncut on two-dimensional synthetic examples. The syn-
thetic example demonstrates the ability of KNSC-Ncut to separate
the nonlinear clusters with high clustering accuracy. In Figs. 3-
5 we plot the average clustering accuracy over 256 runs on the
six data sets. The average clustering accuracy is reported for in-
dependent number of runs 2!, where i=1,2,...,8. The average
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Fig. 4. The average clustering accuracy of KNSC-Rcut algorithm compared with Rcut, NSC-Rcut and NSSC-Rcut algorithms on five UCI [52] data sets and AT&T face database
[53]. The average clustering accuracy is plotted for the independent number of runs 2i ={2,4,..., 256}. The KNSC-Rcut algorithm outperforms NSC algorithms on the

majority of data sets.

clustering accuracy for the Ncut group of algorithms is plotted in
the Fig. 3. In the Fig. 4 the average clustering accuracy is plotted
for the Rcut group.! The average clustering accuracy of KOGNMF
is shown in Fig. 5. We summarize the average clustering accuracy
results for the Ncut and the Rcut group of algorithms in Table 3.
On data sets Dermatology, Glass, Zoo and AT&T, the KNSC-Ncut
clustering accuracy is improved and KNSC-Ncut outperforms Ncut,
NSC-Ncut, NSSC-Ncut and GDBNSC-Ncut. On the high dimensional
AT&T face database the clustering accuracy of the KNSC-Ncut algo-
rithm shows considerable improvement. On the Soybean and Vehi-
cle data sets the KNSC-Ncut is comparable with the GDBNSC-Ncut.
Similary, on Dermatology, Glass, Zoo, Vehicle and AT&T data set,
KNSC-Rcut outperforms Rcut, NSC-Rcut, NSSS-Rcut and GDBNSC-
Rcut. In Fig. 5 we plot the average clustering accuracy for the

1 The results in Table 3 for the GDBNSC method are reported from original work
[32], however in Figs. 3-5 the results for this method were omitted due to the nu-
merical instabilities in reproduction of this method with reported parameters [32].

KOGNMF algorithm. The KOGNMF considerably outperforms all al-
gorithms on every data set (Table 3).

4.4. The parameter selection

The kernel-based orthogonal NMF multiplicative rules have in
total four parameters: o, i and A and the Gaussian kernel width
o. The three parameters o, i and A are a trade-off parameters
which balance the reconstruction error, orthogonality regulariza-
tion and the graph regularization, respectively. In all the experi-
ments and data sets we have fixed the three trade-off parameters
to the same constant values o = 10, . = 100 and A = 10. Further-
more, the three trade-off parameters can be reduced to two, as
the NMF objective functions given in the Eqgs. (17) and (36) can
be divided by «. By fixing the trade-off parameters throughout all
of the experiments we effectively need to optimize only one pa-
rameter, which is the kernel width. For the trade-off parameters
we perform sensitivity analysis to demonstrate that the constant
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Fig. 5. The average clustering accuracy of KOGNMF algorithm on 5 UCI [52] data sets and AT&T face database. The average clustering accuracy is plotted for the independent
number of runs 2! = {2,4, ..., 256}. The KOGNMF algorithm outperforms all non-negative spectral clustering methods on every data set, including the difficult AT&T face

database [53].

values of the trade-off parameters can be chosen in a wide range
of values (a few orders of magnitude), as shown in Figs. 6 and 7.
In the experiments we use the Gaussian kernel defined as
K(x;. X;) = exp(—||x; — X;||?/02), where o is the kernel width. For
the graph regularization term we use a fully connected affin-
ity graph with the Gaussian kernel weighting on the edges. To
choose the parameter o we perform a simple grid search for the
40 values of o in the range of [0.1,4] with the step size Ao =
0.1 for data sets Dermatology, Glass, Soybean and Zoo. For the
ATR&T face database we perform the grid search in the range o =
[1000, 10000] with the step size Ao = 250. For the Vehicle data
set we perform the grid search in the range o = [10, 100] with the
step size Ao = 10. At the boundary values of the o intervals the
clustering accuracy saturates. For small values of o the similarity
of the data points with large distance [|x; —X;|| goes to zero as
exp(—[Ix; — x;[I?/0%) — 0 when ||x; —X;||?/0? is large. Therefore,
for small distances, the affinity graph captures the local Euclidean
distance and gives a good representation of the manifold structure.

For KNSC-Ncut algorithm we used the same grid search to obtain
a degree matrix D~1/2.

For each data set, we measure the average clustering accuracy
out of 256 independent runs. We perform a hold-out validation for
the parameter o, as shown in the Table 4. The hold-out validation
consists of randomly splitting each data set into two equally sized
parts with the equally distributed cluster membership. The grid
search optimization is performed on the first half of the data set,
while the second half is used as a hold-out validation where opti-
mized parameters are used. The results of the hold-out validation
show robust average clustering accuracy for all three algorithms on
all six data sets.

The sensitivity analysis of the algorithms is performed for the
three trade-off parameters o, u and A, plotted in Figs. 6 and 7.
The ratio of the parameters i and « is fixed to a constant value
in all experiments. The near-orthogonality of the clustering indica-
tor matrix H (Z) is preserved during the multiplicative updates, as
shown in Figs. 6 and 7. The near-orthogonality of columns is im-
portant for data clustering interpretation. An orthogonal clustering
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Table 3

The average clustering accuracy on 5 UCI and AT&T data sets. The average clus-
tering accuracy of KNSC-Ncut, KNSC-Rcut and KOGNMF compared with 9 recently
proposed NMF-based NSC methods on the 5 UCI [52] data sets and the AT&T face
database [53]. KNSC-Rcut performs considerably better on 4 data sets, and has a
comparable accuracy on two data sets. KNSC-Nuct algorithm outperforms on 5 data
sets, and has a comparable clustering accuracy on one data set. KOGNMF algorithm
has considerably better accuracy on 4 data sets, including the difficult AT&T face
images database, and is comparable on two data sets. All three algorithms have
considerably higher clustering accuracy on the difficult AT&T face database.

Dermatology  Glass  Soybean  Zoo Vehicle  AT&T

Ncut 0.75 0.46 0.70 063 037 0.62
NSC-Ncut 0.71 0.25 0.71 0.61 0.39 0.35
NSSC-Ncut 0.71 0.34 0.71 066 041 0.02
GDBNSC-Ncut  0.82 0.41 0.79 065 046 0.38
KNSC-Ncut 0.87 0.50 0.78 0.80 045 0.70
Reut 0.47 0.41 0.63 060 033 0.31
NSC-Rcut 0.66 0.25 0.69 0.61 0.38 0.35
NLE 0.34 0.25 0.47 049 0.28 0.20
NSSC-Rcut 0.67 0.26 0.69 0.61 0.38 0.35
GDBNSC-Rcut  0.73 0.36 0.80 0.64 0.388 0.36
KNSC-Rcut 0.87 045 0.75 065 045 0.69
KOGNMF 0.91 0.48 0.80 0.78 045 0.70

matrix has an interpretation that each row of H (Z) can have only
one nonzero element, which implies that each data object belongs
only to 1 cluster. We plot the average orthogonality over 256 runs
of the clustering matrix H (KNSC-Rcut) for a wide range of val-
ues of the parameter p and fixed «. The average orthogonality per
run is defined as Y°F_; (HH");;/ Y. ;(HH"); ;. For a wide range

Table 4

The average clustering accuracy on the hold-out validation set. The hold-out val-
idation consists of randomly splitting each data set into two equally sized parts
with the equally distributed cluster membership. The grid search optimization is
performed on the first half of the data set, while the second half is used as a
hold-out validation where optimized parameters are used. For each data set, we
measure the average score over 256 independent runs on the hold-out data. We
denote with bold our results that outperform the optimized clustering accuracy
scores of the state-of-the-art NSC methods without the hold-out validation. The
KNSC-Ncut and KNSC-Rcut algorithms have higher average clustering accuracy on
the majority of data sets, while KOGNMF algorithm outperforms on all six data
sets.

Datasets Dermatology  Glass  Soybean  Zoo Vehicle  AT&T
NLE 0.37 0.38 0.55 045 033 0.26
KNSC-Ncut  0.87 047 0.73 0.77 047 0.70
KNSC-Rcut  0.85 047 0.76 067 048 0.73
KOGNMF 0.89 049 0.76 078 048 0.73

of values of the ratio u/a the orthogonality is preserved during
the updates. In Fig. 6 we plot the corresponding average clustering
accuracy for KNSC-Rcut. When p becomes a few order of magni-
tude larger compared to the reconstruction error term, the objec-
tive function effectively becomes the optimization of the orthogo-
nality term. At that point the reconstruction error term loses it’s
significance and the average clustering accuracy starts to drop. In
Fig. 6 we plot the clustering accuracy in a wide range of values of
the parameter . The graph regularization A is fixed to a constant
value A = « for simplicity. The average orthogonality is plotted for
different values of A and u parameters in Figs. 6 and 7. The clus-
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tering accuracy is robust for a wide range of A, A =[10~% — 102],
and u, u =[10° — 107] throughout the experiments on all six data
sets.

5. Conclusion

In this paper we study subspace clustering from nonlinear or-
thogonal non-negative matrix factorization perspective. We have
constructed a nonlinear orthogonal NMF algorithm and derived
three novel clustering algorithms. We have formally shown that
the Rcut spectral clustering is equivalent to the nonlinear orthonor-
mal NMF. The equivalence with the Ncut spectral clustering is ob-
tained by introducing an additional scaling matrix into the nonlin-
ear factorization. Based on this equivalence, we have proposed two
kernel-based non-negative spectral clustering methods, KNSC-Ncut
and KNSC-Rcut. By incorporating the graph regularization term
into the nonlinear NMF framework we have formulated a kernel-
based graph-regularized orthogonal non-negative matrix factoriza-
tion (KOGNMEF). To solve the subspace clustering we have derived
general kernel-based orthogonal multiplicative updates with com-
plexity ©(kn?). The monotonic convergence of all three algorithms
is proven using an auxiliary function analogous to that used for
proving convergence of the Expectation-Maximization algorithm.
Experimental results show the effectiveness of our methods com-
pared to state-of-the-art recently proposed NMF-based clustering
methods.
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Appendix A

Proof of Theorem 1. The factorization ®(X)D~'/2 = WZ can be
solved by the following optimization problem
r{lwncb(xm*”z ~WZ|2 st. 22" =1, (46)
where ZZ" =1 is the orthogonality constraint which can be in-

cluded in the optimization implicitly or explicitly via Lagrange
multipliers. Then objective function can be reformulated as J(Z, W)

1

5Tr((<1>(X)D—”2 -W2)"(®(X)D™"? - WZ)) (47)
- %Tr((D‘UZQDT(X) —~Z'W")(®(X)D"'? -~ WZ)) (48)
- %Tr(d)(X)D’l ®X)T —2WZD 20 (X)T + WWT). (49)

The constraint ZZ" =1 is used in the last equality. Calculating the
partial derivative of J(Z, W) with respect to W and letting it be
equal to 0, it follows

dJ(Z, W) _

SW —-dX)D 22" 1w =0. (50)

From here, we have

W= &(X)D /277 (51)
Substituting (51) back into (49), we obtain J(Z, W) =
%Tr(CD(X)D’l ®(X)"T -20(X)D?’Z'ZD o (X)T). (52)

Since dD(X)D’1 ®(X)T is not dependent on Z and W, the minimiza-
tion problem is equivalent to

r?evxTr(ZD-”%(X)%(X)D-”ZZT) st. 22T =1 (53)
For A = ®T(X)®(X) the objective function (53) is
mZaXTr(ZD’”ZAD’l/ZZT) st. 22" =1 (54)
Note, that the objective function for Ncut spectral clustering
mZinTr(ZLsymZT) st. 727 =1. (55)
can easily be transformed to (53).

min Tr(ZD""*(D - A)D™'?Z") = (56)
YA /AR

min Tr(zD™'?DD""?Z" —ZD"'?AD'Z") = (57)
2,227 =1

and since the term ZD~/?DD~1/?Z" =1 due to the orthogonality
ZZ" =1 this is equal to maximization of the second term.

max Tr(ZD"?AD"'7Z). (58)
YA/ARS

which concludes the proof.

Proof of Theorem 2. For the Rcut spectral clustering we solve
the factorization ®(X) = WH, with constraint HH' = I. The factor-
ization ®(X) = WH can be solved by the optimization problem

min_ [ ®(X) - WHIZ, (59)
H.W.HH' =I
where HH" =1 is the orthogonality constraint which can be in-

cluded in the optimization implicitly or explicitly. The objective
function (59) can be reformulated as

JH, W) = %Tr((dD(X) —WH)"(®(X) - WH)) = (60)
= %Tr((@T(X) —H'W")(®(X) - WH)) = (61)
= %Tr(CD(X)TCD(X) —20(X)TWH+W'W). (62)

The constraint HH" =1 is used in the last equality. Calculating the
partial derivative of J(H, W) with respect to W and letting it be
equal to 0, it follows

AH W) T w

—aW = -d(X)H +W=0. (63)
From here, we have

W= dX)H". (64)

Substituting (64) back into (62), we obtain
J(H) = %Tr(CD(X)TCD(X) - ©(X)TP(X)H'H). (65)
Since the first term is constant, not dependent on H and W, the

minimization problem is equivalent to

max  Tr(H®(X)T®(X)H'). (66)
HW.HH' =I

For A = ®T(X)®(X) the objective function (66) is the same as ob-
jective function (58) for the relaxed Rcut spectral clustering. To see
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why, we start from the objective function of Rcut and come to the
relaxed Rcut optimization function [29]:

min Tr(HLH') = min Tr(HDH' — HAH"). (67)
H.HH" =1 HHH =I

Now, the substitution is made Q=HD'? which implies H =
QD /2, HH" = QD 'Q"and the objective function can we written
as:

min Tr(QD‘”ZDD—”ZQT _ QD—UZAD—I/ZQT)

QD 'Q'=I
= min_ Tr(QQ' - QD "?AD'*Q"). (68)
QQD'Q=I
The expression (68) is equivalent to
max  Tr(QD "’AD"?Q") st. QQ' =1 (69)
QD 'Q"=l

Next, we release the orthonormality constraint QQ" = L. The relax-
ation is justified by the fact that the rows of Q are orthogonal to
each other since QD~'Q" =1.

max  Tr(QD ">AD"'?Q") (70)
Qep'Q'-l
and by substitution Q = HD'/? this becomes:
max Tr(HAH) (71)
H.HH" =1

which is equal to objective function of (66), which concludes the
proof.

Appendix B

Proof 3. The convergence analysis of the proposed algo-
rithms.

We now show the algorithm KOGNMF converges to a feasible
solution. We use the auxiliary function approach, following [7,32].
The convergence of KNSC-Ncut and KNSC-Rcut can be proven in a
similar way.

The objective function of KOGNMF (36) is non-increasing under
the alternative iterative updating rules in (37) and (38).

Definition 1. A(h, I’) is an auxiliary function for B(h) when the
following conditions are satisfied:

A(h, b)) = B(h), A(h, h) = B(h). (72)
The auxiliary function is useful because of the following lemma:

Lemma 1. If A is an auxiliary function of B, then B is non-increasing
under the updating formula

h®D = arg ’Enin A(h, h®) (73)

the function B is non-increasing.
Proof. B(ht+1) < A(ht+D h®) < A(h®© h®D) = B(h®). O

We now rewrite the objective function £ of KOGNMF in
Eq. (36) as follows

L=al®X) - OX)FH||Z + ATr(HLH") + w|HH" — I ||2

n

k 2 k n n
O‘ZZ(‘D(")U—ZWH’IU) FAY DY hmiLjhim
I=1

=1 j=1 m=1 j=1 I=1

2
D n n

Y Y (Z hichy; — 51‘;‘) (74)
1

i=1 j=1 \I=

Considering any element hg, in H, we use By, to denote the
part of £ relevant to hg,. Then it follows

Byp= oL = (20F KFH—2F ' K+2AHL + 4uH(H H - 1))
oH ), ab

(75)

Since multiplicative update rules are element-wise, we have to
show that each B, is non-increasing under the update step given
in Eq. (37).

Lemma 2. Function
A(h, b)) = B(h)) + Bgy (W) (h — hY)

N (20F"KFH+2AHD)
ht
ab

(h—hzb)z.
(76)
is an auxiliary function for By, when u = 0.

Proof. By the above equation, we have A(h, h) = By, (h), so we
only need to show that A(h, hgb) > B, (h). To this end, we compare
the auxiliary function given in Eq. (76) with the Taylor expansion
of Bab(h)- O

2
B, = (852) — (2«F"KF+23L) , (77)
on? ),

Bay (h) = Bap (h)) + By (h — h)) + [F"KF + AL (h — h%))?

(78)
to find that A(h, hzb) > B, (h) is equivalent to
T
o (F KFH);;,; + A(HD) > («F"KF + AL), (79)
ab
k
(F'KFH) g, = ) (F'KF) hl, > (FTKF)oh,, (80)
=1
n
(HD)q, = " hi Dy, > hlyyDyy > hiy (D — A)py (81)
I=1
In summary, we have the following inequality
T
(aF'KFH + AHD) - 1Bab (82)

T =
hab

Then the inequality A(h, hgb) > By, (h) is satisfied, and the
Lemma is proven.

From Lemma 2, we know that A(h, hzb) is an auxiliary function
of Bgp(hgp)- We can now demonstrate the convergence of the up-
date rules given in Eq. (37).

h'*! = arg minA(h, h®) (83)
h
.
hﬂ,—] _ hzb (Ol-|l—: K+ AHA),, (84)
(«F'KFH + AHD),,

So the updating rule for H is as follows:

oF K + AHA
Hab - Hab ( = )ab
(«F'KFH + AHD),

(85)
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Similarly, for >0, we use the following auxiliary function
A(h, hzb) =

A(h,hD) = B(h)) + Bgy(h)) (h — %))
| ¢(FTKFH)y + 1.(HD) + 1t (HH'H)

R (h— hf]b)z.
a
(86)
and by using this:
n
(HH'H)q, = ) hty (HTH);, > bl (HTH)y, (87)

I=1
we obtain the following inequality

o (FTKFH) g+ A (HD) g+ . (HH H)
h[
ab

> (@F"KF + uH "H+AL) g,

(88)
which is used to prove that (86) is an auxiliary function of (74).
Finally, we get the update rule
T
Hyy < Hyp T(ozF K+ 2uH t AHA) .
(eF ' KFH +2uHH'H + AHD) 4,

The proof of the convergence for the F update rule (38) can be
derived by following Proposition 8 from [7]. The auxiliary function
for our objective function £(F) (39) as a function of F is:

/ / F;
A(F.F) = - 2(KH");F;, (1 + 1ogFf’<>
ik

i,k

(89)

(KFHH");  (F; ;)2
F;‘,k ’

2

ik

(90)

The proof that this is an auxiliary function of £(F) (39) is given in

[7], with the change in notation F=W, H=G' and ®(X) = X.
This auxiliary function is a convex function of F and it's global

minimum can be derived with the following update rule:

.
F g, KHDG,

abm- (9])

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.patcog.2018.04.029.
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