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On Kleinberg’s Stochastic
Discrimination Procedure

Albrecht Irle and Jonas Kauschke

Abstract—A new condition for high accuracy on test sets is given for the method
of stochastic discrimination (SD), a pattern recognition method introduced by
Kleinberg. This condition provides a simple explanation for the observed good
generalization properties and overtraining-resistance. We also show that the
method of SD remains valid if the original assumption of uniform distribution on a
finite space for resampling is relaxed.

Index Terms—Pattern recognition, stochastic discrimination.
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1 INTRODUCTION

AN ensemble method for pattern recognition using resampling of
classifiers was devised and investigated by Kleinberg, see [10],
[11]. This method of stochastic discrimination (SD) starts from a
space of weak classifiers. These are combined by resampling and
averaged to form strong classifiers with largely improved
performance. This method was shown to have the important
properties of high accuracy on training and test set and over-
training-resistance. The conditions of [11] for achieving high
accuracy, i.e., small error rates on the training set and test set,
were weakened in [2]. Algorithms for generating weak classifiers
in practical implementations were provided in [12], [2]. These
papers also report on the performance in various synthetic and real
data problems and their findings indicate that SD is a very
promising method for pattern recognition. Further research on this
method can, e.g., be found in [8].

Although SD was introduced already in 1990 in [10], it has not yet
found textbook coverage as other popular ensemble methods such
as bagging and boosting have. So it may be useful to include a short
discussion of similarities and differences of these methods and SD,
which is done in Section 7. For a thorough textbook treatment of
bagging and boosting, we refer to [7, 8.7 and 10.1 to 10.6].

The main purpose of this note is the presentation of a new
condition for high accuracy on test sets in Section 5. This condition
gives a simple explanation for the good generalization property of
SD, i.e., that a good performance on the training data leads to a
comparable performance on the test data, and for the observed
overtraining-resistance.

SD has brought two major new ideas to pattern recognition. The
first is given by the idea of resampling from a set H of weak
classifiers to form a strong classifier. The second may be described
as giving general principles for the construction of weak classifiers
which form strong classifiers when resampled.

In Sections 2-4, we review the results of [11], [2] in a somewhat
generalized framework which shows that the original assump-
tions of the finiteness of the space of observables and of the space
of classifiers and the assumption of strictly uniform resampling

o The authors are with the Mathematical Institute, University of Kiel,
Ludewig-Meyn-Strafie 4, D-24098 Kiel, Germany.
E-mail: {irle, kauschke)@math.uni-kiel.de.

Manuscript received 10 Feb. 2010; revised 27 July 2010; accepted 28 July
2010; published online 13 Dec. 2010.

Recommended for acceptance by K. Murphy.

For information on obtaining reprints of this article, please send e-mail to:
tpami@computer.org, and reference IEEECS Log Number
TPAMI-2010-02-0089.

Digital Object Identifier no. 10.1109/TPAMI.2010.225.

0162-8828/11/$26.00 © 2011 IEEE Published by the IEEE Computer Society

are not essential. Resampling is treated in Section 2, the
construction of weak classifiers in Sections 3-4. Section 6 gives
an illustrative example for the performance of SD. In our notation,
we follow [11], [2].

2 A RESAMPLING METHOD FOR COMBINING
CLASSIFIERS

Let F denote the sample space of the observables ¢; the
unobservables may take only the two values 1,2 so we consider
a two class discrimination problem with classes 1 and 2.

Let us call any bounded mapping

h:F—1R,

a classification function, c-function for short, with corresponding
classifier

o F—{1,2}, alg= { ;h(q)zo.

Let H be a set of c-functions from which we resample. Fix a
probability measure Py on ‘H, where H is supplied with a suitable
o-algebra such that the mappings h — h(q) are measurable for all
q € F. Py provides the distribution for resampling c-functions.

Resampling by independent draws with replacement from a
finite set of observed data are commonly known as the bootstrap in
statistics, leading to a sequence of independent, identically
distributed random variables. For SD, we do not resample from
some observed data but do the resampling from the space H of
classification functions by drawing independently at each step
according to the distribution Py.

This resampling is formally described by an independent,
identically distributed sequence Hy, Hs,... of random variables
taking values in H. They are defined on some probability space
with underlying probability measure P and the distribution of
each H; is Py, i.e., for any measurable A C H,

P(H; € A) = Py(A).

So, H; is the c-function resulting from the ith resampling step.
Having generated H, H, ..., H,, we then use the c-function:

w_15~ g

The classifier becomes

1y, >
ey (q) = {2H( '(g) 0.

For a given ¢ € F, the probabilities that the randomly picked cpw
misclassifies ¢, i.e., the probabilities of misclassification due to
resampling, are given by

P(%iHi(Q) < 0) = Plegn(q) = 2)

1=0

for ¢ belonging to class 1,

P(;ilﬂ (@) > 0> = P(cym(q) = 1)
i=0

for ¢ belonging to class 2.

Note that probabilities and expectations are always computed
with respect to the resampling distribution, and that no probabil-
istic model for the observables and classes is involved.
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Assume now that for a fixed (g, j) € F x {1,2} with class j =1,
the resampling distribution has the property that the randomly
drawn weak classifier fulfills FH;(¢) >0 and hence shows the
right tendency toward classifying this g.

By large deviation theory, assuming finiteness of the moment
generating function, this implies that the probability of misclassifica-
tion due to resampling converges to zero exponentially fast. The same
exponential convergence to zero holds for (¢,j) € F x {1,2} with
class j = 2 if EH;(q) < 0. The precise statement is given in the next
lemma, which uses the moment generating function ¢ of Hi(q).

Lemma 2.1. Let (q,j) € F x{1,2} and assume that ¢(t) =
Eexp(tHi(q)) < oo for t in some neighborhood of zero. Then, ¢* =
sup;[—log ¢(t)] > 0 and

1. for j=1and EH(q) >0,

Plegng =2) < e forall

2. for j=2and EH(q) <0,

Plegng =1) < e forall n.

Proof. This restates the standard upper exponential estimate of
large deviation theory, see e.g., [3, 1.9]. For completeness, we
sketch the proof of item 2. Since ¢(0) =1, ¢'(0) = EH,(q) <0,
and ¢ is strictly convex on {t : ¢(t) < oo}, we obtain inf; ¢(t) =
inf;o0 ¢(t) < 1 and ¢* > 0. For any ¢ > 0 we have

Plegg =1) = P(i H;i(q) > 0)
- P(exp(tim(q» > 1)

< Eexp(ti: Hi(q)) = ¢(t)",

=1
which implies item 2. O

This key observation of exponentially small probabilities of
misclassification as a consequence of resampling classifiers is due
to Kleinberg, see [11], also [2, Theorems 2 and 4]. In these
references, exponential bounds are given for uniformly bounded H
applying Hoeffding’s inequality. The consequences for classifica-
tion theory may be phrased in the following terms, see [11]. Call
(H, Py) a weak model for (q, ) if

EH,(¢) >0, for class j = 1,
EH;(q) <0, for class j=2.

Generating a c-function i from such a weak model for (g, j) yields
a classifier which may be called a weak learner in the following
sense: The probability, with respect to Py, of producing a wrong
classification for (g, j) may be large, although due to the condition
on the expectation, there is a tendency of producing the correct
classification.

Combining weak models by resampling from Py leads to the
classifier ¢y which has an exponentially small probability in n of
misclassifying (g, j). As is common in resampling procedures, the
number n is at our disposal and is only limited by time and
computational constraints. So by generating a large number of
weak learners, we can produce a strong learner which has high
accuracy for all (g,j) in the training set as long as A2 holds. In
practice, there might be some elements in the training sequence
violating A2 and, for those, no conclusion on the quality of their
classification seems possible.

Let us remark that this convergence of misclassification
probabilities to zero due to resampling is not related to any

1483

convergence of the Bayes error if we had, in addition, a
probabilistic model for the observables and classes.

3 THE STOCHASTIC DISCRIMINATION PROCEDURE AND
ITs BEHAVIOR ON THE TRAINING SET

Let us assume now that we are given a finite training set TR C
F x {1,2} in the form

TR=TR; x {1} UTR, x {2},

where TR; ={q€ F: (q,i) € TR}, i =1,2, and we assume that
TR, and TR, are disjoint subsets of F. In [11], [2], c-functions of
the form

a(S)1s — b(S)

are considered. Here, 15 is the indicator function of a set S € M,
where M is a certain system of subsets of F' and a(S),b(S) are
normalizing constants; hence,

H={a(S)1s —b(S): S € M}.

The probability measure P, now becomes a probability measure
Py on M, supplied with a suitable c-algebra such that the
mappings S — 1g(q) are measurable for all ¢ € F. So, resampling
of sets in M is done with respect to Py. Our review will show that
the assumptions in [11], [2] that F and M are finite and that Py, is
the uniform distribution on M are not essential for their results as
long as the important near uniformity assumption A2, stated
below, is not violated.

In [11], conditions were found such that M provides weak
learners for all (q,j) € TR in the sense of Section 2. These
conditions provide the proper insight but would be met only
approximately in practice, and weakened conditions were given in
[2]. Let us now state these conditions. For shorthand notation, we

write r(A|B) = % for A/ BCF.

Al.

min |r(S|TR,) — r(S|TRy)| = 3> 0.
SeM

Note that the set
{(r(SITR1),7(S|ITR,)) : S € M}

is finite due to the finiteness of TRy U TRy. We write this set as
{20, 2®}, with 20 = (2| 2{"), and set

M;={SeM:(r(S|TRy),r(S,TRy)) = 2V},

so that M, ..., M;, forms a partition of M.
For the following, let v > 0.

A2. Near Uniformity Assumption NUA(y,TR), see [2].
There exists a function ¢ : TRy U TRy — [0,4] such that,
foralll=1,...,k,i=1,2,and ¢ € TR;,

|Pulg € SIMy) — 2] < e(g).

The uniformity assumption of [11] requires ¢(g) = 0. The following
observation, which holds for arbitrary probability measures Py,
illustrates this assumption.

Remark. Forall [=1,...,k,i=1,2,

0 1

% = TR > Pulg e S|My).

qeTR;
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This is immediate from

> Pulge SIM) = > Bm(s(g)| M)
q€TR; q€TR;
= Eum ( > lg(q)/\/(z> = Em(SNTRiIM,))
q€TR;

= .IEZ)|TR7‘,| by definition of M;.

So, A2 means that by resampling from any M,, the elements of
TR; are treated equally up to a difference of order at most ~.
Resampling from M may be viewed in the following way: First,
draw one of the finitely many M; randomly and then draw one of
the elements of that M; which resulted in the first draw. The
second draw is addressed by A2 and should be close to uniform
in order to confirm to A2, whereas the first draw of picking some
M, has no influence on the validity of A2 and may be chosen in a
general way.

We now turn to the definition of the c-functions, [11], [2]. For
S € M, define the c-functions

B s—r(SITRy) \
Xs = 2<7~<S\m> - r(S\TR»)

Under Al and A2, we easily obtain the following estimates:

EvXs(@) — 1] < 25;” <% forall g€ T,
BaXs(a) — (-0 < Z2 <D oran g TR,
eg., for g€ TRy,
o s —r(SITRy)
M (S|TR1) —r(S|TRy)
—7(S|TRy)
= Z ( SR~ r(SiTRy M ) PrM)
(
Z ( )|M1> Py (M)
Pu(g € SIMy) — 2
= Z M(q ) | é])) 2 RM(MZ)

1=1 Ty" — Xy

from which the estimate immediately follows using A2; see [2,
Theorem 1], and, for £(q¢) = 0, [11, Lemma 4].

So if 7 is suitably small and 3 suitably large, Er(Xs(q) is close to
1 for ¢ € TR, and close to —1 for ¢ € TRy, so the Xg provide weak
learners in the sense of Section 2 for (¢, j) € TR.

4 THE CONDITIONS OF [11], [2] FOR THE
GENERALIZATION TO THE TEST SETS

Having designed a classification procedure with regard to the
training set, the essential question is that of its generalization
properties, i.e., we ask how large the classification error on test sets
is. In [11], [2], a test set of the form

TE =TE, x {1} UTE; x {2}

is considered and treated in its whole for obtaining conditions for
generalization. Conditions were found in [11] such that the
behavior of the weak learner on the training set is reproduced on
the test set. Again these conditions were weakened in [2]. We state
them in the following form, where § > 0,~* > 0.

Bl. é-Indiscernibility of TE and TR
Forall Se M,i=1,2,

Ir(S|TR;) — r(S|TE;)| < 6.
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In [11], 6 = O is required. As discussed in [2], = 0 is an idealization
of what happens in practice and, to obtain a small §, a strong
similarity also concerning the size of TR; and TE; is required.

The following assumption of [2] is as A2, but now for TE with
corresponding M7, ..., M. €, 6%, so we state it as

B2. Near Uniformity Assumption NUA(v*,TE).
The formulation is as A2 with +* replacing v, TE
replacing T'R.
In [11], v* = 0 is required.
Under Al and Bl, TE clearly fulfills Al with §* =6 — 28,
where we assume ¢ > 2. Hence for

. 1s — r(S|TE,)
Xs = 2<T<S|TE1> - r(S\m)) -

it follows, as in Section 3, that

|[EmX5(q) — 1] < for all g € TE;,

ﬁ

2y
|[ErmX5(q) — (_1)‘Sﬁ*25 for all ¢ € TE,.

Al and A2 immediately imply

46
X — X% < —
‘ S(q) S(Q)l—ﬁ(ﬂ_Qé)
for all ¢ € F; thus
2" 46
EpmXs(g)—1 < —_—
ErXsl@) =1 < 5755 5ia—29)
for all ¢ € TE),
2v* 46
|EmXs(q) = (~1)| :

- Jr [ —
B—26 PB(B—26)
for all ¢ € TE,.

So for suitably small v*, ¢, in particular for v* =6 =0, the Xg
are weak learners for all (¢,j) € TE; hence the generalization
property holds.

5 A NEw CONDITION FOR THE GENERALIZATION
PROPERTY

To apply SD, we start with a training set TR. With regard to this
training set, a class M is constructed in such a manner that
conditions Al and A2 are fulfilled for suitable 8 and e. A concrete
algorithm for such a construction is given in [2]. In order that M
provides weak learners on a test set T'E, conditions B1 and B2 are
used as explained in Section 4. These conditions seem to be hard to
check for a TE and require a strong similarity of TR and TE.

In applications of pattern recognition, we usually have a large
set T'R of suitably generated training data, but may have an online
classification problem. This means that we classify an incoming
data stream where there is a changing TE which at any instant
may consist of a few or even of one element of ' and then Bl and
B2 are no longer meaningful.

So, it seems of interest to find a condition for the general-
ization property of SD which only concerns the relation of a
single sample to be classified with regard to the training set T'R.
We now provide such a condition. We let a > 0 and consider a
single (¢,7) € F' x {1,2}.

C. Generalization property GP((q,i), TR, o)

min [Py(g€ S,§¢S)+ Pulgg S,q€9)
ek,
=a(g,i) <a
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When we have an observation ¢ € F' belonging to class ¢, we expect
it to be close, in some topological sense, to TR;. So, it should be
hard for sets S with good generalization properties to distinguish ¢
from those elements of T'R; which are close to ¢. This is formalized
in C. Note that, for TR, D TR; with corresponding «(g,), the
minimum is taken over more elements so that we have

o'(g,1)
= mm[PM(qu G€S)+Pulgég S,g€9)]

g€

< énglg,[Rw(q €8,4¢S)+ PulggS,q€9)
= a(g,1).

Hence, when the training set gets larger, the constants a(q, %)
become smaller.

Our following result shows that the weak learning properties
of Xg with regard to (¢,i) become better the smaller a(q,i) is
This means that the generalization properties of Xg become
better with increasing training sequence, of course, controlling
B,7 from Al, A2, and point out that overtraining with regard to
increasing training sequences should not occur. As we are
averaging over the number n of resamples, an increase in n will
not cause overtraining. Condition C might provide a mathema-
tical explanation for the overtraining-resistance which has been
found in practice.

Theorem 5.1. Assume Al, A2 for TR. Let (q7 i) € Fx {1,2} and
assume C. Then with 3,~ from Al, A2, a(q,1), o from C:

ExiXs(q) — 1| SQVJrc[;(q,Z) <g2te

fori =1,

fori=2.

BaXsl) - (1) <2250 <5220

Proof. Let i = 1. Choose ¢ € T'R; such that

alq,i) = Pu(qge€ S,q¢ S)+ Pulg ¢ S,q € 5).
Then,
15(q) — r(S|TR,)
EmXs(q) =2|E
mXs(a [ M( S|TR1 —r(S|ITRy) }

_ -T S|TR2
=2|Eu S|TR1 —r(S|ITRy)

Ligesagsy — ags,gesy
S‘THl —-Tr S‘TBQ)

=EmXs(g

1igesagsy — Liggs.ges)
2E q q q q
tatm (r(S|TR1) —H(SITR)

Hence, with A1, A2, and C:

|EpmXs(q) — 1] < [EmXs(q) — 1]

Lipesazst — Liozsa

{qeS,q¢S} {q¢5,qeS}
2|F

- ' M(r(m]) fr(smm)

@

Lgesagsy — Lagsaesy |
r(S|TRy) = r(S|TR,)|

m
)

<222 4 oEy,

™
S @
=

(

IN

2
2=+ BEM [1esazsy — Lagsaesy|

=)

)

=

20, ﬁ[ques ¢ 9)

(¢¢S,q€9)]
e(q)

e@ , ,alg,d) _ v+a
25+2ﬂ<25

The case 7 = 2 is similar. ]

zM!

+

A
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Fig. 1. SD performance.

Remarks.

1. Note that 3, are constants which relate only to the
training set, and, by a good construction of M, see e.g.,
[12], [2], may be kept suitably controlled. Hence, the
generalization properties depend on the constants
a(g,i). Now if ¢ is an observation of class i, which is
not too untypical for its class, we may expect to have a ¢
from TR; close to it. This, for a suitable class M, is
already enough to have a small a(g, 7). Furthermore, the
availability of a close ¢ becomes better the larger T'R;
gets.

2. In[11], [2], the variance of Xs(g) is also bounded, using
Al, A2, and Al, A2, Bl, B2, respectively. This may be
done as well in our setting from Al, A2, and C. The
details are omitted, see [9].

6 AN EXPERIMENTAL ILLUSTRATION

In this section, we report an experimental result in order to illustrate
the method of SD. For more in-depth experimental studies, we refer
to [12], [2]. We used the US Postal Service data set of handwritten
digits, available at [13], where these digits are represented by 16 x
16 gray-scale matrices, so the feature space is 256-dimensional
euclidean space. In the cited references, the elements of M are
rectangles and unions of rectangles. To illustrate that SD is not
restricted to these geometrical shapes, we used euclidean balls S for
our experiments with points of the training sets as midpoints and
randomly chosen diameters. We looked at two class problems to
distinguish between digits 7 and j, the training set consisting of all
gray-value matrices for these two digits. To generate a ball, we fixed
parameters (3, c,d, £. A midpoint in TR = TR; UTR; was drawn at
random, then aradius » < /was chosen, both according to a uniform
distribution. This random ball S was accepted to form a weak
learner if |r(S|TR;) — r(S|TR;)| > f and ¢ < |[r(S|TR1 UTRy)| < d.
The first condition is related to Al, the second condition removes
balls which are not suitable for TR. Note that this is computationally
very simple and fast and no further steps were involved as it was not
our intention to build a sophisticated classifier but to illustrate how
SD works. For the following experimental result, we used the digits
1 = 0 with 1,194 examples in the training set, 359 examples in the test
set, j = 9 with 644 examples in the training set, 177 examples in the
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TABLE 1
Number of || Percent correct on | Percent correct on
weak models trainingset testset
10 83.41 84.14
50 93.36 94.22
100 94.61 95.15
500 96.57 96.08
1000 96.84 96.82
5000 96.52 96.08

test set, and 8 =0.2,c=0.01,d = 0.99,¢ = 30. Fig. 1 and Table 1
illustrate the exponential decrease of misclassification and the
resistance against overtraining when the number of weak models,
i.e., resamples, is increased.

7 BAGGING, BOOSTING, AND SD

For a comparison, we look at two class problems and describe
classifiers by classification functions  as before, a classifier being
a classification function which only takes the values —1 and +1.
All three methods start with some space H of classification
functions or classifiers, often called weak learners in the boosting
context, and look for some linear combination ), a;h; in the
linear span of H with improved classification properties. The set
H may consist of certain classification trees for bagging and
boosting, but is of a very different nature in SD, as described in
Section 3 of this paper.

7.1 Bagging

Bagging, as introduced in [1], stems from the statistical notion of
bootstrapping, which stands for resampling of the data to form
bootstrap samples. Here, the training set TR is resampled with
replacement to form a collection of B bootstrap training sets
TR',...,TR?. To each TR!, a classification function h;,
i=1,...,B, is fitted, and the bagging classification function is
given by £, h;. So if each h; is a classifier, we have a majority
vote. Bagging may be seen as a way of reducing the variance in
unstable procedures like classification trees, but often will not lead
from weak learners to strong learners.

7.2 Boosting

Boosting goes back to [4], [5]. The original AdaBoost sequentially
finds weak classifiers h,, and coefficients «,,, m=1,..., M, and
arrives at the classification function Y, a;nhn,, hence a weighted
majority vote. At each boosting step m, weights w|™ are applied to
each of then = 1,..., N training observations. Then, a classifier A,
is fitted to the training set, minimizing the empirical error
weighted by the w{". This classifier is supplied with a coefficient
o, depending on the weighted empirical error, which gives more
importance in the majority vote to accurate classifiers h,,. Then, the
weights w(" are updated to form w{""", where misclassified
observations in step m have their weights increased, correctly
classified observations have their weights decreased, and the
m + 1th round is started. In [6], a new view of boosting was
obtained and has led to a wealth of new developments. It was
shown that boosting could be seen as a sequential minimization
procedure in the linear span of H. At each step m, having already
computed f,,,—1, we minimize the empirical loss for f,,—; + ah over
he€H, a €IR, where misclassification is now measured by a
certain loss function. The resulting minimizer ,h,, is added to
form f,, = fiu—1 + o, fi. For exponential loss function, this results
in AdaBoost. Boosting has been very successful for obtaining
strong learners from weak learners, but some care has to be taken
when choosing M, as overfitting has been detected for large M.
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7.3 Stochastic Discrimination

As bagging, SD is a resampling procedure, but of a completely
different nature. There is no resampling of the data; instead, at
each step ¢ =1,...,n, we resample the classification functions
from the space of weak learners, so, for each i, a classification
function h; is obtained randomly from H with respect to the
resampling distribution P}. The resulting classification function
then is 13" h; and provides a strong learner from the weak
learners h;.

Whereas in bagging and boosting, at each step a fitting
procedure, e.g., empirical loss minimization, is involved, this is
not the case for SD, where only resampling, with distribution fixed
in advance, is required. The fitting of SD to the training set is
incorporated in the design of the sets H, respetively, M, and, as
described in [12], [2], general principles for this design are available
which work for a large class of problems. As a conclusion of this
discussion we may remark that, although the three methods are
ensemble methods, SD differs very markedly from bagging and
boosting.
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