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ORTHOGONAL AND OBLIQUE PROJECTORS AND THE
CHARACTERISTICS OF PAIRS OF VECTOR SPACES

BY S. N. AFRIAT

Received 12 May 1956

1. Introduction. The statistical operation of multiple linear regression by least
squares is equivalent to the orthogonal projection of vectors of observations on a
space spanned by vectors of observations; and a partial regression can be similarly
represented as an oblique projection. This connexion between a statistical and a
formal algebraical operation gives the main source of interest for this investigation.
Its object is to develop algebraical theory which supplies terms necessary for a unified
algebraical and geometrical formulation of concepts in multivariate analysis. An
exposition of the statistical theory is to be made in a separate paper.

The expression of a multiple regression as an orthogonal projection on a linear
space was first found to lead to an advantageous exposition of a statistical analysis in
which several groups of intercorrelated factors were distinguished. Then it appeared
that different topics in multivariate analysis, for example, the canonical correlation
theory of Hotelling (4), could be translated into the algebraical theory of projectors,
and also that, in this algebraical formulation, it was possible to introduce concepts fit-
ting certain intuitive ideas which, though needed in the subject, were without any clear
definition. Thus there is obtained a definition for a coefficient of correlation between
factors each of which has a multiplicity of components, which reduces to the correla-
tion coefficient of Pearson in the case of simple factors. The genesis of the other concepts
is to be found in consideration of psychological and other such kinds of measurements
and tests. With the idea that a test is to give a character to the individual, there is the
idea that the character stands outside the test, or that several tests with distinct
definition may be directed to the same feature of character, for example, intelligence,
and, by this intention, therefore have a relation of equivalence. There should be,
accordingly, a theory of the equivalence of tests, and, as a further example, a theory of
the inclusion of tests, by which one test can be decided as a proper refinement of
another, or as comprehending essentially more features of character than another.
Again, there is to be decided what features tests may have in common, if any. Gener-
ally, a number of tests together may be regarded as forming a configuration, from
which is derived different measures for different relations the tests may have to one
another. In translation to the algebraical scheme, there are various coefficients
defined which belong to the configuration which vector subspaces of a given space
form together; and an account of such coefficients is given in this paper, with motive
towards their statistical application.

2. Vector spaces. Let £ be the space of vectors of order n formed of the real numbers.
Then, with the standard laws of composition for vectors, £ is a linear space of dimen-
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Projectors and characteristics of pairs of vector spaces 801

sion n over the real numbers. Any set of k vectors in £ is taken to compose a matrix
K of order n x k, which may be called a vector array in £, with these vectors as its
elements; and the span of these vectors is the subspace I of £ of vectors X = Kx,
having the k vectors as generators. The maximal sets of independent vectors of
the space f all have the same number of members, which defines the dimension of
the space; it is equal to the maximum number of independent vectors among the
generators, and to the rank of the generating matrix K.

THEOREM 1-1. The rank of K is equal to the rank of K'K.
For if Kx = 0, then K'Kx = 0; and if K'Kx = 0, then x'K'Kx = 0, which implies

Kx = 0; therefore K, K'K have the same column nullity, and, since they have the
same number of columns, the same rank.

COROLLABY. The vectors of K are independent if and only if | K'K | 4= 0.
Let S be a subspace of £ of dimension p, and E the array of a maximal set of in-

dependent vectors of @, any such set having p members. Then E defines a base for S,
such that the vectors of @ are the vectors uniquely given in the form X = Ex; thus
Ex = Ey implies x = y, and | E'E | 4= 0, so that the matrix (E'E)-1 exists. There is
thus a coordination between the vectors X of the space (S of dimension^?, and the vectors
x of order p, the coordination being defined relative to the base E. The following
results are immediate.

THEOREM 1-2. A necessary and sufficient condition for a vector X to belong to a space
© with base E is that IBX = X, where IE = E(E'E)~1E', and then X = Ex, where
x = (E'E)"1 E'X; and a necessary and sufficient condition that X belongs to the orthogonal
complement of @ is IEX = 0, that is, JEX = X, where JE = I — IE. Moreover, if p is the
dimension of ©, then p = rank IE = trace IE.

An orthonormal base U for (2 is composed of a set of p orthogonal unit vectors; so
U'U = 1 if U is an orthonormal base, and In = UU'.

Let (£, ^ be any spaces in £ of dimension p, q and with bases E, F. The spaces, and,
correspondingly, also the bases, are said to be separate if the intersection (£ n ^ is the
null space, which is the case if and only if the join (EF) of the bases, the span of which
is the join of the spaces, denoted by @©3r, is also a base; otherwise they are said to be
incident. They are called complementary if they are separate and their union is the
complete space £; in this case p + q = n, and the join of the bases is a regular square
matrix. The spaces are orthogonal if every vector in one is orthogonal to every vector
in the other, the condition for which is IE IP = 0, or equivalently, Ip IE = 0; otherwise
they are said to be inclined. If © c %, in which case (£ is said to be included in g, then
there exists a matrix a of order q x p such that E = Fa, and conversely; and a necessary
and sufficient condition for this is Ip IE = IE, which implies

E = Fa with a = ( F ' F ^ F ' E .

Accordingly the spaces are identical, (£ = %, just if IE = Ip; also they are orthogonal
complements just if IE + Ip = I. They are said to be orthogonally incident if the ortho-
gonal complements of their intersection in each of them are orthogonal; and this is
just IEIF = IPIE. The space 6 is said to be completely inclined to the space g if no
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802 S. N. AFBIAT

subspace of (5 is orthogonal to Qr, @©$ = D; and spaces are said to be totally inclined
if they are completely inclined to each other.

Two bases U, V are said to form a canonical pair if each is orthonormal, and every
vector of one is inclined to at most one vector of the other and orthogonal to the rest;
in this case

U ' U = 1 , V'V=1, U'V

where p is a regular diagonal matrix, with elements between — 1 and 1. It will appear
that for every pair of spaces there exists such a canonical pair of bases.

3. Determinants. The following results on determinants will be required.

LEMMA 3*1. If A, B are any matrices of order mxn,nxm, then

11 - AB | = | I - B A |.

Proof. Take determinants in the identity

/I-AB AWI 0\ /I OWI
\ 0 I / \ B l j ~ i B i j ^ O I -

COROLLARY 3-11. An | A I - A B | = Am|AI-BA|.

COROLLARY 3-12. The matrices AB, BA have the same non-zero characteristic values,
with the same multiplicities; and zero has the same multiplicity as a characteristic value
of each if and only if m = n.

LEMMA 3-2. If A is a regular square matrix, then

A V
U B

= | A | | B - U A - 1 V | .

Proof. Take determinants in the identity

/I OWA VWI -A-*V\_/A

1,-UA-1 l)\V Bj\O I )~\O

COROLLARY. / / A, B are regular square matrices, then

A V
U B

THEOREM 3-3. / / G is the join of bases E, F, then

| G'G |/| E'E | | F'F | = | E'JFE |/| E'E | = | F'JEF |

For

I F T I = 11-1,1,•E'F

I G'G | = E'E E'F = | E'E
F'E F'F

by Lemma 3-2. Then, by Corollary 3-21 and by Lemma 3-1,

| G'G | = | E'E | | F'F 111 - F'E(E'E)-1 E'F(F'F)-1

= | E'E | | F'JEF |,
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Projectors and characteristics of pairs of vector spaces 803

COROLLARY. The three conditions | E ' J F E | 4= 0, | F 'JEF | * 0, 11- I E I P | # 0 ore
equivalent, and are necessary and sufficient for the bases E, F to be separate.

For G = (EF) is a base if and only if E, F are separate bases.

THEOREM 3-4.

- p E ' E E'F .
(-P)n YE -pF'F = ( ~ ^ P 9 I I '

By Lemma 3-2, Corollary 3-21, and by Lemma 3-1,

COROLLARY. The equations
- p E ' E E'F

= 0 and I p2l — IEIF I = 0 have the
F'E - p F ' F

same positive roots, with the same multiplicities.
4. Projection. If S, % are complementary spaces, then their bases E, F join in a

regular square matrix G = (EF), and any vector Z has a unique resolution

Z = Gz = (EF)(X) = Ex + Fy = X + Y,

where z = G~1Z, into a sum of vectors X, Y in @, Q- obtained from Z by linear trans-
formations determined just by these spaces. The components X, Y in this resolution
give the projections of Z, and the linear transformations which obtain them are the
projectors, on (£ parallel to ^ and on g parallel to @ respectively. Such a pair of pro-
jectors, on and parallel to a pair of complementary spaces, are complementary projectors;
their two products are null, and their sum is the identity, from which it follows that
they are idempotents. Any idempotent represents the projector on its range parallel
to its null-space, and if these are orthogonal complements, in which case it must be
symmetric, then it is called an orthogonal projector; otherwise it is called oblique.

If @, g are separate, so that the join G = (EF) of their bases E, F is a base for their
union &, let R be a base for the orthogonal complement 9t of ®, which is null just if
they are complementary; then (GR) = (EFR) is a regular square matrix, and there
is the unique resolution

Z = Gu + Rv = Ex + Fy + Rv
= U + V = X + Y + V

of any vector Z into the sum of its oblique projections X and Y, on (£ parallel to
§©5R and on g parallel to (£©3ft, the sum of which is the orthogonal projection U
on ©, and of its orthogonal projection V on 'St. Now, with IF = F(F'F)"1 F', the matrix
JF = I —Ip is symmetric idempotent, such that J F F = 0 since IFF = F, and such
that JPR = R, since IFR = 0, because %, 9t are orthogonal. Also, since @, ^ are
separate, it follows that | E 'JPE | 4= 0, by Theorem 2-3, Corollary, so that the inverse
(E'JpE)"1 exists. Accordingly

J F Z = J F Ex + Ru, E'JFZ = E'JFEx,

and then x = (E'JpEJ^E'JpZ, X = E(E'JFE)-1E'JF;

that is, X = IE FZ, where I E F = E(E'JFE)-1E'JF.
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804 S. N. AFRIAT

Hence there are the following conclusions (which are of importance for the theory of
partial regression):

THEOREM 4-1. / / E, F are bases for separate spaces (£, %, then I®g = IEjF, where I® g
is the oblique projector on Gs parallel to the union of % with the orthogonal complement of
the union of ®, % and IE F = E ( E ' J F E ) - 1 E ' J F .

COROLLARY 4-11. If (£, % are complementary spaces, then l e g = IEjF, where I®g
is now the oblique projector on (£ parallel to %.

COROLLARY 4-12. IfE is a base for @, then I® = IE, where I® is the orthogonal projector
on® and IE = E(E'E)~1E'.

COROLLARY 4-13. / / E, F are separate bases with join G, then there is the identity
IG = I E F + I F E , and correspondingly for spaces.

Now I®g + Ig® +191 = I,

so, since I® Ig g = I® g, I® I9? = 0, and similarly with § for @, it appears that

Ie.g + Ielg,® = 1®, Ig,® + Igl<s,g = Ig,

and then, by substitution of Ig® from the second relation into the first, that

By Theorem 3- 3, Corollary, and by Theorem 4-1, Corollary 4-12, we have 11 — I® Ig | 4= 0,
since @, gr are separate; thus the following theorem is obtained:

THEOREM 4-2. / / (£, ̂  are separate spaces, then the oblique projector I®g on S parallel
to the union of $ with the orthogonal complement of the union of (5, £$r is determined from
the orthogonal projectors I®, Ig on (£, % by the formula

COROLLARY. If E, F are separate bases then

E ( E ' J P E ) - 1 E ' J F = ( I - I E I F ) - 1 I E ( I - I E I F ) .

The following theorem can be verified directly:

THEOREM 4-3. / / (EF) = Gisa base, then (G'G)-1 = N'N, N'G = L, where

(LM) = N, L = JpECE'JpE)-1 and M = JEF(F'JEF)"1.

COROLLARY 4-31. GN' = EL' + FM', where IG = GN\ IE>F = EL', IFjE = FM'.

COROLLARY 4-32. IfE, F are orthogonal, then L = E(E'E)- \ M = F(F'F)-1.

COROLLARY 4-33. If E, F are complementary, so that G is a regular square matrix with
inverse N', then EL', FM' are the complementary oblique projectors on and parallel to
the spans of E, F.

Spaces ^ (i = 1, ...,m) are said to form a complementary set if they are mutually
separate and their union is the complete space:
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Projectors and characteristics of pairs of vector spaces 805

In this case, if Et is a base for @̂  (i — 1,..., m), then E = (Ex... Em) is a regular square
matrix.

COROLLARY 4-34. If spaces (Ŝ  with bases Ei (i = 1, ...,m)form a complementary set,
and i/ E = (Ej.. . Em), F = (F1... Fm), where E"1 = F', then Ei F i is the oblique projector
on (£; parallel to ̂  = © QL.

Let e, f now denote the orthogonal projectors on spaces (£, ̂  in £ of dimension p, q
and with bases E, F; so

e = E(E'E)-1 E', f = F(F'F)-1 F',

and e = 1 — e, f = 1 — f are the orthogonal projectors on the orthogonal complements
@ = SQ(£, % = 8>Qr$ of (£, g; and p = ranke = tracee, q = rankf = tracef. The
numbers r = rank ef, R — trace ef, such that R^r, will define the dimension and the
coefficient of inclination between (£, g; it appears in § 6 that they are the same if and
only if @, % are orthogonally incident, and zero if and only if (£, g are orthogonal,
also that @ is completely inclined to % just if r = p, and included in r̂ just if R = p.
The coefficient of inclination between a pair of vectors X, Y or between the rays
spanned by those vectors is

R = trace X(X'X)-1X'Y(Y'Y)-1Y' = (X'Y)2/(X'X) (Y'Y) = cos2 a,

that is, it is the square of the cosine of the angle a which separates them.
The space e§, formed of the orthogonal projections eY in @ of every vector Y of $,

gives the orthogonal projection of the space ^ in the space (£. The spaces e§ , f@ are
of the same dimension, given by the dimension of inclination r between (£, $r- The
inclination between a pair of spaces appears equal to the inclination between their
orthogonal projections on each other

A pair of spaces U, 3S are called reciprocals in @, % if they are the orthogonal pro j ections
of each other in g, g: u = e$8 S5 = fU-

and a pair of vectors X, Y are called reciprocals if they span reciprocal rays, in which
C a s e XA = eY, Y/i = fX,

where X'XA = X'eY = X'Y, Y'Y/* = Y'fX = Y'X,

since eX = X, fY = Y, because X, Y belong to @, $, since A,/* =t= 0; and the numbers

A = (X 'X^X'Y, ji = (Y'Y)-1 Y'X

are such that A/t = p2,

where p2 = (X'Y)2/(X'X) (Y'Y) = cos2 a

is again the coefficient of inclination between the vectors, or the rays which they span.
Now it follows that

efX = eY/i = XA/j = Xp2, feY = fXA = Y/iA = Yp\
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806 S. N. AFRIAT

so that X, Y are latent vectors of ef, fe with characteristic value p2. Also, if X is now
any latent vector of ef for a positive characteristic value p2, so that efX = Xp2, and if
now Y = fX, then eY = efX = Xp2, and feY = fXp2 = Yp2, so that Y is a latent
vector of fe with characteristic value p2, and X, Y are reciprocal vectors in (£, % with
inclination coefficient p2:

THEOREM 4-4. Any reciprocal vectors X, Y in (£, g with inclination p2 are latent
vectors of ef, fe both with characteristic value p2; and if X is any latent vector of ef for a
positive characteristic value p2 then Y = f X is a latent vector of fe for the same character-
istic value, and X, Y are reciprocal vectors in @, % with inclination p2.

The next theorem estabKshes a procedure by which the intersection of a pair of
spaces can be calculated when the bases are given.

THEOREM 4-5. The intersection of the, space (£, % is the null-space of the matrix 1 — ef.
Let Q, 31 denote the intersection and null-space considered. It is evident that

8 c 31. Let X be any vector of 31, so that efX = X, and let Y = fX, so that X = eY.
Then X, Y belong to the ranges @, g of e, f; and

X X = X'eY = X'Y = X'fY = Y'Y.

Therefore, by Schwartz's inequality, X = Y, so that any vector X of 9J belongs to
both © and %, that is, to Q, and hence 31 c $. Accordingly, Q- = 31.

COROLLARY. The space (£©g is the null-space of the matrix 1 — ef.

THEOREM 4-6. @©eg = ®Q% = ®©f(£.

That is, the orthogonal complements in (£ of eg, g and f (£ are the same. If U = eV,
then eU = U, and hence U = eV and feU = 0 is equivalent to U = eV and fU = 0;
therefore (£©eg = (£©g. Also, if eU = U, then fU = 0 is equivalent to feU = 0;
moreover, 0 = efU = (fe)' feU implies feU = 0. Thus U = eV and efU = 0 is
equivalent to U = eV and fU = 0; therefore @©g = @©f@.

THEOREM 4-7. The spaces eg, f Gs are reciprocals in (£, $ and they are totally inclined.
For the matrices ef, efe = ef(ef)' have the same range. Now every vector in one of

the pair is inclined to some vector of the other, so they are totally inclined.
Let the signs O, • and x between a pair of spaces indicate that they are inclined,

totally inclined and orthogonal. Theorems 4-6 and 4-7 show the following scheme of
decomposition, and Theorem 2-5, Corollary, shows the procedure by which it can be
effected.

THEOREM 4-8. Any pair of inclined spaces (£, % have decomposition in the scheme:
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Projectors and characteristics of pairs of vector spaces 807

5. Rank, multiplicity and orthogonality. The theory of the latent vectors and
characteristic values of products of orthogonal projectors is required for the sub-
sequent theory of the canonical decomposition of a pair of spaces relative to each other,
and the construction of bases in each which form a canonial pair. Since e, f are sym-
metric matrices, their products ef, fe are transposes of each other, so they have exactly
the same characteristic values, with the same multiplicities; and these values and
multiplicities characterize a symmetric relation between the spaces (£, % or are
characteristic of the configuration the spaces present relative to each other.

THEOREM 5-1. The characteristic values of ef are all real, at least zero and at most unity.
For the proof, see Afriat(3).
Let mx denote the multiplicity of any value A as a characteristic value of ef. Then

any A for which mA 4= 0 may be called a characteristic value for the spaces (£, % with
this multiplicity. Since 0 < A < 1 if mx 4= 0, by Theorem 4-1, positive acute angles a
are determined by A = cos2 a. The values A (mA 4= 0) are to define the canonical
coefficients of inclination between the spaces, and the corresponding angles a define the
canonical angles. If the canonical angles between a pair of spaces are all the same, the
spaces are called isogonal.

Let (£A, %x denote the null-spaces of Al — ef, Al — fe. Then (£A 4= 0, %x 4= 0 just if
mA 4= 0, and (£A c e%, £$fA c f(£ if A 4= 0, in which case they are to define a canonical
pair of subspaces of (£, %. The next theorem shows that the dimensions of @A, ^A are
equal to mx.

THEOREM 5-2. The nullity of the matrix Al — ef is equal to the multiplicity of X as a
root of the equation | Al — ef | = 0.

Proof is given in Afriat(3).

COROLLARY 5-21. The rank of ef is the total multiplicity of its non-zero characteristic
values.

That is, r = 2 mA, where r is the dimension of inclination between (£, Q-.
A*0

THEOREM 5-3. | 1 - ef | = n (1 - ^)mA. | 1 — ef j = 0P~T n Am*.
A A*0

For the characteristic values of 1 — ef are 1 — A with multiplicity raA, and the
determinant of a matrix is the product of its characteristic values; which proves the
first part of the theorem. To prove the second part, it is seen, by Theorem 3-3, that

| (E'E)-1 E'fE | = | E'fE |/| E'E | = | 1 - ef |.

But, by Lemma 3-1, Corollary 3-12, the matrices

(E'E)-1 E'fE, ef

have the same non-zero characteristic values, with the same multiplicities; and now
the required conclusion follows.

The reciprocal vectors of a pair of spaces, which by Theorem 3-4 are the same as
the reciprocal latent vectors of the products of the orthogonal projectors on the
spaces, have the following properties of orthogonality:
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808 S. N. AFRIAT

THEOBEM 5-4. / / UA, VA is a pair of reciprocal vectors of (£, % with inclination \,for
A = a, /? + 0, then the orthogonality conditions U^U^ = 0, U^V ĵ = 0, V^U^ = 0 and
VaYp = 0 are equivalent, and they hold automatically if a 4= /?.

Suppose they are unit vectors, so that (UAVA)2 = A, and

eVA = UAA*, fUA = VAAi

Then u;vA = u;evA = U;UAA*,
since eU^ = U^, fi = a, ft 4= 0. Hence U^VA = 0 is equivalent to U^UA = 0, since
A =)= 0, and the remaining equivalences follow by symmetry. Further,

so that UJ.V, = 0 if a =t= fi.

6. Configuration scales. A set of two or, in principle, of three or more subspaces
of a given space is considered as forming a configuration of subspaces; and a con-
figuration is viewed as attaining to or departing from some different model types,
according to measurement in different scales, each of which measures a maximum
just when a model is perfectly attained and measures zero when another model,
which defines the opposite, is attained. Thus, for a configuration of two spaces, there
are the following ideal models: the spaces are orthogonal, orthogonally incident,
isogonal, identical, incident, or one space is included in another. Also, for a con-
figuration of two spaces, there are the following models: the three spaces are mutually
orthogonal, a pair are identical, or a pair are orthogonal and the third is their union.
Coefficients are to be defined which set any configuration in a scale, in respect to each
model. They present features of the general relation the spaces have to each other
which it is possible to translate into statistical conceptions which are fitting in the
general subject of multivariate analysis.

LEMMA 6-1. (i) For any matrices at of the same order,

(trace a ^ ) 2 < (tracea^a,,) (tracea^),
and the equality holds if and only if Ao a0 + Ax a1 = 0 for some scalars Ao, Ax which are not
both zero.

2 2 2
(ii) IT (trace &[at) + 2 n (trace a'-afc) ^ 2 (trace a£aj (trace a,ak)

2,
o o o

2

and the equality holds if and only if S ^-iat = 0/or some scalars Af which are not all zero.
o

If the matrices at are of order mxn, let At denote the vector of order mn whose
elements are the elements of At ordered by their position. In the first instance let
K = (Ax A2), and in the second let K = (Ax A2 A3). Then | K'K | ^ 0, and the equality
holds just if KX = 0 for some non-null vector X, in the first instance of order two and
in the second of order three. The lemma is a restatement of this result.

LEMMA 6-2. (i) Two symmetric idempotents are linearly dependent if and only if
they are identical.

(ii) Three symmetric idempotents are linearly dependent if and only if either a pair are
identical or a pair are orthogonal and the third is their sum.

The proof of this lemma is long but straightforward, and it will be taken for granted.
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Projectors and characteristics of pairs of vector spaces 809

LEMMA 6-3. For any symmetric idempotents ei (i = 0,1,...)

(i) (trace ̂ Q^)2 < (trace e0) (trace ex),

where equality holds if and only if e0 = ex;

2 2 2

(ii) n ( t r a c e e i e i ) + 2II( t r a c e e i efc) 5= S^raceef) (trace e^e^)2,
o o o

where equality holds if and only if either e3- = ek or e} ek = 0 and ei = e.,- + ek for some
i, j , k which are a permutation of 0, 1, 2.

This is a corollary of Lemmas 5-1 and 5-2.
Since e, f are symmetric idempotents, and the trace of a product of matrices depends

only on the cyclical order of the factors,

R = trace ef = trace (ef)' ef > 0,
and the equality holds just if ef = 0, which is the case just if @, ̂  are orthogonal;
also, since p = trace e,

p — R = trace e — trace ef = trace ef ^ 0,

and equality holds if and only if ef = 0, that is, ef = e, which is the case just if (g c %.
Moreover, if R = r, then all the non-zero characteristic values of ef, with total multi-
plicity r, are equal to unity. It can be shown then that e, f commute, so that S, % are
orthogonally incident. Accordingly the number R, defined for any pair of spaces QE, %
and called the coefficient of inclination between them, has the following properties:

THEOREM 6-4. 0 < R ^ p, q, r for any spaces @, % of dimension p, q and dimension
of inclination r; R — 0 if and only if (£, $ are orthogonal; R = r if and only if (£, % are
orthogonally incident; R = p if and only if © is included in%.

Thus there may be defined the positive numbers

Cos (©, g) = (trace ef )*, Sin (®, g) = (trace ef )*,

and Tan ((£, %) = Sin (g, g)/Cos (©, %),

such that Sin2 (®, %) + Cos2 ((£, %) = p,

called the additive cosine, sine and tangent of @ in ^ , which are indices of the relation of
inclusion of the space © in the space %. The sine and the tangent are not symmetrical
functions of the spaces; but the cosine, which is to say also the coefficient of inclination,
is such a function.

In terms of the canonical angles between the spaces,

Cos2 (®, %) = 2 ma cos2 a, Sin2 (®, g) = p - r + £ ma sin2 a.
a a

If (£, ^ are orthogonal, by their union, and § another space, then

Cos2(@,§) = Cos2 (®,§) + Cos2 (g, #);

for then g = e + f is the orthogonal projector of ®, so that

trace gh = trace eh + tracefh.
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810 S. N. AFBIAT

For example, let I, m, n be three independent rays, concurrent on the origin 0; and
let n be the plane through m, n; and let I' be the orthogonal projection of I on n. Then
the inclination of I to n is equal to the inclination of I to I', and this is the cosine of the
angle between I and V, say a. If/?, y are the angles between I and m, I and n, it follows
that if m, n are orthogonal then cos2 a = cos2/? + cos2y.

It follows from Lemma 6-3 (i) that there is defined for any pair of spaces ©, $ a
non-negative real number Q, to be called their coefficient of disinclination, the square
of which is given by

Q2=pq-R2> 0,

where equality holds just if (5, $ are identical, and where Q2 = pq just if R2 = 0, which,
by Theorem 5-4, is the case just if @, gf are orthogonal. Like the coefficient of inclina-
tion, the coefficient of disinclination is a symmetrical function of the two spaces, and
it has the following properties:

THEOREM 6-5. 0 ^ Q2 < pqfor any spaces (£, Qf of dimension p, q; Q2 = 0 if and only
if (£, Qf are identical; Q2 = pq if and only if ©, Qf are orthogonal.

Now let . £ = | l - e f | ;

then it appears, from Theorems 5-1 and 5-3, that 0 < S < 1, and that S — 1 just if
@, g a r e orthogonal; and, by Theorem 4-5, 8 = 0 if and only if @, Qf are incident.
Accordingly the number S, denned for any pair of spaces, which will be called the
coefficient of separation between them, has the following properties:

THEOREM 6-6. 0 ^ S < 1 for any spaces (£, gf; S = 0 if and only if (£, Qf are incident;
S = 1 if and only if (5, £$f are orthogonal.

The number p — \ t ? I

may be called the coefficient of inclusion of (5 in Q", a-nd its properties now appear as
a corollary of Theorem 6-6.

THEOREM 6-7. 0 ^ C < 1 for any spaces &, $; C = 0 if and only if @ is incompletely
inclined to Qf; C = I if and only if S is included in %.

It follows that there are denned the non-negative real numbers

sin((£,5)=| l -ef |* , cos(®,gf)=|l-ef|*,

and tan (@, %) = sin (®, $)/cos (©, g),
which may be called the multiplicative sine, cosine and tangent of (5 on f̂. In terms of
the canonical angles a between the spaces with multiplicities ma, it follows from
Theorem 5-3 that

sin(@, %) = nsinm«a, cos (S, g) = 0p- r II cosm«a,

and tan ((£, %) = 0r~v JJ tan"»«a.
a-¥in

Their properties follow from Theorems 6-6 and 6-7.
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Projectors and characteristics of pairs of vector spaces 811

It is noted that, if @, Qf are of unequal dimension, then at least one of the coefficients
of inclusion cos2 (S, %), cos2 (Qr, @) is zero; and if they are of equal dimension, then the
coefficients of inclusion are identical. The coefficient of separation, however, is a
symmetrical function of the two spaces.

Let Rip Qtj denote the coefficients of inclination and disinclination between spaces
%, (£,• so that, if et is the orthogonal projector on @t and pt the dimension, then

Pi — trace ei; Rtj = trace ê e,- and Q\j = p^ — R^.

Now for three spaces i, j , k having indices i, j , k define

and call the real number Qijk with cube thus defined the coefficient of dissociation
between the three spaces. Then the coefficient of dissociation satisfies the following
relation with the coefficients of inclination and disinclination between the pairs:

THEOREM 6-8. PiQ%k = Q%Q\k-{PiRjk-R^R^f.
For, from the definition,

THEOREM 6-9. (i) 0 < ptQ%k ^ Q%Q\k < P\PjPkfor anV three spaces;
(ii) <2|ffc = 0 if and only if either a pair of the spaces are identical, or a pair are ortho-

gonal and the third is identical with their union;
(iii) Qtjk = PiPjPk if and only if the three spaces are orthogonal to each other.
By Theorem 6-3, Q%jk ^ 0, and equality holds just under the conditions stated.

By Theorem 6-8, the maximum of Q\jk is attained when Qijt Qik are maximum and
(PiRjk — R^Rik)2 is minimum, that is, zero, and this is precisely when the spaces are
all orthogonal.

THEOREM 6-10. j ^ j ^ . g ^

and an equality holds if and only if either a pair of the spaces are identical or a pair are
orthogonal and the third is identical with their union.

This result follows by Theorems 5-8 and 5-9, and gives limits for the inclination
between two spaces when their inclinations and disinclinations to a third are given.

Thus if two spaces have high inclinations and low disinclinations to a third, they
must have high inclination to each other. Theorem 6-10 has a similar form to, though
it is not precisely a generalization of, the following result. Let I, m, n be three rays,
let m, n make angles /?, y with I and let a be the angle they make together. Then

cos/ff cosy — sin ft sin y ^ cosa ^ cos/? cosy + sin/? siny,

and an equality is attained just when I lies in the plane through m, n, since then
a = fi + y or a = fi—y.

7. Volume. A base E with span @ is composed of p independent vectors Ev ...,Ep

and the ^-dimensional region in @ of vectors
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812 S. N. AFRIAT

defines the parallelotope 8P = [E] determined by the vectors or by the base, with
volume denoted by | SP \.

If E, Fare separate bases of dimension p,q and 3P = [E], 2 = [F], then the parallelo-
tope of dimension p + q determined by their join [EF] is called the product f x j
of 0>, 2.

THEOREM 7-1.

Proof is by induction on the dimension p of the parallelotope. The theorem is
verified for dimension p — 1, since the volume of a single vector is simply its length.
It will be proved for dimension y = ron the hypothesis of its validity for dimension
p = r-l. Thus, with & = [E], let 2 = [F] where F = (Ex... E ^ ) , so that E = (FEr),
and let 0>r = [Er], so that ^ = i x f f . Now \0>\ = \2\pr, where pr is the length of
the perpendicular from the extremity of Er onto the space (£ containing 3P\ and this
perpendicular is given by the vector (1—f)Er, where f = F(F'F)~1F' obtained by
taking the orthogonal projection of Er on the orthogonal complement of %, so that
p\ = E;(l - f)Er . Let er = E ^ E ^ E ; . Then

E ; ( l - f ) E r = | E ; E r | | l - f e r |

by Theorem 4-3. Accordingly, by the inductive hypothesis | 2. |2 = | F'F| , and by
Theorem 4-3 again,

| ^ | 2 = \2\ipl = I F'F | |E;Er | | 1 — fe, | = |E 'E | .

COROLLARY. | 0> x 2 | = | 0> \ \ 2 | sin {0>, 2).

For, if 0> = [E], 2L = [F], then | 0> x 2. \ = | [EF] | = | [G] |; and

| G ' G | = | E'E 11 F'F | | l - e f | .

8. Orthogonalization. If a base E, composed of p independent vectors E1; ...,Kp,
is given, then an equivalent orthonormal base U, composed of p orthogonal unit
vectors U1; ..., U ,̂, can be constructed with each Ur in the span of Ex, ..., Er

(r = l,...,p). For, suppose the construction can be carried out for Ur (r = 1, ...,m—l).
Let F = (Ex... E ^ J , V = (U1... U ^ ^ , so that since, by hypothesis, the bases F, V
are equivalent, IF = Im_x = Iv = VV; and let Jm_x = I —Im_1. Then the vector
Um = (E'mJm_1Em)~i JTO_1EOT is a unit vector orthogonal to U1; ...,\Jm_1 such that
Ex,.. . , Em and Ul5.. . , Um have the same span. Thus the construction can be carried
m steps if it can be carried m — 1; therefore, since its possibility is evident for m = 1,
it follows by induction that it is possible for m = p.

THEOREM 8-1. If E1,..., ~Ep are p independent vectors, Jm_x the orthogonal projector
on the orthogonal complement of the span of E1;. . . , Em_v and

U m = ( E ' m J m _ 1 E J - U m _ 1 E m (m=l,...,p),

then Uj , . . . , \Jp are p orthogonal unit vectors such that El5. . . , Em and U1;. . . , Um have the
same span (m = 1, ...,p).

This theorem gives explicit formulae for the Gramm-Schmidt orthogonalization
process.
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Projectors and characteristics of pairs of vector spaces 813

9. Canonical decomposition.
THEOREM 9-1. / / (£A, gA are the null-spaces of Al -ef , Al - f e (A 4= 0), and ©0, %0

are the null-spaces of 1 — ef, 1 — ef, then

@ = ©eA, 5 = ©gA.
A A

where the spaces ®lt %± are identical, the spaces (£A, $A ( A + 0 ) a r e isogonal, and the spaces
©A. %1 ©A> SA; &A. SA (A * /*) and ®o. So a r e orthogonal.

mx m\

eA = © eA.,, gA = © gA.i (A * o),

(£Ai, gA { are rays SMCA that the pairs GsA>f, gA)f are inclined, with inclination A,
e ^ a i r s gA i ; gA>J.; (£A>f, g A ^ ; gA > i , g A }. (i + j ) a re orthogonal. The set of rays %i>x

may be obtained by talcing the orthogonal projection in % of any orthogonal set of rays
©A>i in @A; and then the sets of rays (£Aji and %Xiiare the orthogonal projections of each other
in®, g .

If A * 0 then (SAceg, gA c f®.

By Theorem 5-2, GsA and gA are of dimension mA; and by Theorem 5-4, the pairs of
spaces @A, S^ and gA, g^ (A,/f =)= 0, A 4= /t) are orthogonal. By Theorem 5-2, Corollary.
e§ and f © are of dimension r = S mA. It follows now that

A*0

e g = S @A. *® = S 3TA-
A+0 A*0

Further, by Theorems 3-5 and 3-6,
d = eg©e0, g = fe©go>

where @0 is orthogonal to eQ- and $, and g0 is orthogonal to e$ and @. By Theorem 2-5,
@x and $! are equal to the intersection of @, ^ and therefore identical. Now, completing
the initial scheme of decomposition, the spaces (£A, g^ (A, /i + 0, A 4= /i) are orthogonal,
by Theorem 5-4.

Let EA = (EA 1.. . EA>mA) be an orthonormal base for @A, and (£A>i the ray spanned by
the vector EKi (i = 1, ...,m). Let FAJ = {E'KJE M)~*fEKi be a unit vector in the ray
gjAji = / g A i which is the orthogonal projection of ©A>i in g. Then, by Theorem 3-4,

efEA = EAA, feFA = FAA,

and eFA = EAA*, fEA = FAA*,

where E A E A = 1 , FAFA = 1, EAFA = 1A*.

and this gives the required conclusion.

Now the orthogonal projectors on (SA, £yA are

eA = EAEA, fA = FAFA,

and the non-zero characteristic values of
eAfA = E A E A F A F A

are the same as those of E' F F' E = 1A
A A A A '

which is to say they are all the same and equal to A. Therefore the canonical angles
between (£A) Q-A are equal, or these spaces are isogonal.

51 Camb. Philos. 53, 4
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814 S. N. AFRIAT

COROLLARY 9* 11. e = 2 6A > ^ = S^A> where eA, fA are orthogonal projectors such that
A A

eofo = O, e1 = fi; eAe, = O, e ^ = 0, fAf, = 0 (A * p);

trace eA = trace fA = mA, trace eAfA = AmA (A =)= 0).

COROLLARY 9-12. In any pair of spaces @, % there exist bases E, F such that

/Pi 0

E'E = 1, F'F = 1, E'F = I „ '"•
\ 0 Pr
\ o oy

10. Reciprocal and extremal conditions.
THEOREM 10-1. The orthogonal projection of a given vector or ray in a given space is

the unique vector or ray in the space which has extreme distance or coefficient of inclination
to the given vector or ray, respectively, and the extreme is a minimum.

Let Zo be the given vector, or let Zo be a vector spanning the given ray. Then
Xo = IEoZo is the orthogonal projection of the vector in the given space (£0, with base
Eo, or Xo is a vector which spans the orthogonal projection of the given ray in the
given space, and for any such vector X, IXZO = IEoZo.

If X = Eox is any vector in (£0, the square of the distance between Zo and X, and
the inclination between the rays spanned by these vectors, are given by

(Zo - X)' (Zo - X), (ZJX)«/(ZJ Zo) (X'X).

They are extreme just if

(Zo-x)'ax = o, zj*x-(zjx)X'*x/(X'X) = o,
for all Sx, where SX. = E05x; and these conditions are equivalent to

EQX = EQZ0, EQI X Z 0 = EQZ,,,

and then to X = IEoZo, IXZO = I^Z,,,

as required. I t follows that Xo, and the ray spanned by Xo, are uniquely determined
by the stated extremal conditions with Zo and the ray through Zo; and it is evident
that the extremes are minima.

THEOREM 10-2. The rays in a given pair of spaces which have extreme inclination to
each other are the reciprocal pairs of rays in those spaces.

That is, the extremely inclined rays are the rays which are orthogonal projections
of each other in the spaces; and these have been seen to be the pairs of rays spanned by
the reciprocal pairs of latent vectors of the products of the orthogonal projectors on
the spaces. The proof is that if the inclination is extreme for variations of the rays
in both the spaces, then it is extreme for variations in just one space or the other, so
it follows, by Theorem 9-1, that the rays are orthogonal projections of each other in
those spaces.

The direct consideration of the extremal condition gives an alternative procedure
of computation. Thus, let X = Ex, Y = Fy be unit vectors spanning extremely inclined
rays. Then <J(x'E'Fy) = 0
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Projectors and characteristics of pairs of vector spaces 815

for all variations <Jx, dy of x, y under the constraints

x'E'Ex = 1, y'F'Fy = 1.

Equivalent^, E'Fy = AE'Ex, F'Ex = /iF'Fy,

where A, /i are the Lagrangian multipliers corresponding to the constraints. Then

A = x'E'Fy = p.

But, with A = u, one of the constraints becomes redundant, so there is the following
conclusion.

THEOREM 10-3. A necessary and sufficient condition for p = x'E'Fy to be extreme for
variations o/x, y under the constraints x'E'Ex = 1, y'F'Fy = 1 is

-pE'E E'F \/x\ . ,_,,_
F'E -pF'F)(y) = 0 ' x E E x = 1-

COROLLARY 10-31. The extreme values p are the roots of the equation

-pE'E E'F
F'E -pF'F ~

It has been seen directly, in Theorem 3-4, that these roots squared are the roots of
the equation | p2l — IEIF | = 0, with the same multiplicities.

THEOREM 10-4. The nullity of the matrix K = I !,,_, r>/r>) ig ^ e fnulti-
H \ V Hi —pif r /

plicity of p as a root of the equation \ Kp | = 0.
This can be proved indirectly from results already established, or directly as

follows. If U = Ea, V = Fa are equivalent orthonormal bases, let
pi U'V\
"U -pi)' Y

Then y'KpY = W^, so that Kp, Wp have the same nullity, say np, and | K^ | = 0 ,
| Wp | = 0 have the same roots, thus p with multiplicity mp. But mp is now the multi-
plicity of p as a characteristic value of the symmetric matrix W^, by which it follows
that mp = np.

If I p\ denotes any solution corresponding to a root p, it follows that there exist
\y p/

mp such independent solutions, and these can be chosen so as to obtain mp orthogonal

vectors (v ' ' ' t ) (i — 1» •••,m), where Xp = Ex^, Yp = Fyp. Nowfor any such vectors,

belonging to roots p, cr, evidently

/« 0\
\0 pi*

so that x ;x p P = X^Y^ = O-Y;Y,.
It follows that if X'aXp = 0, then, provided p, <r 4= 0, X^X^ = 0, X ' ^ = 0 and
Y;Yp = 0. Also it appears that X'ffXp = 0 automatically if p 4= cr; and X^X, = Y; Yp

if cr = p. I t is now seen that there are found mp orthogonal unit vectors Xpi in @ and
mp orthogonal unit vectors Y pi in % (1 = i,..., mp), for each non-zero root p, such that

X'ViiYpJ = 0 if o- + p or i * j and X'aiiYafi = p.
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816 S. N. AFRIAT

The final theorem, which is easily verified, shows explicitly the equivalence of the
three conditions formulated between pairs of vectors in the spaces, that they have
extreme inclination, that they span rays which are orthogonal projections of each
other, and that they are latent vectors of the products of the orthogonal projectors;
and it shows how the two processes of calculation, in terms of latent vectors, and in
terms of solutions of the extremality equations, are transformed into each other.

THEOREM 10-5. Provided p 4= 0, the equations

E'Fy = pE'Ex, F'Ex = pF'Fy, x'E'Ex = 1

are equivalent to the equations

eY = Xp, fX = Yp, XX = 1,
and to the equations

efX = Xp2, Y = (X'fX)-*fX, X'X = 1,

and to the other sets of equations obtained by interchanging X = Ex and Y = Fy in
these, and they imply X'Y = p.

For general accounts of the theory of projectors, reference is made to Hamburger
and Grimshaw(i) and to Halmos(2). Material in Afriat(3), with certain improve-
ments, has here been included for the sake of completeness.

This paper is a development of mathematical features of some statistical work done
at the Department of Applied Economics, Cambridge. Its origin is in an attempt to
make concise the algebra which appeared in an investigation of methods for the
seasonal correction of economic time series; and I wish to express with thanks my
indebtedness to Prof. J. R. N. Stone, both for introduction to his work in this subject,
and also for allowing the opportunity for the development of the present material.
A statement of method for the analysis of seasonal variation, from the general point
of view of multivariate analysis towards which this paper is directed, is in course of
preparation. Also I have to acknowledge my indebtedness to my colleagues, especially
Mr Arthur Adams, Mr Alan Brown and Mr John Aitchison, for discussions which did
much to elicit these ideas; and to Dr R. Penrose, with whom I had discussion of the
algebraical material, and who made valuable suggestions, especially in regard to the
lemmas of § 6, which are results of our collaboration.
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