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Abstract— This paper proposes a novel method, called robust
latent subspace learning (RLSL), for image classification. We for-
mulate an RLSL problem as a joint optimization problem
over both the latent SL and classification model parameter
predication, which simultaneously minimizes: 1) the regression
loss between the learned data representation and objective
outputs and 2) the reconstruction error between the learned
data representation and original inputs. The latent subspace can
be used as a bridge that is expected to seamlessly connect the
origin visual features and their class labels and hence improve the
overall prediction performance. RLSL combines feature learning
with classification so that the learned data representation in the
latent subspace is more discriminative for classification. To learn
a robust latent subspace, we use a sparse item to compensate
error, which helps suppress the interference of noise via weak-
ening its response during regression. An efficient optimization
algorithm is designed to solve the proposed optimization problem.
To validate the effectiveness of the proposed RLSL method,
we conduct experiments on diverse databases and encouraging
recognition results are achieved compared with many state-of-
the-arts methods.

Index Terms— Classification, computer vision, data represen-
tation, linear regression (LR), subspace learning (SL).

I. INTRODUCTION

N THE fields of machine learning and computer vision,
it is very important to choose an appropriate data repre-
sentation for data analysis, since an appropriate representa-
tion can uncover the underlying explanatory factors behind
the observed data and facilitate the sequent model learn-
ing [1]-[4]. For example, Li and Fu [1] proposed a supervised
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regularization-based robust subspace approach via low-rank
learning. By introducing linear discriminant analysis (LDA),
the new representation is more discriminative. Gu et al. [2]
proposed a projective dictionary pair learning method for dic-
tionary learning in which the representation coefficients were
used as the new data representation. Kim et al. [4] proposed an
elastic-net regularization-based low-rank matrix factorization
method for new data representation. Although model learning
from features extracted from raw inputs achieves encouraging
performance for many classification tasks, it is still necessary
to learn a more compact and discriminative data representation
for more accurate classification. In this paper, we focus on
learning an appropriate data representation by uncovering a
latent subspace for image classification.

Subspace learning (SL) has been widely applied in data
representation [5]-[7]. According to whether or not the label is
available for training samples, SL methods can be categorized
into three groups, supervised SL methods, semisupervised
SL methods, and unsupervised SL. methods. By using labels,
supervised SL methods learn a discriminative projection for
discriminant analysis. The representative methods include
LDA [8]-[9], sparse tensor discriminant analysis [10], local
LDA [11], locality sensitive discriminant analysis [12], and
local discriminant embedding [13]. In these methods, Fisher’s
criterion [14] is used to seek a discriminative projection, which
simultaneously maximizes the distances among the means of
the classes and minimizes the distances among the samples
from the same class. However, the cost of collecting high-
quality labeled training samples for training is costly. In real-
world applications, abundant unlabeled data are often easily
accessible. And these unlabeled data are useful to enhance
the algorithmic performance. Semisupervised SL methods can
simultaneously use both the labeled and unlabeled samples to
enhance algorithmic performance [15], [16]. Semisupervised
discriminant analysis [17] was proposed to learn a discrim-
inative projection for dimensionality reduction by using the
labeled samples to maximize the margins between different
classes and unlabeled samples to estimate the intrinsic geo-
metric structure of the data. Flexible manifold embedding [18]
uses the label information of labeled samples and the manifold
structure of both labeled and unlabeled samples to perform
semisupervised clustering and dimension reduction. By explor-
ing the local relationship between data point and its neighbors,
unsupervised SL methods can preserve the intrinsic manifold
structure of the data. Representative works include locally
linear embedding [19], Laplacian eigenmap [20], neighbor
preserving embedding [21], and locality preserving projec-
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Fig. 1. Framework of our method. Different colors in the cell mean different classes. Matrix Q is used to learn the latent subspace where the original

input X is transformed into two components: 1) a “clean” component P QT X and 2) noise E. Matrix P is used to perform a flexible data reconstruction.
Matrix R is used to learn a classifier. Please note that only the “clear” data representation 0T X is selected to learn the classifier parameter R.

tions [22]. The principal components analysis (PCA) [23]
projects high-dimensional data into a lower dimensional space
by seeking the direction of maximum variance for the opti-
mal data reconstruction. Yan et al. [24] further reformulated
some SL methods into a unified graph embedding framework,
in which the desired geometric structures of data are encoded
as the graph relationship.

Nonetheless, conventional SL methods only focus on the
original visual features of data, which are independent of the
follow-up tasks [25]. Thus, these methods may not obtain
an overall optimality in algorithmic performance in some
sense. A critical challenge is to build a bridge between the
original visual features and objective outputs so that they
are seamlessly connected. To this end, in this paper, a novel
robust latent SL (RLSL) method is proposed to learn a robust
latent subspace, which can be used as an intermediate between
the original visual features and objective outputs. With the
learned subspace, we choose an appropriate data representation
for more accurate classification. Specifically, RLSL learns an
appropriate data representation by simultaneously considering
the minimizations of the regression loss and reconstruction
error, which makes that the uncovered data representation
will predict the labels and hold the main information of data,
respectively. In our proposed method, the data representation
and the classification are integrated into a unified optimization
step, which makes that the data representation is closely related
to classification so that the learned data representation is
discriminative. Noise is ubiquitous in realistic data. Such noise
may contaminate the data representation and consequently
degrade the performance of classification. In order to learn a
robust data representation, we decompose the original data into
a “clean” component plus sparse noise component so that the
negative influence of noise can be reduced. Fig. 1 shows the
framework of the proposed method. We propose an effective
and efficient iterative algorithm to solve the resulting optimiza-
tion problem. And the effectiveness of RLSL is illustrated on
different image classification tasks.

Our key contributions are summarized as follows.

1) We propose a novel data representation method by
jointly optimizing the latent SL and classification model
parameter prediction. In this way, the uncovered data
representation is more compact and discriminative for
the follow-up classification tasks.

2) Unlike conventional data reconstruction way which uses
a single matrix to perform reconstruction such as PCA,

our method uses a more flexible way (see Fig. 1),
i.e., uses two different matrices for better reconstruction.
In this way, one of the matrices can provide more free-
dom to guarantee that the uncovered data representation
holds the main energy and thus is competent to perform
classification. By introducing a sparse item to fit error,
our algorithm is robust to different type noises.

3) We develop an efficient algorithm based on alternat-
ing direction method of multipliers (ADMM) to solve
the resulting optimization problem. The theoretical and
empirical analyses demonstrate the effectiveness of the
designed optimization algorithm.

The remainder of this paper is arranged as follows. We begin
with a review of the related works in Section II. In Section III,
we elaborate our proposed formulation followed with its
optimization algorithm and computation complexity and con-
vergence analysis in Section IV. The effectiveness of the
proposed method is experimentally verified in Section V.
Finally, we summarize this paper and give the conclusion in
Section VI.

II. RELATED WORK

In this section, we briefly review the related works. We first
give the objective function of linear regression (LR) method,
since it is used to fit class labels in our method. For a
collection of n training samples represented as a matrix
X = [x1,x2,...,x,] € X" the objection function of LR is
as follows:

min [[Y — AX|F + Al AlI% ()
where Y = [y1, y2,..., V] € R (¢ > 2 is the number
of classes) is the corresponding binary label matrix and
A € N is the transformation matrix. Y is defined as
follows: for each training sample x; (i = 1,2,...n), y; € N
is its label vector. If x; is from the kth class (k =1,2,...,¢),
then only the kth entry of y; is one and all the other entries
are zero. For classification, margins between different classes
are expected to be as large as possible after original data are
transformed into their label space [i.e., Y in (1)]. To this end,
many variants of LR have been proposed for classification by
enlarging the margins [26]—-[30].

Since our method aims to learn an appropriate data rep-
resentation for image classification by uncovering a latent
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subspace, we also view some representation-based methods.
Representation-based methods have been shown enormous
success in many recognition tasks. For example, LR clas-
sification (LRC) [31] and collaborative representation-based
classification (CRC) with regularized least square [32] were
proposed for face recognition. Robust regression that aims to
find a “clean” data representation was proposed for classifica-
tion and regression [33]. Sparse representation-based classifi-
cation (SRC) finds the smallest number of training samples to
represent a test sample and uses the representation results to
perform classification [3]. It is reported that SRC obtains sur-
prisingly experimental results in face recognition. Dictionary
learning that transforms the original data representation into
a discriminative and compact representation for recognition
has been shown to produce state-of-the-art results [34]-[36].
Low-rank representation methods were also proposed to learn
a robust data representation for data classification and cluster-
ing [37]-[41]. For example, robust PCA (RPCA) [38] decom-
poses original data into a low-rank component and a sparse
component in which the low-rank component is commonly
used as the “clean” data representation of original data and the
sparse component is used as the error. Latent low-rank repre-
sentation (LatLRR) [37] decomposes the original observation
data into three components: principal feature representation,
salient feature representation, and sparse noise in which the
salient feature representation is discriminative, and thus, it can
be used for discriminant analysis. The relations among many
low-rank representation-based methods were discussed in [42].
Structured-constrained low-rank representation (SC-LRR) was
proposed to find an appropriate data representation for sub-
space clustering [43].

Most these mentioned methods consist of two steps: 1) fea-
ture learning (data representation) and 2) classification is per-
formed based on the learned features. Such two independent
steps cannot guarantee an overall optimality in performance
of a designed algorithm. In other words, the learned data
representation may not be optimal for classification. Moreover,
these mentioned methods only explore the original visual
features of data to perform learning tasks, whereas the original
visual features and the objective outputs are not linked. Due
to the existing of so-called semantic gap, the original visual
features cannot guarantee good classification results. Some
works were proposed to uncover the latent discriminative
subspace by learning a transformation [44], [45]. However,
different from previous works, our method jointly optimizes
problems of the latent SL and classification model parameter
prediction, which can guarantee the overall optimality in
algorithmic performance. A latent subspace is uncovered and
used as an intermediate between the original visual features
and objective outputs. In this way, we can uncover a more
appropriate data representation for classification tasks. With
two different matrices, our method can reveal data structure
well and obtain good classification results.

III. PROPOSED METHOD

In this section, we introduce a novel latent SL. method,
which can learn an appropriate data representation and classi-
fication model parameter simultaneously.

Let us first introduce our notation. Let X € R™*"

be a matrix containing n samples possibly corrupted by
noise or outliers, where m is the dimensionality of samples.
The goal of classification task is to accurately classify the
samples to their respective classes. The definitions of binary
label matrix Y and transformation matrix A are the same
as those in (1). We consider the Frobenius norm of matrix
A AR = X0, > Aizj = Tr[ATA]. AT denotes the
transposed matrix of A. The £{-norm for A is defined as

1Al =D 1441 ©)

i=1 j=1I

A. Motivation of RLSL

How to obtain a good data representation is an important
issue in classification. However, image data contain much
redundant information, and the discriminative information is
not decided by all the pixels. As discussed in Section II,
this paper aims to obtain a discriminative data representa-
tion by learning a latent space to enhance the classification
performance and the robustness of algorithm. Recent stud-
ies [1], [33], [43], [45], [58] indicate that to obtain a good
classification results always requires to find a compact and
discriminative data representation. In [1], [33], [43], and [58],
“clear” data representations were learned by using low-rank
decomposition. However, these methods obtain the “clean”
data by simple substraction, i.e., X¢jean = X — E. In this way,
the dimensionality of “clean” data representation is as the same
as that of the original data. In general, the combinations of fea-
tures are more discriminative than individual feature [41], [45].
Thus, obtaining a combination of features is a good choice for
improving classification accuracy. To obtain a compact data
representation, we expect that the dimensionality of “clean”
data representation is lower than that of the original data repre-
sentation. In [45], a latent subspace was learned to preserve the
intrinsic geometric structure of data. However, the important
information may be lost, since it does not perform the data
reconstruction. Finding a compact and discriminant latent data
representation and simultaneously avoiding the information
loss seem to be a good choice to connect the original visual
features and objective outputs. Thus, a natural idea is combine
the original features to form an appropriate data representation
and simultaneously learn the classification model parameters
so that the learned data representation is discriminative.

B. Model of RLSL

To learn the new data representation, we present a formula-
tion to learn an appropriate data representation F € R¢*” in
a latent subspace as follows:

F=0"x 3)

where Q € 9W"*4 (d denotes the dimensionality of latent
space) is the linear transformation matrix which is used to
link the latent and original input spaces.

During the training phase of classification, the obtained
features Q7 X are fed into a classifier f(x, R) to learn the

classification model parameter R € Rexd  where ¢ is the
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number of classes. We aim at optimizing the transformation Q
by minimizing the classification error. In this way, the obtained
data representation Q7 X is tightly coupled with classification.
Our objective function for learning transformation Q and
parameter R of classifier can be defined as

min > (vi. £(Q"xi, R)) + Al Rl @)
=1

where x; € R™ is the ith sample in X € R"™*". R is
the parameter of classifier f(x, R). y is the regression loss
function. y; is the label vector of the ith sample. A3 > 0
is a regularization parameter. In this paper, a linear classifier
f(x, R) = Rx and a quadratic loss function, i.e., the LR, are
used for model learning. We define the classification model as

min Y — RO XIIF + 1IQIF +ZIRIF. ()

As discussed in Section III, some representation-
based methods and SL methods ignore the information
loss [35]-[38]. In this case, it is inevitable that the
performance of classification is degraded. In our method,
we consider the reconstructive ability of the obtained data
representation. We therefore propose to impose the following
constraint on the objective function:

Jnin Y = ROTXIF + 111 Q1% + 2RI

st. X=prP0T'x, PTP=1 (6)

where we impose the orthogonal constraint on P e H9"*¢

to avoid a trivial solution. Different from the reconstruction
ways of some conventional SL methods which use a single
matrix to perform data reconstruction such as PCA, we use two
different matrices P and Q to perform the data reconstruction
(see Fig. 1). In doing so, Q has more freedom to fit labels
so that a more accurate R can be obtained. P also has more
freedom to make the representation Q7 X hold the main energy
of the “clean” data. Since outliers or noise-free component
are unknown, so existing methods use X in the estimation
of A. In presence of outliers or noise, the obtained result is a
biased estimation of A. In our method, to obtain a “clean” data
representation Q7 X from the original input X, we explicitly
factorize X into PQ” X + E and only compute R using the
“clean” QT X. Thus, RLSL solves the following optimization
problem:
1 T y2
oin 2IIY RQ" X%

1 1
+ 3 1IQIF + RN El + 5 23R
st. X=PQO"X+E, PTP=1 (7)

where 11 > 0 and A, > 0 are scalars that weight the corre-
sponding terms in (7). RLSL explicitly avoids transform the
error term E into the output space by learning the regression
parameter R only from the augmented “clean” data represen-
tation Q7 X. Observe that the first and third regularization
terms control the complexity of this model. The second term
encourages E € N> to be sparse. By jointly learning latent
subspace Q and classification model parameter R, the obtained
data representation Q7 X is discriminative for classification.
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IV. OPTIMIZATION

In this section, we propose to use ADMM to solve
problem (7).

A. Solving Problem (7)

To facilitate the optimization of (7), we rewrite the
problem (7) as following by defining A = RQ”:

min

1 1
o min L SIY = AXIE + 541017 + A0 Ell

1
+ 54 IRIE
st. X=POTX+E, PTP=1, ROT=A. (8

The augmented Lagrangian function of problem (8) is

1

1
min —lY — AX|% + =1 2
o s 2|| IIF+2 110l

J = arg

FAIED + 3 AIRI
+(Y1,X—POTX—E)
+(¥2, RQT — A)
+%(||X —POTX - E|%

+IROT - AlI%)
st. PTp=1 )

where Y7 and Y> are Lagrange multipliers and ¢ > 0 is
a penalty parameter. The variables are updated alternately
by minimizing the Lagrangian function, with other variables
fixed. The iteration stops when the convergence conditions are
met. We provide the details of solving (9) in the following.

Step 1 (Update A): Updating A by solving the following
problem:

2

1 Y.
j:argn§n§||Y—AXII%+%HRQT—A-i-f (10)

F

By setting the derivative (6.7 /0A) = 0, we obtain
T T r, 1
AXXT +uD)—(YXT + u(ROT+ =) ) =0
u
Y.
= A= (YXT + ,u(RQT + —2))(XXT +un~t an
u

Step 2 (Update P): Update P by solving the following
problem:

2
Y
J = argmin X—PQTX—E—}——1
p HllF
st. PTp=1. (12)
Let M = X — E 4+ (Y1/u). The problem (12)

is a classic orthogonal procrustes problem [41] which
is solved as follows: first compute the singular value
decomposition (SVD) of m x d matrix MXTQ as
MXTQ=USVT and thenlet P =UVT.
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Step 3 (Update Q): Update Q by solving the following
problem:

j:argminlllllQllz +E HX—PQTX—E+£ ’
02 i ol r
H T Y2 2
+Z|lROT —A+ = (13)
2 “lF

By setting the derivative (6.7/0Q) = 0, we obtain
QI+ uR"R)+ uxX"Q — (uXM" P+ uB"R) =0
(14)

where B = A — (Y2)/(u). Q is essentially updated by solving
a Sylvester equation.

Step 4 (Update R): Update R by solving the following
problem:
2

1 )%
j:argm[%nE/bIIRII%—i-%HRQT—A-Ff (15)

F
By setting the derivative (6.7 /0R) = 0, we obtain

J3R+uRQTQ—puHQ =0= R=pHQ(Us3I+u QT Q)"
(16)

where H = A — (Ya2/p).

Step 5 (Update E): Update E by solving the following
problem:
2

j:argmbinlzllEHl-i-% (17

T Yy
X—-PQO'X—E+ —
U

F
which has the following closed-form solution [46], [47]:

Y
E=S, [X—PQTX+—1i| (18)
W JZ
where S(;,,/,)[t] = sign(t)max(|t| — (42/u), 0).
Step 6 Update Y1, Y, and u:
Yi=Y1+uX—-POTX —E)
Y=Y+ u(ROT — A) (19)

w4 = min(max, p1).-
The complete algorithm is outlined in Algorithm 1.

B. Computational Complexity Analysis

This section gives the computational complexity analysis
for Algorithm 1.

For Algorithm 1, the major computation is SVD
decomposition and solving Sylvester equation problem in
steps (2) and (3), respectively. We will now discuss each part in
detail. First, the complexity of computing A is O(cnm+cdm—+
m?c + m3). Second, the complexity of SVD decomposition
of the m x d matrix is O(mdx), and thus, the complexity of
computing P is O(max(m>n, m*d)+mdx). The complexity of
computing Q is about O(m> + max(m?n, m*d) +m?n + d>c).
Finally, the complexity of computing R is O(d> + d’m +
max(med, d*c)). In practical, we find that the dimension
of the latent space is equal to the number of classes. For
simplicity, we assume that m > n > max(d,c). Thus,
the total computational complexity of Algorithm 1 is about
O1 (m2c +2m3 + 3m2n), where 1 is the number of iterations.

Algorithm 1 Solving (7)
Input: Training samples matrix X; Label matrix Y;
Parameter 1, A2, A3 and d;
Initialization: A = 0; Q =0, R =0, E =0; Y, = 0;
Yo =0; fimax = 10°; p = 1.01; u = 0.1.
while not converged do
1. Update P by solving (12).
. Update A by solving (10).
. Update Q by solving (13).
. Update R by solving (15).
. Update E by solving (17).
. Update Y1, Y» and u by
Yi < Y14+ u(X—-PQTX - E)
Y2 < Y24 u(RQT — A)
u < min{pu, umax}
end while
Output: Transformation matrix A

AN AW

C. Convergence Analysis

In this section, we analyze the convergence property of
the proposed optimization algorithm. Since the overall model
in (7) is nonconvex, it is difficult to guarantee its convergence
to a local minimum. However, an empirical evidence suggests
that the proposed algorithm has a good convergence behavior
(see Fig. 9). We propose a proof of weak convergence of the
proposed algorithm by showing that under mild conditions,
any limit point of the iteration sequence generated by the
algorithm is a stationary point that satisfies the Karush—Kuhn—
Tucker (KKT) conditions [4]. It is worth providing that any
converging point must be a point that satisfies the KKT
conditions, because they are necessary condition to be a local
optimal solution. This result provides an assurance about the
convergence behavior of the proposed algorithm.

Let us assume that the proposed algorithm reaches a station-
ary point. The KKT conditions for (8) are derived as follows
(please note that the procedure of solving P does not involve
in the Lagrange multipliers, and thus, we do not proof the
KKT condition for it):

X—POTX—E=0, ROT—A=0

oL
@:llQ—XYlTPvLYZTR:O
oL

= = 3R+ Y,0=0

oR ~ BRT N0

oL

— =YX+ AXXT -V, =0
ZA + 2

Y1 € A0gllE]l. (20)

We can obtain the following equation from the last relation-
ship in (20):
Y
X-POTX+-2L ex-POTX
u

JOEIIX — POTXIIL o
)%

where scalar function Q(z,,,)(t) £t + (A2/p)0d]t| is applied
elementwise to X — P QT X. From [4], we obtain the following

+A

Qu(X—-PO"X) (21
n
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relation:

Y
E:Q;;(X—PQTXJr;l)

u
Y1 2
&S(X—PQTX—F—I,—Z)
wou
where S(x, 7) = sign(x)max(|x| — 7, 0). Therefore, the KKT
condition is as follows:
X—-POTXxX—-E=0, ROT—A=0
MQ—XY[P+Y/R=0/3, R+Y,0=0
~¥YXT + AXXT — v, =0

E:S(X—PQTX+3,’1—).
[z
(23)

(22)

Based on these conditions, we prove that algorithm con-
verges to a point that satisfies the KKT condition.

Theorem 1: Let = (Q, R, A, E, P,Y1,Y>) and {052, be
generated by Algorithm 1 and suppose {9};?0 | 18 bounded and
limj_oo{0/*! — 67} = 0. Then, every limit point of {67}
satisfies the KKT conditions. In particular, whenever {6} =1
converges, it converges to a KKT point.

The detailed proof of Theorem 1 is moved to the Appen-

dix for the better flow of this paper.

D. Classification

When (7) is solved, we obtain the regression parameter A.
Then, we directly use A to obtain the transformation results
of training and testing samples, respectively. Suppose Xest 1S
the test sample, its label is assigned as j* = argmax; (Axes)
(j=1,2...,c). In practice, we find that the results obtained
by using the above method and the nearest-neighbor (NN)
classifier are generally similar. Thus, our method uses NN
classifier to perform classification for the sake of simplicity.

V. EXPERIMENTS

In this section, we present extensive experiments to validate
the effectiveness of our method for different classification
tasks. The first experiment, respectively, gives the visualiza-
tions of matrices P and Q. This is useful to shows that
whether matrices P and Q work better in data reconstruc-
tion. The second experiment reports the comparisons of our
method against the state-of-the-art classification methods on
different types of databases. The third experiment is to test
the algorithmic robustness to different types of noise. The
fourth experiment is to study the algorithmic convergence
and parameters sensitiveness. The code of this paper can be
downloaded from http://www.scholat.com/laizhihui.
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A. Example of Data Reconstruction

In this paper, we use two different matrices P and Q to
reconstruct the data. In order to demonstrate this issue, we use
a toy data set to test the reconstruction ability of different
ways. The original data (nine samples in total) is shown
in Fig. 2(a) which is from three classes and each class has
three samples. The goal of our experiments is only to show
that whether two different matrices P and Q work better than
a single matrix Q in data reconstruction. Thus, the original
data shown in Fig. 2(a) are relatively clean (the value of E is
very small), which can provide a clear comparison between the
original data and different reconstruction data. Please note that
when we obtain the best classification accuracies, the recon-
struction data are then calculated. The first experiment is to
test the reconstruction ability of two different matrices P
and Q (i.e., our method) in which the reconstruction data
are calculated as P QT X. The reconstruction data are shown
in Fig. 2(b). The second experiment first solves the following
optimization problem:

oy 1 2
min S[IY — RQ" X|[F + Al ElL + S22l RIlE

st. X=00"X+E, 0To=1

and then use the obtained Q to reconstruct data by using
Q0T X. The reconstruction result is shown in Fig. 2(c).

From the reconstruction results, we can see that the recon-
struction result obtained by PQT X is better than that of
Q0T X. Thus, two different matrices form is better than
a single matrix form in data reconstruction and they can
guarantee that the obtained data representation Q7 X can hold
the main energy of the data.

(24)

B. Experiments on the Different Data Sets

We first evaluate our method on three widely used face data-
bases: 1) Extended Yale B [48], [37]; 2) CMU PIE [36], [49];
and 3) AR [35], [41], [42], [50]. Note that the difficulties of
these face databases are not the same. As shown in Fig. 3,
Extended Yale B is more simple than the other two databases.
For each individual, it has about 64 near front images under
different illuminations. For AR, it is more challenging to
recognize them, since it contains different facial expressions,
illuminations conditions, and occlusions of sun glass and
scarf. The CMU PIE database is taken under different poses,
expressions, and illuminations, which makes this database
more difficult to classification. We also test our method on two
more different types of databases: 1) Caltech 101 database for
object recognition [35], [51] and 2) Fifteen Scene Categories
for scene recognition [35], [36], [52].
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Fig. 3.  Some images from (a) Extended YaleB, (b) AR, (c) CMU PIE,
(d) Caltech101, and (e) Fifteen scene databases.

We compare our method with LR [see (1)], SRC [3],
CRC [32], the locality constrained linear coding (LLC) [25],
LRC [31], LRSIC [29], LRRC [28], SLRRC [28], TDDL [34],
SVM [5], RPCA [38], LatLRR [37], SC-LRR [43], and
ILRDFL [58]. For fairness, for RPCA and SC-LRR, first
noises are removed by using respective methods for training
samples and then uses the “clean” training samples to learn
the model parameter of LR (1). Finally, the learned model
parameters are used to extract the discriminative features for
training and testing samples, respectively and use an NN
classifier to classify testing samples. For LatLRR, the salient
features are used to learn the model parameter of LR (1). Then,
the classification process is as the same as that of RPCA. The
platform is MATLAB 2010b under Window 7 on PC equipped
with a 3.30-GHZ CPU and 8-GB memory.

1) Face Recognition: We compare our method with some
state-of-the-arts methods on three different face image data
sets.

a) Extended Yale B: The Extended Yale B contains
2414 images with 38 peoples and each people provides
59-64 images. Every image has 32 x 32 pixels. We randomly
select 10, 15, 20, and 25 samples per person for training and
the remaining samples are used for testing. Every experiment
runs 30 times. When we evaluate SRC, CRC, LRC, and
LRSIC, all training samples are used as the dictionary. The
number of neighbors of LLC is set to 5, which is the same
as that in [28]. Following [28], the dictionary size for LRRC,
SLRRC, and TDDL is set to 140, i.e., each person has five
atoms. The experimental results are shown in Table I. Note
that we report the mean classification results (mean =+ std) for
all methods in this experiment. From the results in Table I,
we can see that with a different number of training samples our

TABLE I

CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS
ON THE EXTENDED YALE B DATABASE

[ Alg. [ 10 [ 15 [ 20 [ 25 |
SRC [3] 87.8£0.3 | 92.6+0.6 | 94.4£0.6 | 96.7+0.5
CRC [32] 86.1+£0.5 | 90.7+0.3 | 93.0+0.2 | 94.1+0.3
LLC [25] 79.8+£0.4 | 88.6+£0.3 | 91.5+£0.4 | 94.3+0.5
LRC [31] 83.3+£0.4 | 89.44+0.5 | 92.4£0.2 | 93.6+0.3

LRSIC [29] 87.0+0.6 | 92.7+0.5 | 94.24+0.3 | 96.1+0.5
LRRC [28] 84.3£0.6 | 91.5+0.4 | 93.3£0.5 | 95.840.7
SLRRC [28] 85.5£0.4 | 91.44+0.6 | 94.0£0.5 | 95.6+0.7
TDDL [34] 84.3+0.2 | 88.9+0.3 | 92.54+04 | 95.04+0.6
Robust PCA [38] | 86.1+£0.2 | 90.5£0.4 | 93.5+0.6 | 95.440.3
LatLRR [37] 84.0£0.5 | 88.8+£0.3 | 92.1£0.5 | 93.84+0.6
SVM [5] 81.5+1.4 | 89.24+1.0 | 92.64+0.7 | 94.54+0.6
ILRDFL [58] 86.8+£0.7 | 91.3+0.6 | 93.9£0.8 | 95.5+0.6
SC-LRR [43] 85.6+£0.4 | 88.7+0.8 | 92.8+£0.3 | 94.5+0.8
LR 86.6+1.1 | 922409 | 94.1+1.2 | 96.640.8

Our method 89.0+1.3 | 93.7+0.8 | 95.24+0.6 | 97.440.5

Fig. 4.  Some examples of using our method to correct the errors in the
Extended Yale B databases. Left: original data matrix X. Center: corrected
data PQT X. Right: error E.

method always achieve the best recognition results. An “abnor-
mal” finding is that the classification results of RPCA are
better than those of many dictionary learning methods, such
as TDDL, LRRC, and SLRRC when we select few samples
as training samples. The reason may be that: 1) when we
remove noises, model (1) may be more effective than these
classification models used in TDDL, LRRC, and SLRRC for
improving classification accuracy and 2) when we use few
training samples, we cannot learn a discriminative dictionary.
Thus, the parameters of finally classification models used in
these dictionary learning methods are not optimal. However,
we also see that TDDL, LRRC, and SLRRC outperform RPCA
when we use more training samples for model learning. This
reason may be that when we use more training samples, these
dictionaries learned by TDDL, LRRC, and SLRRC contain
more abundant and discriminative information so that the
learned coding coefficients are more discriminative. Similar
cases happen in the subsequent experiments.

We randomly select some images from the Extended YaleB
database to visualize RLSL’s effectiveness in error correction.
Fig. 4 shows some results produced by RLSL. It is worth
to note that, for a given face image data matrix X, RLSL
decomposes it into a “clean” part PQT X and a sparse error
part E fitting noise. Seeing from the decomposable face
images in Fig. 4, the shadow on these original face images
can be effectively removed and used as the error part. It is
also worth noting that the “error” term E contains the salient
features that represents some key local parts of face images,
e.g., the eyes and noses. This implies that it is possible to
use RLSL to extract the salient regions, as done in face
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Fig. 5. (a) Visualization of basis vectors of matrix Q. (b) Classification
results obtained by two different classifiers.

recognition and saliency detection [47]. Fig. 5(a) shows the
basis vectors of matrix Q learned by RLSL on the Extended
Yale B database. Each basis vector has the dimension of 1024.
We plot these basis vectors as 32 x 32 gray-scale images. It is
clear to see that the basis vectors of Q contain lots of details of
face images. Fig. 5(b) shows the classification results by two
different classifiers, i.e., NN and Ax [Ax is the classifier with
the classification rule j* = argmax; (Axes)], which indicates
that the results obtained by these two classifiers are almost
similar. Please note that the experiment is just only to verify
that the use of NN classifier in our method is advisable.

b) CMU PIE: The CMU PIE database contains
41368 images from 68 persons, each with 13 different poses,
43 different illuminations conditions, and 4 different expres-
sions. In this experiment, we select a subset that contains five
near front poses (C05, C07, C09, C27, and C29) and all the
images are taken under different illuminations and expressions,
to test different methods. Thus, there are 170 images for
each person. Since LLC encodes the scale-invariant feature
transform (SIFT), we should keep a certain amount of SIFT
features. Thus, the face images are normalized to size of
64 x 64 pixels for LLC. In other methods, all images are
simply cropped into 32 x 32. All the training samples are used
as the dictionary for SRC, CRC, LRC, and LRSIC. We set
the size of dictionary to 340 for LRRC, SLRRC, and TDDL.
We also randomly select 10, 15, 20, and 25 samples per person
for training and the remaining samples are used for testing.
Every experiment runs 30 times and mean classification results
(mean=std) are reported in Table II. We see that our method
still obtains the best classification results. Especially, when
the size of training samples is small, the improvement of
classification accuracy of our method is more obvious than
all the other methods.

c) AR: The AR database contains over 4000 color face
images from 126 people (56 women and 70 men). Each
person provides 26 images taken during two sessions. In each
session, each person has 13 images, in which three images with
sunglasses, another three with scarfs, and the remaining seven
with facial expressions and illumination conditions. Following
standard evaluation procedure [3] and [35], we use a subset
consisting 2600 images from 50 male and 50 female. For
each person, we randomly select 20 images for training and
the remaining are used for testing. Each image is projected
onto a 540-D vector with a randomly generated matrix [35].
The experiment results are shown in Table III. Please note
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TABLE II

CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS
ON THE CMU PIE DATABASE

[ Alg. [ 10 [ 15 [ 20 [ 25 |
SRC [3] 76.4+0.3 | 88.1£0.2 | 90.24+0.5 | 93.4£0.2
CRC [32] 83.8+0.4 | 88.3+0.3 | 91.0+0.6 | 93.24+0.3
LLC [25] 774+04 | 84.6+£0.5 | 89.9+0.2 | 93.2+0.3
LRC [31] 75.940.7 | 85.0+£0.4 | 90.5+0.5 | 92.3£0.4

LRSIC [29] 82.5+0.5 | 87.5+0.5 | 90.6+0.3 | 93.24+0.6
LRRC [28] 79.8+0.2 | 85.5+£0.4 | 90.1+£0.3 | 91.0£0.5
SLRRC [28] 80.8+£0.3 | 86.7+0.1 | 89.6£0.3 | 91.84+0.2
TDDL [34] 78.8+£0.5 | 85.5+£04 | 88.7£0.4 | 91.4+0.5
Robust PCA [38] | 81.1+£0.3 | 84.24+04 | 88.1£0.2 | 91.040.1
LatLRR [37] 80.4£0.6 | 86.7+0.3 | 90.0£0.4 | 91.3+0.6
SVM [5] 79.1£0.9 | 86.9+£0.6 | 90.5+£0.4 | 92.8+0.5
LR 86.1£1.5 | 89.5+1.3 | 92.0£0.8 | 93.24+0.7
ILRDFL [58] 84.7£0.6 | 90.3+0.5 | 93.2+0.6 | 94.1+0.7
SC-LRR [43] 86.9+0.4 | 90.24+0.6 | 92.64+0.7 | 94.04+0.5
Our method 88.7+0.4 | 92.7+0.3 | 94.5+0.2 | 95.5+0.3

that some experiment results are directly cited from [35].
We report the mean classification results over 30 runs for our
method. Our method achieves the best classification results
and outperforms all the other methods.

As [28] and [29] did, we also consider the following three
scenarios for three specific recognition tasks.

1) Sunglasses: For this specific recognition task, we select
seven neutral images and one image with occlusion of
sunglass from session 1 as the training set and select
seven neutral images from session 2 and five images
with sunglass images, in which two are the rest images
with sunglass from session 1 and three from session 2
as the testing set.

2) Scarf: For this specific recognition task, we select seven
unobscured images and one image with scarf from
session 1 as the training set and use the remaining
images (from sessions 1 and 2) as the testing set.

3) Sunglasses and Scarf (Mixed): For this specific recogni-
tion task, we select seven neutral images plus one with
sunglasses and one with scarf from session 1 as the
training set and choose the rest images in both sessions 1
and 2 as the testing set. Specifically, we use 9 images
for training and 17 images for testing.

These experiments are repeated three times and we report
the average experimental results for our method in Table IV.
Our method again achieves the best classification results. For
the scenario of sunglasses, scarf, and mixed, the classification
accuracies of our method are best, about 0.6%, 1.2%, and 0.5%
higher than their second best method ILRDFL, respectively.
We also note that compared with other methods, RPCA earns a
good position in classification accuracy, since it can effectively
remove different types of noise.

2) Object Recognition: We use the Caltech 101 database to
test our method for object recognition. The Caltech 101 is a
widely used database for object recognition, which contains
a total of 9146 images, split between 101 distinct objects
(including faces, watches, pianos, and ants) and a back-
ground category. Therefore, this database has 102 categories
in total. Each object category contains about 31-800 images.
The size of each image is roughly 300 x 200 pixels.
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TABLE III
CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS ON THE AR DATABASE
Alg. | Accuracy | Alg. | Accuracy |
LLC (30 local bases)[25] 69.5 SRC (all train. samp.)[3] 97.5
LLC* (70 local bases)[25] 88.7 SRC* (5 per person)[3] 66.5
K-SVD (5 per person)[54] 86.5 CRC [32] 97.3
D-SVD (5 per person)[55] 88.8 LRC [31] 94.5
LC-KSVDI1 (5 per person)[35] 92.5 SVM [5] 96.7
LC-KSVD2 (5 per person)[35] 93.7 LatLRR [37] 97.6
LC-KSVD2 (all train.samp)[35] 97.8 Robust PCA [38] 97.8
LR 97.7 Our method 98.81+0.5
TABLE IV TABLE V

CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS ON THE
AR DATABASE WITH THREE SPECIFIC RECOGNITION TASKS

\ Scenario. | Sunglasses | Scarf [ Mixed |
SRC [3] 88.6 85.6 83.2
CRC [32] 90.0 87.1 86.9
LLC [25] 87.1 85.8 84.1
LRC [31] 84.7 78.6 81.3

LRSIC [29] 87.2 79.5 83.5
LRRC [28] 86.1 83.4 82.7
SLRRC [28] 89.0 85.3 84.8
TDDL [34] 83.6 83.3 82.2
Robust PCA [38] 88.1 86.6 86.5
LatLRR [37] 87.1 86.3 84.3
SC-LRR [43] 89.4 90.5 91.5
ILRDFL [58] 93.6 92.9 93.3
Our method 94.21+0.3 94.1+0.5 | 93.8+0.6

Following [28] and [35], we also test our method using spatial
pyramid features. The process of generating the features is
the same as that in [35]. Since the dimension of original
features is too high, PCA is used to reduce the dimension
to 1500. In this experiment, we randomly select 30 samples
per category as training set and use the remaining samples as
testing set. As [25] did, LLC is the original LLC that uses
sparse coding to encode SIFT descriptors [35]. While LLC*
uses sparse coding to encode the spatial pyramid features. For
fairness, SRC, CRC, LRC, LRSIC, LRRC, SLRRC, LatLRR,
and RPCA and our method all use the spatial pyramid fea-
tures. The size of dictionaries of SRC, CRC, LRSIC, LRRC,
SLRRC, TDDL, LC-KSVDI1, and LC-KSVD?2 is set to 3060,
i.e., each category has 30 dictionary items. The neighborhood
size of LLC and LLC* is set to 30. We also report the
mean classification results (mean4std) over 30 runs for our
method. The experiment results are shown in Table V. As the
experimental results shows, our method performs the best
among all the compared methods and at least 2.3% higher than
the runner-up, ILRDFL. We also note that when we evaluate
our method, the total of 17 classes in the Caltech 101 database
achieve 100% classification accuracies, respectively.

In order to test our method better, we conduct the exper-
iments on the deep learning feature. We select the features
of decaf fc-6 of Caltech 101 database that are available
at https://sites.google.com/site/crossdataset/home/files [59].
Since the dimension of original feature is very high, we use
PCA as a preprocessing step to preserve 98% energy of the
data. We randomly select 10, 15, 20, 25, and 30 samples
per class for training and remaining samples for testing, and
we report the mean classification results over 10 random
splits. Fig. 6 shows the mean classification accuracy (%)
of different methods in which our method obtains the best

CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS
ON THE CALTECH 101 DATABASE

\ Alg. | Accuracy | Alg. | Accuracy |
SRCJ[3] 69.3 TDDL [34] 68.1
CRC [32] 71.5 LatLRR [37] 63.5
LLC [25] 64.8 Robust PCA [38] 68.4
LLC* [25] 70.8 Lazebnik [52] 64.6
LRC [31] 69.1 SVM [5] 72.9
LRSIC [29] 70.7 Yang [64] 73.2
LRRC [28] 70.1 Geusebroek [62] 64.1
SLRRC [28] 71.0 Y. Ng [60] 72.6
LC-KSVDI1 [35] 73.4 Malik [53] 56.6
LC-KSVD2 [35] 73.6 ILRDFL [58] 73.8
Gemert [56] 64.1 Our method 76.1+0.4
SC-LRR [43] 72.4
86
84 ® Our method

HLRC[31]
HCRC[32]
B LRSIC [29]

- ESRC[3]

 LRRC [28]

 SLRRC [58]
u TDDL [34]

LatLRR [37]

~ WSC-LRR[43]

ILRDFL [58]

10 train
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Fig. 6.  Classification accuracies (%) on the deep learning features of
Caltech 101 database, in which x-axis represents the different number of
training samples and y-axis denotes the classification accuracy (%).

classification accuracies. This indicates that our method has
good applicability to all kinds of features.

3) Scene Classification: We test our method on the Fifteen
Scene Categories database, which contains 15 natural scene
categories that expands on the 13-category database released
in [35]. It contains 4485 images falling into 15 categories,
such as kitchens, bedrooms, streets, and country scenes.
Each category has 200—400 images. The feature data of this
database can be available at http://www.umiacs.umd.edu/~
zhuolin/projectlcksvd.html. The features are computed as
follows. First, computing a spatial pyramid feature with a four-
level spatial pyramid and an SIFT-descriptor codebook with a
size of 200, and then, PCA is used to reduce the features
dimension to 3000. As [52] did, we randomly select
100 images per category as training samples and use the
remaining as the testing samples. SRC, CRC, LRC, LRSIC,
SLRRC, LRRC, DLSR, LatLRR, RPCA, and our method
all use the spatial pyramid features provided in [40]. The
dictionary size of SRC, CRC, LRSIC, LRRC, SLRRC, and
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TABLE VI
CLASSIFICATION ACCURACIES (%) OF DIFFERENT METHODS
ON THE FIFTEEN SCENE DATABASE
\ Alg. | Accuracy | Alg. | Accuracy |
SRCI3] 91.8 TDDL [34] 92.1
CRC [32] 92.3 LatLRR [37] 91.5
LLC [25] 79.4 LRC [31] 92.3
LLC* [25] 89.2 Lazebnik [52] 81.4
LRSIC [29] 92.4 Lian [5] 86.4
LRRC [28] 90.1 Yang [57] 80.3
SLRRC [28] 91.3 Boureau [61] 84.3
LC-KSVD1 [35] 90.4 Gemert [56] 76.7
LC-KSVD2 [35] 92.9 ILRDFL [58] 97.2
SC-LRR [43] 96.8 Our method 98.1+0.2
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Fig. 7. Confusion matrix of our method on the Fifteen Scene Categories
database.
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Fig. 8. Some corrupted images from Extended Yale B database.

TDDL are all 450. The number of neighborhoods of LLC*
and LLC is set to 30. We also report the mean classification
results (mean = std) over 30 runs for our method. The detailed
comparison results are shown in Table VI. Again, our method
performs the best among all the competitors. Our method out-
performs the second and third best competitors ILRDFL and
LC-KSVD2 by the margins of 0.9% and 5.2%, respectively.
Fig. 7 shows the confusion matrix of our method on the Fifteen
Scene Categories database, where the classification accuracy
for each class is along the diagonal. All classes are classified
well and the worst classification accuracy is as high as 95%.

C. Experiments on Contiguous and Random
Pixel Corruptions

In this section, we randomly select 15 persons from the
Extended Yale B database to test the robustness of our method
to different types of corruptions. We, respectively, simulate
various levels of contiguous occlusions and random pixel
corruptions.

1) Contiguous Occlusions: The block occlusions are ran-
domly added to different locations in the each image
with a block size of 10 x 10 and 20 x 20, respectively.

2) Random Pixel Corruptions: We randomly choose pixels
from each image and corrupt them by salt & pepper
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Fig. 9.  Classification accuracies (%) on the Extended Yale B database,
in which x-axis represents the different types of corruptions and y-axis denotes
the classification accuracy (%).
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Fig. 11. Classification accuracies (%) versus the dimension of latent subspace
on (a) Extended Yale B and (b) CMU PIE databases, in which we randomly
select 20 images per subject as training set and use the remaining as the
testing set.

noise. The rates of corrupted pixels are 10% and 20%,
respectively.

Fig. 8 shows some corrupted images from the Extended
Yale B database. We randomly select 30 samples per subject
as the training set and use the remaining as the testing set.
Fig. 9 shows the classification results of different methods.
Our method outperforms the others at all different types of
corruption. We also note that all compared methods are more
robust to contiguous occlusions than random pixel corruption.

D. Convergence and Parameters Sensitivity

In this section, we study the algorithmic convergence and
the influence of parameters 1y, A2, and 13 on classification
accuracy by setting them at different values. In addition,
we also give the range of value of d, i.e., the dimension of
latent subspace.

1) Convergence: We show the convergence curve and objec-
tive function value versus the variation of iterations of our
method in this section by running experiments on the Fifteen
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Fig. 12. Variations of classification accuracies (%) versus parameters A; and A, on (a) AR, (b) PIE, (c) Extended Yale B, and (d) Fifteen Scene Categories
databases. # denotes that we randomly select the number of samples per subject as training set and use the remaining as the testing set.

Scene Categories and Caltech 101 databases. The experiment
results are shown in Fig. 10. The objection function value
on the Caltech 101 database increases in the first several
iterations. This phenomenon can be interpreted as the con-
sequence of the initial values for different variables. However,
objective function values gradually decreases as the iteration
number increases. Specifically, after 7 and 25 iterations for the
Fifteen scene and Caltech 101 databases, respectively, they
become stable. Meanwhile, the classification accuracy goes
up in the first several iterations, and changes only a litter bit
after ten iterations. The results in Fig. 10 demonstrate that
the proposed optimization algorithm is effective and converges
quickly, usually within 20 iterations. Similar results can be also
found on the other databases.

2) Parameters Sensitivity: In practice, the value of d is
difficult to tune, since its value could be from zero to infinite.
In this section, we analyze the range of the value of d. First,
we discard the constraint terms in problem (7). Equation (7)
can be written as the following simple form:

min 1Y = ROQ" X% + AIRQT |17 (25)

Proposition 1: Problem (24) is equivalent to doing the reg-
ularized regression (model parameter is R) in the regularized
LDA subspace (projection matrix is Q).

The proof procedure is similar to that of [41, Th. 3] and
interested readers can obtain more details from [41]. From
Proposition 1, we know that d can be set to around ¢, where
c is the number of classes. It is well known to all that the
number of dimension for reconstruction is generally more than
that of classes such as PCA. Therefore, if we consider the
constraint terms, d > c. In our experiments, it is observed that
the classification performance is not sensitive to the value of d
if it is set a reasonable range. Fig. 11 shows the classification
accuracies (%) versus the value of d in which we can see
that when d > ¢, the classification accuracy reaches its
peak and the changes are only a litter bit. In practical, d is
tuned within {min(5 x max{|(c — 1/5)], 1},¢), [(m/100)],

L(m/50)], [(m/15)], L (m/10)], [ (m/5)]}, where |k]| denotes
the largest integer not greater than k£ and m is the dimension-
ality of original data.

Fig. 12 shows the classification performance variation of
our method with respect to different values of the parameters
A1 and >, which indicates that the performance of our method
is not sensitive to the values of A; and A. Specifically,
the classification performance is good when the values of
parameters A, and A; are not large. The performance is bad
when the parameter A, is very large, which demonstrates that
the sparse item cannot compensate noise well in this case.
As a result, the noise degrades the performance. Our method
is robust to different values of 11 on these databases when it is
in the range of [10~4, 10°], which indicates that a suitable 1,
value can guarantee a better data representation. We also find
that when the parameter A3 is tuned from {0.1, 0.5, 1, 3, 5, 10},
our method always obtain the best recognition results. How
to identify the optimal values of these parameters are data
dependent and still an open problem. In our experiments,
A1 and A are first fixed due to the robustness and an attempt is
made to find a candidate interval where the optimal parameters
A3 and d may exist. Then, by fixed the value of A3 and
d in the candidate interval, the candidate interval of Ai
and A; is determined. Finally, the optimal parameters in the
4-D candidate space (41, 42, 43, and d) with a fixed step length
are searched.

VI. CONCLUSION

In this paper, we propose a novel RLSL method for obtain-
ing an appropriate data representation. Unlike conventional
representation-based and SL. methods which separate the fea-
ture learning and classification into two independent steps,
our method learns data representation by integrating latent
SL with LR to minimize the regression loss directly. In this
way, the learned data representation can directly related to
the classification performance and thus can greatly improve
classification accuracy. We use two matrices to perform the
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data reconstruction, such that the uncovered data representa-
tion is more accurate. We use a sparse item to model noise for
the robustness of the uncovered data representation. Extensive
experimental results show that our method achieves better
recognition results than all the other methods in comparison.
Our method is also much more robust than some state-of-the-
art robust methods.

APPENDIX
PROOF OF THEOREM 1

First, we get the Lagrange multipliers Y} and Y, from
Algorithm 1 as

Y < Vi +uX-PO"X —E)
V)" < Yo+ u(RQT — A) (26)

where Yl.+ is the next point of Y; in a sequence {Hi] ?O:]'

If sequences of variables {¥{}%2, and {¥3}32, converge to
a stationary point, i.e., (¥;" — Y1) — 0 and (¥, — ¥2) — 0,
then (X — PQTX —E) — 0 and (RQT — A) — 0. Therefore,
the first two conditions in (23) are obtained.

For the third condition of the KKT condition, the following
equation can be obtained by using the results obtained by

Algorithm 1:

At —A= (YXT—i-,u (RQT—i—%)) XXT+un='—a @7

which is equivalent to

(A* = AYXXT + ul) = (YXT p (RQT 4 ﬁ))
u

—AXXT +uD)
=YXT —AXXT 4 Y2+ u(RQT - A).
(28)
Based on the second condition RQ”T — A = 0, we can infer
that (YXT — AXXT 4+ Y,) — 0, when (AT — A) — 0.
Similar to the procedure of verifying the third condition,
the fourth condition of the KKT condition can also be

obtained by utilizing the result of Q in Algorithm 1. We first
rewrite (14) as follows:

A1

Z0=xM"P+BTR—QRTR—XxXT0Q. (29
7

Then, we can obtain the following:
y)
Lot —0)=xM"P+BTR— QRTR
u
!
_ XXTQ _ —IQ
7
1
=—(-4Q+XY/P-Y/R)
u
+oXxX"P—XETP
+ATR—0ORTR-—XxXT0Q
1
= — (=1 Q+XY P-Y/R)+(A-RQ")"R
7

+XPoTX)TP—xx"0. (30)
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Considering PT P = I, (30) can be rewritten as

%(Q*—Q)z %(—/llQ—i—XYlTP—YZTR)

+(A—-RODHTR+xxToPTP-xx"T0
1

=—(-210+XY[P—-Y,R)
u

+(A—RODHTR. (31

If (QF — Q) — 0, then (11Q — XY[P+YIR) - 0
(A= RQT =0) as well.

Likewise, we can get the following equation using R from
Algorithm 1:

(RT=R)(U3I+p1 Q0" Q)=u(A—RQ")Q—(Y2,0+13R).
(32)

Since A — RQT converges to 0, we obtain Y2Q + A3R =0
whenever (R™ — R) — 0.

For the last condition, from (23), we get the following
equation:

Yi 2
E+—E:S(X—PQTX+—1,—2)—E (33)
1ou

when (E+ — E) — 0, we obtain the last condition.
Since {0/ }?o | is bound by the assumption in Theorem 1,

{Q“LTQ};?":1 in (32) is bound. As a result, lim;_oo(0/*! —
#7) = 0 can deduce that both sides of (28), (31), (32), and (33)
are approximate to 0 when j — oo. Thus, the value of

sequence {9}?"21 asymptotically satisfies the KKT condition

for objective function (7). ]
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