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Multi-view subspace clustering, which studies the similarities and differences among data
in multiple views, is an efficient clustering problem. However, to deal with problems that
have non-linear structures and non-Gaussian noise in multi-view data, existing clustering
methods relax the original problem convexly. The solutions that are generated by these
convex relaxations are not the optimal solutions to the original problem. To overcome this
deficiency, this paper presents a robust low-rank kernel multi-view subspace clustering
approach that combines the non-convex Schatten p-norm (0 < p < 1) regularizer with the
“kernel trick”, which can efficiently deal with problems that have non-linear structures in
multi-view data via non-convex methods. In addition, the correntropy is introduced into
our model, which is a robust measure of the corruptions that are caused by non-Gaussian
noise. Moreover, our method can learn the joint subspace representation of all views. Be-
cause it learns a low-rank kernel mapping, the data in the feature space are both low-rank
and self-expressed. The optimization problems are solved efficiently via an iterative algo-
rithm (HQ-ADMM). This algorithm can ensure that each iteration has closed-form solu-
tions, which simplifies the optimization problems substantially. Experimental comparisons
on five real-world datasets demonstrate that the proposed algorithm outperforms state-of-
the-art multi-view subspace clustering algorithms.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Subspace clustering, which refers to the clustering of samples that belong to the same subspace into the same cluster,
plays an important role in tasks such as data processing and pattern recognition [9,31,48]|. Many methods are summarized
in the literature [33], which can be divided into four main groups: algebraic methods, iterative methods, statistical methods,
and methods that are based on spectral clustering. For dealing with noise and damage in data points, various approaches
that are based on sparse representation theory, rank minimization and the Frobenius norm are proposed. A typical example
is the sparse subspace clustering method (SSC), which is proposed in [10] and constructs the affinity matrix according to
the sparsest representation coefficient matrix that is produced in the low-dimensional subspace of the data. Analogously,
low-rank-representation-based (LRR) and low-rank subspace clustering (LRSC) are proposed [22,34], which construct the
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affinity matrix with the low-rank coefficients that are obtained via their frameworks. To ensure a lower computational cost,
the Frobenius norm is used to construct a sparse similarity graph (L2-Graph) [27]. Combining the advantages of an LRR
(globality) and an auto-encoder (self-supervision-based locality), the low-rank constrained auto-encoder (LRAE) method is
proposed [8]. However, these methods are self-representation methods, which can only handle linear (or affine) subspaces.
Unfortunately, the data points may not fit exactly a linear subspace model in practice.

To deal with non-linearity in data points, the “kernel trick” is used for subspace clustering: kernel sparse subspace clus-
tering on the SPD Riemannian manifold (KSSCR) [40] applies the log-Euclidean kernel on SPD matrices. To represent the data
points in a high-dimensional Hilbert space with a linear subspace structure, a low-rank kernel subspace clustering method
is proposed for learning a low-rank kernel mapping, which can better handle non-linear subspaces [17]. However, all of
these methods relax the original problem convexly via a nuclear norm. The solutions that are generated by these convex
relaxations differ substantially from the solution of the original problem. This enables us to use non-convex agents as much
as possible, while ensuring that the computational complexity does not increase significantly.

Many studies on non-convex agents have been proposed recently. For example, [38,50] demonstrate that using a ¢p-
norm to handle image noise is more effective. In addition, research results on non-convex rank minimization functions were
reported recently. The Schatten p-norm is introduced into the mathematical model to recover noisy data [18]. The matrix
rank is approximated via a truncated nuclear norm [16]. The Schatten p-norm is also used to regularize the LRR model
(SPM) [46].

Although they have been demonstrated to be effective in many applications, these methods principally focus on single-
view data. In practical applications, visual data are mostly multi-view [45]. For example, color histograms or shape features
can be used to describe an image. In the same learning task, multi-view data can yield better performance than single-
view data because different views can provide complementary information [15,37,43]. For investigating the complementary
information that is involved in multi-view data, many multi-view clustering methods have been proposed [7]. By ignoring
the local structure of each view, some of the earlier methods simply splice all the features in the multi-view data and
perform subspace clustering [2]. These methods can’t improve the subspace clustering performance on multi-view data. A
co-regularization framework is proposed for performing multi-view subspace clustering [19]. Diversity among the represen-
tations is explicitly enforced in the model of [6]. The main objective of many researchers is to learn a consistent clustering
structure and the subspace representation of each view simultaneously [12]. Furthermore, other methods extend a single-
view subspace clustering algorithm to multi-view scenarios, in which the affinity matrix is constructed on each view [24].
However, most of the data are not pure (for example, corrupted by noise). The process of extending a single-view algorithm
to process multi-view data may cause noise to propagate in the affinity matrix, thereby degrading the clustering perfor-
mance. To improve the robustness of the model to single-view data, many scholars add correntropy to the clustering model
when the data contain non-Gaussian noise [14,35]. For multi-view data, a robust multi-view spectral clustering method is
proposed that is based on a low-rank and sparse decomposition [36]. Unfortunately, these methods still relax the original
problem convexly.

Recently, a deep learning (DL)-related method, namely, a canonical correlation analysis network (CCANet), was proposed,
in which two-view features are used for image classification [39]. For dimension reduction, an unsupervised deep-learning
framework is proposed that utilizes local deep-feature alignment (LDFA) for dimension reduction; this method demonstrates
satisfactory clustering performance on a single-view dataset [44]. In [47], view-specific samples are modeled as a non-linear
mapping of uniform but latent intact samples for all the views, and the view-specific similarity matrices are estimated
based on the uniform latent one. Motivated by a co-regularization framework, a multi-view spectral clustering framework is
proposed, which performs clustering tasks by constructing a multi-view data sharing affinity matrix [5]. By extending clas-
sical SSC and LRR methods, multi-modal subspace clustering is proposed in [1], which enforces the common representation
across the modalities. In [42], an active three-way clustering method that is based on a low-rank matrix is proposed, which
can improve the clustering accuracy when clustering high-dimensional multi-view data.

In practice, many multi-view datasets are better modeled by non-linear manifolds. Hence, many of the above methods
use the “kernel trick” to extend their models to better handle nonlinear structures in the data. However, these kernels are
pre-specified and the original problem is relaxed convexly. With the predefined kernels that are used in these methods,
after (implicit) mapping to the feature space, the data points are not guaranteed to be low-rank and, thus, are very un-
likely to form multiple low-dimensional subspace structures. In addition, the solutions that are generated by these convex
relaxations are not optimal solutions to the original problems. Therefore, this paper proposes a novel robust multi-view sub-
space clustering model for solving these problems. Since high-dimensional data may contain non-Gaussian noise (such as
missing data noise and outliers) and nonlinear structures, we propose a robust low-rank kernel multi-view subspace clus-
tering framework that is based on the Schatten p-norm and correntropy (RLKMSC) and has two regularization schemes for
constructing an affinity matrix that is shared among all views: (i) the pairs of views and (ii) toward a common centroid.
To evaluate the effectiveness of the proposed method, we conduct extensive experiments on four benchmarks. The main
contributions of this study can be summarized below.

« To the best of our knowledge, this is the first work on applying a non-convex low-rank kernel into multi-view data for
subspace clustering.

 To better handle non-linear subspaces, a low-rank kernel mapping is learned such that the data in the resulting feature
space are both low-rank and self-expressive.
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Table 1
Notations and abbreviations.
Notation Definition
I Identity matrix
1 All-ones column vector
N Number of data points
v v-th view
ny Number of views
D) Dimension of the data points in a view v
X® ¢ RPN Data matrix in view v
ZW) ¢ RNXN Representation matrix in view v
Z* e RVN Centroid representation matrix
W e RNN Affinity matrix
d(XM) Feature mapping of the data matrix in view v
K@ e RN*N Unknown kernel Gram matrix in view v
K e RVN Specified positive-definite kernel matrix in view v
I 1lq Arbitrary matrix norm
tr(-) Trace operator of a matrix
diag(-) Vector of the diagonal elements of a matrix

- To approximate the rank of the data in the feature space effectively, the Schatten p-norm regularizer is used and the
closed-form solution for solving this sub-problem is presented.

- To handle non-Gaussian noise in the data, the correntropy is used. Moreover, considering the characteristic half-quadratic
theories (HQ) [26] and the alternating-direction method of multipliers (ADMM) [4], an iterative algorithm (HQ-ADMM)
is developed for implementing the proposed methods.

The remainder of this paper is organized as follows: Section 2 reviews related works. Section 3 introduces two novel
models for robust low-rank kernel multi-view subspace clustering that are based on the Schatten p-norm and correntropy.
Section 4 presents the experimental results on five datasets, which are used to evaluate the effectiveness and robustness of
RLKMSC. Section 5 presents the conclusions of this paper.

2. Background and related work

In this section, the main symbols that are used in this article are listed first, followed by a brief introduction to subspace
self-expression, the Schatten p-norm, the kernel strategy and correntropy.

2.1. Main notations

For convenience, we list important mathematic notations that are used throughout the paper in Table 1. Matrices are
represented in bold uppercase, while vectors are represented in bold lowercase.

2.2. Related work

2.2.1. Subspace self-expressiveness

Recent self-expressiveness-based methods resort to the so-called subspace self-expressiveness property, namely, a point
from a subspace can be expressed as a linear combination of other points in the same subspace, and utilize the self-
expression coefficient matrix as the affinity matrix for spectral clustering. Given a set of N data points X = [x{,X;,---, Xy] €
RPxN X — XZ express the self-expressiveness of a subspace, where Z is the self-expression coefficient matrix. Assuming the
subspaces are independent, the optimal solution for Z, which is obtained by minimizing various norms of Z, has a block-
diagonal structure: z;; = 0 when points i and j are from the same subspace. Namely, we have the following optimization
problem:

min[Zllg st X =XZ.Z;=0 (1)

where the constraint Z; = 0 is used to prevent the trivial identity solution for sparse norms of Z. In the literature, various
norms on Z have been used to regularize subspace clustering, such as the ¢;-norm in [10], the nuclear norm in [22,34], the
Schatten p-norm in [46], and a mixture of the ¢;-and ¢;-norms in [41].

In another series of local-based higher-order models, the affinity matrix is constructed from the residuals that are fitted
by the local subspace model. In contrast, the self-expressiveness-based methods build holistic connections (or affinities) for
all points in a single and principled optimization problem.
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Fig. 1. Subspace-structure-preserving feature mapping: non-linear subspaces are mapped to linear ones in high-dimensional feature space.

2.2.2. Schatten p-norm
The Schatten p-norm of a matrix X € RP*N is expressed by

mino.N) /P
IXls, = (Y o7 (2)
i=1
where 0 <p <1 and §; is the i-th largest singular value. We obtain the following formula:
min (D,N)
X1, = Z 5 (3)

This equation is equ1valent to nuclear norm || X||« when p =1, while the Schatten 0-norm is the rank of X. Therefore,
[| X||5p is a better approximation of the rank of X than | X]|-.

2.2.3. Kernel trick

With kernel methods, data points can be mapped to higher-dimensional feature spaces. Then, the nonlinear analysis in
the input data space can be transformed into a linear analysis in the feature space [29]. The “kernel trick” is a common
use of kernel methods, in which feature mapping is implicit and the inner products between pairs of data points in the
feature space are computed as kernel values. Fig. 1 illustrates the subspace-structure-preserving feature mapping in 2-D.
The ambient dimension is very high in the feature space. For commonly used kernels such as the Gaussian RBF, although
the kernel trick is relatively computationally cheap, we can’t accurately determine how the data points are mapped into
the feature space. Therefore, in the context of subspace clustering, it is very likely that there will be no expected low-
dimensional linear subspace structure in the feature space after implicit feature mapping.

To map the data into a high-dimensional Hilbert space with a linear subspace structure, the feature mapping, which is
denoted as ¢(X), should be low-rank and we also expect it to be self-expressive. By considering these features comprehen-
sively and implementing them within the SSC framework [10], we can obtain the following optimization problem:

minllpX)lls, +AIZl - st ¢X) =X)Z, Zi =0 (4)
where K = ¢(X)T¢(X) is the unknown kernel Gram matrix and A is a tradeoff parameter.

2.2.4. Correntropy
In the literature, [23], the correntropy of two arbitrary variables, namely, x and y, is defined as

V(x,y) = E[ks (x,¥)] (5)
where ks(-, -) is a kernel function and E[ -] denotes the mathematical expectation. In this paper, we define ks (x1,x3) =

exp (— Hx1 Xz ||2) (Gaussian kernel), where parameter o denotes the width of the kernel. A general similarity measurement is
extended as the correntropy-induced metric (CIM) [23] between any two variables. It is formally defined as
1
1 1N 2 (6)
CIM(x,y) =(1-V(xy)2 =1~ N > ko (%0, i)
i=1

For an optimization problem, maximizing the correntropy is equivalent to minimizing CIM, which is also called the maxi-
mum correntropy criterion (MCC) [23]. CIM is a local metric. When the errors are comparatively small, CIM can approximate
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Fig. 2. Regression results with the MCC and MMSE criteria.

the absolute error. For large errors, which are typically caused by outliers, the value of CIM is close to 1; hence, their effect
on CIM is limited. This is why CIM is more robust to non-Gaussian noises.

A simple regression experiment is conducted by [35] to help readers better understand the principle of the suppression
of non-Gaussian noise by correntropy. As shown in Fig. 2, the objective is to fit a plane to sample points in a 3-D space;
however, some of the sample points contain impulse noise. The minimum mean square error (MMSE) is a global measure
and is used as a comparison algorithm. MCC substantially outperforms MMSE, which demonstrates the robustness of MCC.

3. Robust low-rank kernel multi-view subspace clustering

In this section, considering the non-linear structure and non-Gaussian noises of data points, we present the robust low-
rank kernel multi-view subspace clustering (RLKMSC) framework and implement it with two regularization methods. For a
dataset of n, views, which is defined as X = {X"}" = where X) = [xgv),xgv), . ~,x,(v")] e RPN our objective is to con-
struct the affinity matrix that is shared among all views by learning a joint representation matrix Z, while ensuring that the
data (implicit) mapping to the feature space is low-rank.

The joint objective function is formulated, in which the representation matrices {Z(V)};ji1 of all views are constrained and
regularized toward a consensus. Motivated by [5,35,46], two regularization methods are proposed in the RLKMSC framework:
(i) centroid-based RLKMSC and (ii) RLKMSC that is based on pairwise similarities. The former forces Z(¥) toward a common
centroid Z*. The latter encourages similarity between Z(V) and ZW). Fig. 3 presents an overview of the proposed framework.
First, with the multi-view data, our methods dependently learn the coefficient matrix Z(™ of each view. Second, the global
coefficient matrix Z*, which is obtained via the above two regularization methods, is used to explore the globally consistent
information from all single views. When the global coefficient matrix satisfies the convergence condition, we can use it to
build the affinity matrix. Finally, the spectral clustering algorithm is applied to the affinity matrix to obtain the clustering
result. In these models, the Schatten p-norm is combined with the “kernel trick” and correntropy for clustering.

3.1. Centroid-based RLKMSC

According to Eq. (4), we propose a centroid-based regularization method that forces the representations of all views
toward a common centroid. The objective function is expressed as follows:

ny

min S ([ p(XD)E + 4 N 20 + BV (| 27 - z7|F)
{K(V)}vil'{z(w}vil v=1 ’

st. ¢(XV) =¢(X")Z", diag(Z") =0, v=1,-- . my (7)

where K = ¢(X (“))Tqb(X(")) is an unknown kernel Gram matrix, A and B(") are trade-off parameters for view v and Z(*)
denotes the consensus variable. This problem can be transformed into the following problem:
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Fig. 3. Overview of the proposed robust low-rank kernel multi-view subspace clustering framework.

min xX® Allz® Wz® _ z*|2
in [l (XV) g + 112+ B I?

st. (X)) =p(XV)Z", diag(z") =0 (8)

The main obstacle in the process of optimizing (8) is that ||¢(X(“))||§p depends on ¢(X()). This can be circum-

vented via re-parametrization [13], which leads to a closed-form solution for robust rank minimization in the feature
space. Since the kernel matrix K*) is symmetric positive semi-definite, we can factorize it as K = B®'B® and ob-
tain ||¢(X<”))||§’p = ||B(")||§’p, where B") is a square matrix. Typically, the data points are polluted by noise. Hence, we

must add a regularization term to the objective by relaxing the equality constraint in (8): [¢(X®) — ¢(X)ZW)||2Z =

tr[(I — 2Z® + zWz® )BT B®)]. To make the model more robust to corruption (caused by non-Gaussian n01se) the cor-
rentropy is introduced into model (8) in the form of }; j go(E(")) to measure the similarity between K ™ and BYTBM), With
an additional affine constraint for affine subspaces, problem ( ) can be expressed as follows:

. T T "
omin BG4 2120+ 5 rr((l 220 +202")BY BV ) +1a g (E)) + B2V - '
z0, —

st. diag(z?) =0, 12" =17, K" = B"' B £ EW (9)
(v
where Ké") is a predefined kernel matrix, E) models the errors in the data, (p(E,.(j“)) =1-exp (— - ), E(") denotes the

i-th row and j-th column element of matrix E), and o is the size of the Gaussian kernel.
For convenience, auxiliary variables Z%”), Z;”) and AY are introduced in Eq. (9). Then, the original problem can be refor-
mulated as follows:

min BV + 2012 [l + tr((l 2A(")+A(">A(")T)B(”)TB("))+A3Z¢(E(”)) +BW |2 — 272
A®) B®) Z® ZW E®) 2

st AV =z _diag(z"), AV =2, K =BV'BY +EV, 172" =1 (10)

Because of the bilinear terms in the objective, problem (10) is non-convex (or bi-convex). Recently, the ADMM has be-
came popular for solving non-convex problems [20], especially bilinear ones [30]. A convergence analysis of the ADMM for
non-convex problems is provided in [21]. Then, we use the ADMM to solve Eq. (10). The augmented Lagrangian function
is

£<A(v),3<v) {Z(”>} EW (yOp J’iu)) — BV 2 + A2l + : tr((, ZA(V)+A(U)A(V)T)B(V)TB(V))

3 Y 0(EY) + BVNIZS —Z¢ |2 + tr(Yl(") AV -z 4 diag(zgw)))
ij

Ttr (Yz(")T AV - Zﬁ”))) T tr(Y;") ! (Ké”) _BwTgw _ E(u)))
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T .
+tr(yg“> 17z - 1’)) + L(1AY - 207 + diag(z(") I} + 1A© — 2"}
T
HIKY ~ BOTB® _EW|2 4 1Tz _ 17 ||§) (1)

where {1/1.(”)},.3:l e RN<N| 3,0 ¢ RN are the Lagrange multipliers, and p >0 denotes the penalty parameter. We update
each of the above variables alternatingly by minimizing Eq. (11) while fixing the other variables. In the following, the details
of the process will be provided.

(1) Updating Zg")

Z](") can be updated by solving the following sub-problem:

minhHZ(”)H 1||Z(“) diag(z® AW Q I3 (12)
Z(V,M11+21_g(l)_ T )

1

This sub-problem also has a closed-form solution:

Z" = Y — diag(Y) (13)

)
where Y =T AW 4 Y’T) and T is an element-wise soft-thresholding operator that is defined as T; (x) = sign(x) - max(|x| —

7,0). »
- v
(2) Updating Z;
Zé") can be updated by solving the following sub-problem:

. " T
min 02" ~2' |+ tr(V0 (A0 - 207)) + G140 -2} (14)
2

This sub-problem also has a closed-form solution:

Z) = (289 + )1 (282" + LAY +Y,) (15)

(3) Updating Z*
The closed-form solution of Z* can be obtained by setting the partial derivative of the objective function with respect to
Z* to zero and solving for Z*:

. ZZ":l ﬁ(v)z(V)
zZ" = 7221 B0 (16)
(4) Updating A")
The matrix A") can be updated by solving the following sub-problem:
LA
min jztr((l —2A0) 4 A(“)A(")T)B(”)TB<”)) + tr(Yl(”)TA(”)) + tr(Yz(”)TA(")) +tr(y1"z)
w .
+5(||A<v> -z +diag(Z") 17 + 172" - 17||3) (17)

This can be achieved by taking the derivative with respect to A(") and setting it to zero. This sub-problem has a closed-
form solution:

A = (3,BVBY £ 2p(1+117) (AZB“’)TB(") —YY Y -1y 4 (2 - diag(2")) + 2" + 11T) (18)

(5) Updating B(")
To update B(“), we can solve the following sub-problem,

min|B©2 + 2 |~ BB (19)

where I?é.l]’) = Ké“) - %()‘2—2(1 240" L AWAWTY _ Y;”)) — EW_ At iteration k + 1, this sub-problem also has a closed-form
solution:

BV =TVT" (20)
where I'* and V are both related to the SVD of IZ’((;'{). This problem can be solved by Lemma 1.

Lemma 1. Let G = UXVT denote the singular value decomposition (SVD) of G, where X = diag(8y, - - -, 8y). The following problem
is obtained:

; p P T2
min L2 + 2116 - LL2 1)
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The closed-form solution of Eq. (21) is given by
L =TV’ (22)
where T* is related to the SVD of G and T* = diag(yy. - - - y3). with y; = argminy, 5(8; — y?)? + yF and y;e {xe Ry | %3 -
8ix + 4 xP 1 = 0} U{0}, where §; is the i-th singular value of G.
As the closed-form solution to (22) is a key contribution of this work, an extended proof of the above lemma is included
in the Appendix A.

(6) Updating E)
The sub-problem of updating E) can be expressed as:

1 T Y.
HE](H] Z‘/’(ES})) + j”E(v) - (K((;v) ~BYV' B + 37 I (23)

It is difficult to directly optimize Eq. (23). As shown in [26], the computational speed of the HQ minimization method
is substantially higher compared to the gradient-based method. Hence, the HQ technique is used to optimize this function.
The optimization procedure of Eq. (23) is expressed as follows:

Fixing El.(].”), according to HQ theory [26], we can obtain

1
9(E) = Ml‘l("})ll‘lR 2M(”)E(]”) +y (M) (24)

where 1/(-) is the dual potential function of ¢(-), and Wi?’) is the auxiliary variable. Substituting (24) into (23) yields the
following augmented function of (23):

1

)

T Y; A

E(ﬂl}é}y@”E(W (Kév) BV BW 4 . )”2 23 1M®»2 ®E<v)||F+Z¢,(M(u)) (25)
ij

where ® denotes the dot product. Using alternating minimization, the minimizer ( EW+* M()*) of (25) can be calculated.
Assuming that the result of the h-th iteration is known and denoted by (E®", M()h), the result of the (h + 1)-th iteration
can be calculated by

a. fixing EV: M,.(;’) is confirmed by the minimizer function &(-) of ¢(-):
w)h+1 wh
MO =g (£ (26)

where £ (x) = exp(——)

202
b. fixing M("): the last term of Eq. (25) is negligible and optimization problem (25) can be solved by

1
Y.® —
EO™ _ argmin [EW — (K® — B0 B + B )24 22 (M0 )2 g o2
E®) ¢ B B

)
= (Ké”) ~BV'BV y;) /(?jm“”h“ + 1) (27)

where ./ denotes element-by-element division.

Prior to convergence or reaching the maximum number of iterations, these update steps will be repeated. At each iter-
ation, convergence is checked by evaluating the following constraints: |A®) —Zi“) + diag(Zf”)HDc <e, ||1TZ§“) -1, <€,

|A® —Zév)“oo <€ and ||Ké”) —BW'BW _EW|  <¢ forv=1,. - m,
3.2. Pairwise RLKMSC

We introduce another regularization method of RLKMSC, namely, pairwise RLKMSC, which encourages similarity between
pairs of matrices. We obtain the following optimization problem:

m,

A T T
; ) || P ) 2 _ 7w ) zW) ' g )
mz(n I+ 2a12h (12202020 ) BY) 3 ] >)

v=1 y—1 ij

+ Z ,g(v) ||Z(") —Z(W)H%

1<v,w=<ny, v#W

st. diag(z®) =0, 172V =17, K —BV'BW LE® y_1,...n, (28)
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The introduction of the last term in objective function (28), unlike in the centroid-based RLKMSC, can encourage similar-
ity between pairs of representation matrices of views. This problem can also be separated into separate sub-problems:

. s
min [[BY |2 + A2V + 72tr<<l —2z0 4 Z<”>Z<V>T>B<”>TB<“>> +33) ¢(EY)
i

B ZW) EW)
+BY Y 20—z (29)
T<w=<ny, v£<wW
st. diag(Z?) =0, 12" =17, K =BV BV + E® (29)

By introducing auxiliary variables Zg"), Zé”) and A, the original problem can be reformulated as follows:

. A T T
min ||B(V)||§’ + M ||Z§”)||1 + itr((l —2AW £ AWAW )B(v) B(v)) + )‘32 :w(Ei(})))
A® BW Z{" 7 E0) ’ 2 y j

Y 3 177 2%
1<w=<ny, v#wW
st. AV =z _ diag(z!"), AV =z, K" =B"'B" +EV, 172" =17 (30)
The augmented Lagrangian is

L(AV BV {ZY | EV (Y}, y)

A T T
_ ||B(")|I§’P+)q||Z§")||1+72tr<<l—2A(") +AVAD) )B(") B<“>) + Y 9ED) Y Y (12 -z

ij 1<w=<ny,, v£<wW
T T T
+tr<Yl(") AV - + diag(Cl(”)))) + tr(Yz(”) AV - 25”))) + tr(Y;” (Ké") O E(">))
T .
+tr<y§f> (1'¢” - 1T)) + % (||A“’) ~Z" + diag(Z") |1} + 1AV - Z" |12 + | K - BW'BW _EW|2
1Tz -173) (31)

(1) Updating Zi"), AW), BV) and EV)
Comparing Eq. (31) and Eq. (11), the updating rules for variables Zg"), AW, BV) and EV in the pairwise RLKMSC are the

same as those in the centroid-based RLKMSC (Egs. (13), (18), (20) and (27)).
(2) Updating Zg’)

Zé") can be updated by solving the following sub-problem:

. T
ming” Y ||z§”>_z<W>||§+tr<y2<”> (A - 20")) + LA -2 (32)

1<w=<n,, v#wW

The closed-form solution of Zé") can be obtained by setting the partial derivative of Eq. (32) with respect to Z;") to zero
and solving for Zé”):

Z" =28V — 1) + )] (Zﬁ(” > 2t pA+ Yz(”) (33)

1<w=<ny,, v£<wW
3.3. Complete algorithm

Given a data matrix X = {X(“)}zip the steps of the centroid-based RLKMSC and the pairwise RLKMSC are summarized
in Algorithms 1 and 2, respectively. After the coefficient matrix Z* has been obtained, we can obtain the affinity matrix
w = %(|Z*| +1Z*|T). Then, the spectral clustering algorithm [25] is applied to W to obtain the final clustering results. The
complete algorithm of RLKMSC is summarized in Algorithm 3.

4. Experiments

In this section, we evaluate the performance of the proposed algorithms on five datasets that are widely used to measure
the performances of multi-view algorithms. We select several state-of-the-art multi-view subspace clustering methods as
baselines. We also report the running times of all algorithms and evaluate the sensitivity to parameters and the convergence
of our algorithms. All experiments are conducted using MATLAB 2015b on a laptop with an Intel Core i5-3230M CPU and
4G RAM.
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Algorithm 1 Centroid-based RLKMSC.

Input: Data matrix X = {X}!"  kernel matrix {Ké”)}

ny
v=1"

1: Initialize: A®) =0, B® = /K, (z"}2 =0, 2 =0, {Y"}2 | =0, y” =0, 11 =103, pum =108, =20, €; = 102,
i=1,.---,m.

2: while not converged do

3 for v=1to n, do

4 Sequentially update Zl("), ZS"), A?, and B™ by solving (13), (15), (18), and (20), respectively;

5 Alternatingly update E® and M® by solving (26) and (27), respectively, until:

6: WIE®" — EO" /1K [ < €1

7

8

9

weight parameters A1, Ay, A3, {B®})",.

Update the Lagrange multiplier variables as follows:
YV =YY 4 AW — 2 + diagz")),
Y,V =Y+ (AW — ),

10: YV =YY + w(k® - BV BV —EW),
11: y =y 4 p@z? —17y;

12: end for

13: Update the penalty variable y := min(nu, im);
14: Update Z* by solving (16);

15: end while

Output: Coefficient matrix Z*.

Algorithm 2 Pairwise RLKMSC.

Input: Data matrix X = {X"}" kernel matrix {Ké”)}gil, weight parameters Ay, Az, A3, {8},

1: Initialize: A®) =0, B® = /K, {z"}2 =0, (Y} =0,y =0, 1o =108, 1y =108, =20, &, =102, i=1, -
-, Ny.

2: while not converged do

3 for v=1 to n, do

4 Sequentially update Z%"), Zg"), A?, and B™ by solving (13), (33), (18), and (20), respectively;

5 Alternatingly update E® and M® by solving (26) and (27), respectively, until:

h h-1

6: RIE®” —EO" g/ IKD F < €

7

8

9

Update the Lagrange multiplier variables as follows:
Y" =¥ + p(A® - 2" + diagz{")),
Y,V =Y+ (AW — 23,

10: Y = ¥® + u(K® — BV B _ W),
1: y =y p@tz —17y;

12: end for

13: Update the penalty variable @ := min(nu, im);

14: end while

15: Combine {Z(, ... Z(M)} into Z* by taking the element-wise average;
Output: Coefficient matrix Z*.

Algorithm 3 RLKMSC algorithm.

Input: Data matrix X = {X®}""  number of subspaces k.

1: Obtain the coefficient matrix Z* via Algorithm 1 or 2;

2: Define the affinity matrix W = 5 (|1Z*| + |Z*|T);

3: Apply the spectral clustering algorithm [25] to the affinity matrix;
Output: The clustering results.

4.1. Datasets

Five commonly used datasets are utilized in the experiments; their statistical information is summarized in Table 2. We
present a short description of each dataset here.
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Table 2

Statistical information on the databases.
Dataset #Instances  #Views  #Clusters
UCl digit 2000 3 10
Caltech 101 75 3 5
Reuters 600 5 6
Prokaryotic 551 3 4
Flower17 1360 7 17

- UCI Digit dataset!: This dataset is available from the UCI repository. It consists of handwritten numerals (‘0’-‘9’) and
each numeral has 200 instances, for a total of 2000 samples. These samples are represented with six feature sets, three
of which are used in this experiment: 76 Fourier coefficients of the character shapes as view-1, 216 profile correlations
as view-2 and 64 Karhunen-Love coefficients as view-3.

Caltech-101 dataset?: This dataset is composed of the Caltech-101 data from the Multiple Kernel Learning repository,
which contains more than 8000 pictures of 101 objects [11]. A subset of this dataset is used in this experiment that
contains 75 samples with 5 underlying clusters. Following experiments in [24], our three views consist of the “pixel
features”, “pyramid histogram of gradients”, and “sparse localized features”.

Reuters dataset’: The documents that are contained in this dataset have features that belong to 6 categories and are
written in five different languages: the original documents are written in English and translated to French, German,
Spanish and Italian [3]. The original English-language documents are used as the first view and their four translations
are used as other four views. We randomly select 100 documents from each category as samples and form a dataset that
contains 600 documents.

Prokaryotic phyla dataset: This dataset contains three views: one text data and two genomic representations, each
of which contains 551 types of prokaryotic species [28]. These three views are described as follows: (a) the text data
are composed of the word bag-of-words representation of the documents that describe the prokaryotic species; (b) the
proteome data are composed of the relative frequencies of amino acids; and (c) the gene sequence data are composed
of the presence/absence indicators of gene families in a genome. Similar to the data processing method in [5], in the
three views, principal component analysis (PCA) is used for each view and the principal component of the 90% variance
is preserved, which can reduce the dimension of the dataset. In contrast to the previous dataset, in this dataset the
clusters differ in terms of the number of species: there are 313 species in common, while the smallest cluster contains
only 35 species.

Flower17 dataset*: This dataset consists of 17 flowers that are common in the UK, each with 80 images. There are
species that have unique visual appearances and species that are highly similar. These images have large view, scale
and photometric variations. Large variability within classes and sometimes small variability between classes make this
dataset very challenging. Similar to [36], the seven kernel matrices that are contained in the dataset are used directly as
cluster inputs. Hence, we do not report the results of feature concatenation.

4.2. Baseline algorithms and settings

To better evaluate the performances of the proposed methods, we compare them with several state-of-the-art algorithms:
(1) Best Single View: using the individual view that achieves the best subspace clustering performance with a single view of
data; (2) Feature Concatenation: concatenating the features of each view and running standard subspace clustering directly
on the joint view representation; (3) Co-Reg: the co-regularization method for spectral clustering [19]; (4) RMSC: the robust
multi-view spectral clustering method, which is based on the low-rank and sparse decomposition [36]; (5) CSMSC: convex
sparse multi-view spectral clustering [24]; and (6) MLRSSC (KMLRSSC): multi-view low-rank sparse subspace clustering
(kernel multi-view low-rank sparse subspace clustering) [5].

For the baseline algorithms, when possible, we use the parameters that are suggested in the original papers (if the
parameters are specified in it) or adjust them to the optimal values. The ranges of values for various parameters are listed
in Table 3. For RLKMSC, parameters p and A; (i =1, 3) in our method are determined by searching the grid from 0.1 to 1 in
steps of 0.1 and {10-3,10-2,10~', 1, 10, 102, 103}. Parameter X, is set to 0.1 x A;. For the consensus parameter ("), which
is tuned from 0.1 to 1 with step of 0.1, we used the same value for each view because we didn’t know what information of
the views was important beforehand. Of course, we can also try to use a different value of B(*) for each view to evaluate
the performance of the proposed algorithm; however, this will substantially increase the workload. We use two types of
kernels K; = (x1,%2): (1) polynomial kernels: (x{xz + a)b of degree b =2 and constant a from 5 to 40 in steps of 5; and

1 http:
2 http:
3 http:
4 http:

/archive.ics.uci.edu/ml/datasets/Multiple+Features
Jwww.vision.caltech.edu/archive.html
|multilingreuters.iit.nrc.ca
Jwww.robots.ox.ac.uk/~vgg/data/flowers/17/index.html


http://archive.ics.uci.edu/ml/datasets/Multiple+Features
http://www.vision.caltech.edu/archive.html
http://multilingreuters.iit.nrc.ca
http://www.robots.ox.ac.uk/~vgg/data/flowers/17/index.html
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Table 3

Parameter settings of various algorithms.
Method Parameter settings Iterations
Co-Reg A €{0.01, 0.02, 0.03, 0.04, 0.05} 100
RMSC A €{0.005, 0.01, 0.05, 0.1, 0.5, 1, 5, 10, 50, 100} 300
CSMSC a e{10-1,102}, B {103,104, 107} 200

KMLRSSC 81 €{01,03, 05, 0.7, 09}, B =1— B1, Ae{0.3, 0.5, 0.7, 09} 100

(2) Gaussian kernels: The standard deviation of the kernel is taken to be equal to the median of the pair-wise Euclidean
distances between the data points.

We use five metrics to evaluate clustering performances: precision, recall, F-score, normalized mutual information (NMI)
and adjusted rand index (Adj-RI) [28]. For these metrics, higher values indicate better performance. Next, we briefly in-
troduce the calculation methods of these five metrics. Suppose there are four parameters (which are obtained from the
confusion matrix of the clustering results): true positive (TP), true negative (TN), false negative (FP) and false positive (FN).

We obtain Precision = qpbep; Recall = gty F-score = 2 x RecdllxPrecision; Npfj(A, B) = 2 x % where I(X, Y) is the mu-
tual information of vector X and vector Y, and H(X) is the information entropy of vector X; and Adj-RI = %%), where

TR+TN

Rl = tprppirNTTN denotes the Rand index.

4.3. Results and discussion

The clustering results of the methods on five real-world datasets are listed in Table 4. The best results are shown in bold.
For the Caltech-101 dataset, we perform feature concatenation because only the affinity matrices of all views are known. In
all the test results, we only keep the first three digits after the decimal point.

As shown in Table 4, the clustering performance of Co-Reg is the worst among the multi-view algorithms. This is prob-
ably because the main goal of Co-Reg is to propose a way to combine multiple kernels (or similarity matrices) for the
clustering problem, while ignoring the sparseness and noise characteristics of each view. RLKMSC and MLRSSC outperform
Co-Reg, RMSC and CSMSC on clustering. This is because the former two methods make full use of the advantages of Co-Reg,
and take into account the characteristics of sparse and low-rank of the data while learning the coefficient matrix of each
view. This phenomenon demonstrates that the combination of low-rank constraints and sparse constraints can yield a better
result.

In addition, two of the best-performing algorithms, namely, RLKMSC and KMLRSSC, adopt “kernel tricks” that can realize
the non-linear subspace clustering, which is one of the reasons why they can significantly improve performance. However,
the “kernel tricks” that are used by these two methods are different: The predefined kernel that is used in KMLRSSC does
not guarantee that the data that are mapped (implicitly) to the feature space are low-rank; hence, it is unlikely to form
multiple low-dimensional subspace structures. Our method can learn a low-rank kernel mapping such that the data in
resulting feature space are low-rank. Moreover, in the process of learning the representation coefficients of each view, the
rank can be estimated effectively via the Schatten p-norm in our model. Meanwhile, the influence of the complex noise
in the data are restrained by the correntropy, which improves the robustness of our model. The clustering performance
of a single view, which is listed in Table 4, is superior to those of some multi-view algorithms; this demonstrates the
contributions of the Schatten p-norm and the correntropy to improving clustering performance.

All the above improvements in our model are the reasons why the accuracy of our method is higher compared to other
comparison algorithms. For example, the average NMIs of RLKMSC exceed those of KMLRSSC (the second-best method) by
6%, 10%, 3%, 6% and 6% on the UCI digit, Caltech-101, Reuters, Prokaryotic and Flower17 datasets, respectively. Similar results
are obtained by measuring other indices for clustering performance. Compared to other datasets, the clustering performance
of RLKMSC on the Reuters dataset is not substantially improved because over 95% of the values in this dataset are zero (very
sparse).

According to Table 4, some of the multi-view clustering methods, such as Feature Concatenation and Co-Reg, perform
more poorly than the single-view method on various datasets. This is because multi-view clustering mainly takes advantage
of the discrimination and diversity among data views. Therefore, the multi-view clustering performance is superior to that
of single view only if the views of the data satisfy this requirement. However, in practice, this is not guaranteed. Hence,
determining how to make use of the multi-view information of data is highly important.

To further evaluate the performance of our algorithm, we measure the computational time of all the compared algorithms
on the UCI Digit dataset®. During the test, the convergence conditions of all the algorithms are the same. The test results
are shown in Fig. 4. RLKMSC is more efficient than CSMSC and KMLRSSC. Although the calculation speed of RLKMSC is
not as fast as those of Co-Reg and RMSC, the clustering accuracy of RLKMSC is significantly higher compared to these two
algorithms.

5 The computation time of each algorithm in the figure is the average over 10 test runs. For RLKMSC, only the computation time of its centroid regular-
ization is given, which is very close to that of its pairwise regularization.
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Table 4
Comparison results on five datasets. On each dataset, the average performance and standard deviation (numbers in paren-
theses) of 20 test runs of the k-means clustering algorithm with random initializations are reported.

Dataset Method F-score Precision Recall NMI Adj-RI

UCI digit Best single view 0.732 (0.034)  0.689 (0.034)  0.785 (0.030)  0.796 (0.021)  0.706 (0.035)
Feat concat 0.718 (0.040) 0.701 (0.046) 0.768 (0.018) 0.792 (0.023)  0.701 (0.041)
Co-Reg 0.754 (0.067)  0.735 (0.082) 0.775 (0.050)  0.783 (0.033)  0.726 (0.075)
RMSC 0.762 (0.051) 0.768 (0.080)  0.827 (0.031) 0.818 (0.040) 0.713 (0.048)
CSMSC 0.795 (0.045)  0.775 (0.069)  0.856 (0.015) 0.839 (0.019) 0.788 (0.056)
MLRSSC 0.828 (0.049)  0.813 (0.068)  0.846 (0.028)  0.848 (0.025)  0.801 (0.054)
KMLRSSC 0.835 (0.045)  0.820 (0.066)  0.851 (0.016) 0.849 (0.020)  0.815 (0.049)

Centroid RLKMSC ~ 0.912 (0.042) 0.911 (0.068) 0.914 (0.016) 0.909 (0.024)  0.903 (0.050)

Pairwise RLKMSC  0.894 (0.061) 0.890 (0.074) 0.906 (0.020)  0.905 (0.022) 0.885 (0.055)
Caltech-101 Best single view 0.587(0.029) 0.558(0.028) 0.603(0.032) 0.575(0.032) 0.476(0.024)

Feat concat

Co-Reg 0.562(0.027)  0.525(0.025 0.594(0.029)  0.556(0.048)  0.438(0.034)

) (
RMSC 0.536(0.007)  0.521(0.003)  0.551(0.014)  0.519(0.007)  0.430(0.007)
CSMSC 0.558(0.020)  0.532(0.021)  0.583(0.028)  0.559(0.025)  0.448(0.024)
MLRSSC 0.614(0.032)  0.597(0.041)  0.658(0.031)  0.621(0.038)  0.539(0.038)
KMLRSSC 0.656(0.025)  0.644(0.035)  0.693(0.027)  0.678(0.034)  0.601(0.027)

Centroid RLKMSC ~ 0.779(0.018)  0.772(0.020)  0.787(0.025)  0.779(0.025)  0.727(0.022)
Pairwise RLKMSC ~ 0.775(0.014)  0.759(0.019)  0.781(0.028)  0.768(0.027)  0.722(0.031)
Reuters Best single view  0.374 (0.004)  0.355 (0.006)  0.404 (0.016) 0317 (0.011)  0.235 (0.006)

Feat concat 0.388 (0.005) 0361 (0.012)  0.418 (0.020)  0.333 (0.008)  0.248 (0.009)
Co-Reg 0374 (0.010) 0352 (0.019) 0416 (0.020)  0.308 (0.015)  0.231 (0.016)
RMSC 0368 (0.013) 0339 (0.014)  0.407 (0.021)  0.327 (0.018)  0.237 (0.019)
CSMSC 0376 (0.008) 0339 (0.011)  0.430 (0.018)  0.335(0.023)  0.238 (0.018)
MLRSSC 0414 (0.012) 0374 (0.022) 0461 (0.026)  0.374 (0.013)  0.284 (0.016)
KMLRSSC 0405 (0.011) 0389 (0.018)  0.436 (0.018)  0.382 (0.020)  0.296 (0.017)

Centroid RIKMSC ~ 0.436 (0.009)  0.384 (0.020)  0.505 (0.022)  0.413 (0.017)  0.311 (0.019)
Pairwise RLKMSC ~ 0.428 (0.017)  0.392 (0.026)  0.497 (0.027)  0.408 (0.025)  0.322 (0.017)
Prokaryotic  Best single view  0.448 (0.056)  0.574 (0.018)  0.367 (0.101) 0350 (0.032)  0.202 (0.053)

Feat concat 0.464 (0.054) 0582 (0.015)  0.384 (0.092)  0.348 (0.027)  0.205 (0.056)
Co-Reg 0.468 (0.023) 0568 (0.023)  0.398 (0.022)  0.286 (0.021)  0.213 (0.031)
RMSC 0447 (0.027)  0.567 (0.038)  0.369 (0.023) 0315 (0.041)  0.198 (0.044)
CSMSC 0.462 (0.026)  0.565 (0.024)  0.391 (0.026)  0.269 (0.022)  0.206 (0.033)
MLRSSC 0.591 (0.016)  0.624 (0.003)  0.566 (0.036)  0.322 (0.002)  0.345 (0.016)
KMLRSSC 0.591 (0.056)  0.725 (0.068)  0.499 (0.048)  0.437 (0.039)  0.398 (0.082)

Centroid RLKMSC ~ 0.691 (0.044)  0.794 (0.064)  0.611 (0.052)  0.508 (0.040)  0.529 (0.078)
Pairwise RLKMSC ~ 0.725 (0.045)  0.726 (0.072)  0.727 (0.056)  0.494 (0.042)  0.544 (0.074)

Flower17 Best Single View 0.328(0.006) 0.306(0.007 0.353(0.009) 0.496 (0.006)  0.283(0.007)
Feat Concat - - - - -
Co-Reg 0.098(0.004) 0.090(0.003) 0.108(0.006) 0.13290.004) 0.039(0.002)
RMSC 0.412(0.018) 0.403(0.016) 0.415(0.012) 0.516(0.009) 0.368(0.015)
CSMSC 0.406(0.023) 0.408(0.018) 0.424(0.011) 0.505(0.012) 0.353(0.017)
MLRSSC 0.431(0.020) 0.419(0.017) 0.433(0.014) 0.534(0.011) 0.379(0.019)
KMLRSSC 0.426(0.021) 0.413(0.017) 0.424(0.017) 0.522(0.013) 0.367(0.018)

Centroid RLKMSC ~ 0.454 (0.020)  0.444 (0.016)  0.464 (0.016)  0.585 (0.012)  0.4190 (0.021)
Pairwise RLKMSC ~ 0.436 (0.022)  0.431 (0.017) 0.441 (0.019) 0.571 (0.010) 0.400 (0.018)
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Fig. 4. Computational time (in seconds) of the compared methods on the UCI Digit dataset.
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Fig. 5. Clustering performance of centroid-based RLKMSC with respect to the NMI measure when varying parameter A;(i = 1,3) and fixing parameter 8(*).
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Fig. 6. Clustering performance of RLKMSC with respect to the NMI measure when varying parameter 8() and fixing parameter A;(i = 1, 3).

4.4. Parameter selection and convergence verification

There are five important parameters in our model: A; (i=1,2,3), B, and p, where X; (i=1,2,3) and S are used to
balance the effects of data items and regular items. Next, we analyze the effectiveness of the parameters on the UCI Digit
dataset.

We select parameter values by varying A; (i = 1,3) synchronously. The experimental results are shown in Fig. 5. Our
method achieves the desired effect when A €[0.05, 0.15] and A3 [0.9, 1.5]. Fig. 6 shows the clustering performance of

RLKMSC’'s NMI measure when B() takes various values. If the parameters are within the appropriate ranges, our algorithm
can outperform other comparison algorithms. These results demonstrate that RLKMSC is stable.

In Section 2.2.2, we analyzed the characteristics of the Schatten p-norm, which becomes closer to the rank function as p
decreases. However, in practice, the data structure may be destroyed by noise, in which case a smaller value of p may cause
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Fig. 7. Clustering performance of centroid-based RLKMSC with the varied parameter p.
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Fig. 8. Convergence curves for centroid-based RLKMSC. Its behavior is highly similar to that of pairwise MLRSSC.

the rank of the data to deviate from the actual rank. The effects of various p-values on clustering results are evaluated and
shown in Fig. 7. The best performance is obtained when p = 0.5.

In addition, we examine the convergence of our algorithm. The centroid-based RLKMSC algorithm is used as the repre-
sentative. At each iteration, we compute the primal residual and the objective function value of (10). The primal residual is
computed as max(||A — Z; + diag(Z,)||r. |A — Z3||F, ||K; — B'B— E||f, ||[17Z; —17||;). As shown in Fig. 8, our algorithm con-
verges within 13 iterations, with the primal residuals quickly approaching zero.

5. Conclusions

This paper proposed a robust low-rank kernel multi-view subspace clustering method (RLKMSC) that integrated the
Schatten p-norm, the “kernel trick” and the correntropy elegantly. To make full use of the properties of multi-view data,
two regularization methods are used to learn the joint subspace representation of all views: centroid-based and pairwise
regularization schemes. In addition, an alternate minimization algorithm (HQ-ADMM) was designed for solving the opti-
mization problems. Our experimental results on five datasets demonstrated that our method achieved the state-of-the-art
performance.

However, there remain several issues that are worthy of further study: First, the proposed model contains many pa-
rameters, which makes it more difficult to adjust the parameter values. Therefore, the relationship among the parameters
should be explored to simplify the adjustment of the parameters. Second, as the research value of incomplete multi-view
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data processing is increasing day by day [32,49], we plan to investigate how to handle missing data in a more principled
and effective way.

Acknowledgments

This work was supported by the National Natural Science Foundation of China under Grant 61772272 and the Project of
Science and Technology of Jiangsu Province of China under Grant BE2017031.

Appendix A

Proof of Lemma 1. We being proving Lemma 1 by stating the following theorem:

Theorem 1. (Von-Neumann) For any m xn matrices F and H, let r = min(m,n), §(F) = [8;(F),---,8:(F)]" and 8§(H) =
[81(H), -, 8:(H)]" be the singular values of F and H, respectively. Then, tr(F'H) < tr(8(F)"8(H)). Equality occurs if and only
if it is possible to find unitary matrices U and V that simultaneously singular-value decompose F and H in the sense that

F=UXVTand H=UX,VT (34)

where X and Xy denote ordered eigenvalue matrices with the singular values 6(F) and S(H), respectively, along the diagonal
that have the same order.

Next, suppose matrices L and G have SVDs L = PT'QT and G = UXVT, respectively, where both T = diag(8y, - - -, §y) and
Y = (y.--- yn) are diagonal matrices that have the same order (here, non-ascending). Then, LTL = QI'?Q”. According to
Theorem 1, we obtain

216 - LTLE + ILIE
—tr(Z7F) + tr((FZ)TFZ) —2tr(G"L'L) + tr(TP)
> tr(E7E) + 0r((1?) 1?) - 2r(2112) + £r (D7)

=2 -T2 +tr(T?) (35)

Equality holds if and only if Q =V according to Theorem 1. Therefore, problem (21) can be reduced to the following
problem:

N

. o 22 »
min >[5 -77)" + 7] (36)
The subproblem in (36) can be separated into the following problem:
ey 2)2 P
min[5(6-10)" +7/] 67

Hence, we generalize the above problem as
. T1
min [j(x2 —8)2+x"] (38)

Let T¢T5(8) denote the critical value of § and its corresponding local minimum x}. Thus, to generalize soft-thresholding,
we must solve the following nonlinear equation system to determine a correct thresholding value:

S () 1) + 00 = 2 (17)) (39)
2(x5)% = TS (8)xy + p(x;)P' =0 (40)

% \p—2
Based on Eq. (40), we can substitute 7°75(8) in Eq. (39) by (x)? + %

1 + ) p—2 2
5 ((x;;)z — ()7 + p(x"z)) +(%)"

1(, ., pxy)p2\°
=3 ((Xp)2 + pz ) (41)

and obtain the following equation:

We simplify the above formula to obtain
x)P(2-p—(x)*P)=0 (42)
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Thus, the only solution of x} that is in the range (0, +o0) is

1
Xy = (2—p)m (43)
and the thresholding value t¢T5(8) is
2 p-2
w55) = 2 - pya—p + PE=DAZP (44)
In the following, we let
fop(x) = %(x2 - 8)2 +xP (45)

We simplify this notation as f(x) for convenience of expression. For any § € (1¢T5(8), +00), f{x) has a unique local min-
imum, which is denoted as ®,(8), in the range of x € (0, +c0). Corresponding to the larger intersection point between
C;(x) = pxP~1 and G, = 2(8x — x3), the smaller and larger intersection points between C;(x) and C,(x) are denoted as x = p;
and x = p,, respectively. Thus, the following hold:

(1) For x€(0, p1), & f(x) = pxP~1 —2(z¢™5(8)x —x3) > 0 and, thus, f(x) is monotonically increasing.

(2) For xe(p1, p2). L f(x) = pxP~! = 2(zT5(8)x — x*) < 0 and, thus, f{x) is monotonically decreasing.

(3) For x € (p2. +00), & f(x) = pxP~! —2(z™5(8)x — x*) > 0 and, thus, f(x) is monotonically increasing.
Therefore the larger intersection point p, is the unique local minimum of f{x) in ,x € (0, +-00), which satisfies

2(0,(8)* = 8)®,(8) + pO,(8)P 1 =0 (46)
It follows that there exists y;* such that

2
g(af - 2)/1-25,' + ]/i4 + ﬁyip)

N\ 2
> g(& - () ) +(5)" Yn=o0 (47)
The proof is complete. O
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