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Abstract

In this paper we study the problem of missing features
and the issues of robustness of subspace classification meth-
ods. We propose a new robust method for subspace classifi-
cation which can cope with missing features and/or outliers.
The main idea of our method is to use arobust projectionof
the patterns onto a subspace. We demonstrate our approach
on Cervicomotography data and compare our results to the
results obtained by using various decision tree algorithms.

1. Introduction

The amount of data that is collected and archived ev-
eryday has increased dramatically over the last few years.
This has also increased the need for automatic processing
of data in order to turn it into a valuable information. Pat-
tern recognition techniques provide the necessary tools for
that purpose. However, with the increasing amounts of data,
the demands on pattern recognition systems also keep rais-
ing. One of the major problems that we have to deal with
is that the dimensionality of the data is quite high cf. (curse
of dimensionality) while at the same time there is a lim-
ited number of training samples available. Secondly, due to
the automatic acquisition of the data, some features might
be missing and others might be wrong (e.g., outliers). A
successful pattern recognition method has to handle these
problems.

In this paper we propose how to solve the problem of
missing features and how to increase the robustness of sub-
space classification methods. The subspace pattern recog-
nition method [7, 12] is a statistical method proposed origi-
nally by Watanabe. In subspace classification, each pattern
class is represented by a subspace spanned by a group of
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basis vectors — the orthogonal components obtained by the
principal component analysis. This method corresponds to
the least squares fit on the given data. To account for the
non-gaussian noise, the basic subspace method has been
modified to the learning subspace method (LSM) [4] and
the averaged learning subspace method (ALSM) [7]. Re-
cently Parkash & Murthy have proposed the Hebbian learn-
ing subspace method [10] and the growing subspace meth-
ods [9]. The extended adaptive learning subspace method
(EALSM) [9] uses multiple PCA-subspaces per class.

However, all these methods cannot handle the problems
due to missing data (features) and/or outliers in the clas-
sification phase1. On the other hand, several techniques
have been proposed to handle the missing feature problem
in other classification methods, e.g., [6]. A common prac-
tice is to replace the missing values by the mean value of
the corresponding variable. However, this approach has se-
rious shortcomings (see e.g., [1]). A more elaborate ap-
proach is to express any variable which has missing values
in terms of a regression over the other variables, and then to
use the regression function to fill the missing values. This
approach tends to cause problems as it underestimates the
covariance in the data since the regression function is as-
sumed to be noise-free. Another possibility is to use the
EM algorithm [2] to estimate both the missing values and
the probability density of the data. However, for high di-
mensional feature spaces it is infeasible to estimate the den-
sities. The problems with missing data get further compli-
cated when our data set also contains a number of wrong
measurements (i.e., outliers). In this case we first have to
detect the outliers and then to treat those features as miss-
ing values.

In this paper we introduce a robust method for subspace
classification which can cope with missing features and/or
outliers. The main idea of our method is to use a robust
projection to calculate the coefficients of the principal com-
ponents.

1for the training phase robust principle component analysis might be
used, e.g., [13].



2. Subspace Classification

The subspace classification methods are decision theo-
retic pattern recognition methods, where the primary model
for a class is a linear subspace of the Euclidean pat-
tern space2. Any set ofm linearly independent vectors
p1; : : : ;pm 2 IRn, (m < n) spans a subspaceL: L =
L(p1; : : :pm) = fxjx =

Pm

i=1 yipi; yi 2 IRg. In what fol-
lows we assume that the vectorspi are obtained by princi-
pal component analysis and are therefore orthonormal, i.e.,
pTi pj = �ij . We can project a vectorx on the subspaceL
by: y = xTP, whereP = [p1; : : : ;pm] andy 2 IRm. To
reconstruct the vector from this projection we can calculate:

x̂ =

mX

i=1

yipi =

mX

i=1

(xTpi)pi : (1)

The orthogonal residual~x of this projection is then given
by: ~x = x � x̂. Therefore, any vectorx can be written
as,x = x̂ + ~x. The classification criterion for patternx,
according to the subspace classifier is

if d(x; L(i)) > d(x; L(j)); i 6= j then classifyx in class!(i);

whereL(i) is the subspace associated with the class!(i),
andd(x; L) =

Pm
i=1 y

2
i =
Pm

i=1(x
Tpi)

2 is the squared
orthogonal projection distance.

The subspaces for the classesL(i) are usually deter-
mined by principle component analysis, i.e., we choose
those eigenvectors of the class correlation matrix that corre-
spond to the firstm largest eigenvalues such that a prespec-
ified percentage of the class variance is captured. In the
LSM and ALSM subspace methods, the obtained eigenvec-
tors are rotated by a learning algorithm in order to decrease
the misclassification.

2.1. Robust Subspace Classification

Sincex̂ is the unique vector inL which minimizesjjx�
zjj2; z 2 L (see [7]), wherejj:jj is the Euclidean norm, the
classification is based on the quadratic error which is not
robust; in other words, the result of classification is very
sensitive to outliers [3, 11]. It is easy to show that just by
modifying one component ofx (i.e., one feature) we can get
arbitrarily wrong projection results (see [5]). Similarly, we
can argue that also missing features cause problems in the
classification.

In order to solve these problems we propose a robust way
of calculating the projection. Let us consider again Eq. (1):
x̂ =
Pm

i=1 yipi : To determine the coefficient vectory we
can set up the following linear least squares problem:

2To simplify the discussion we deal only with a single subspace per
class, however the extension to multiple subspaces is straight forward.

x =

mX

i=1

yipi = yTP : (2)

The least squares solution of Eq. (2) is given by:yTLS =
Pyx, wherePy = (PTP)�1PT is the pseudoinverse.
SinceP is orthonormal, it follows thatPy = PT and there-
foreyLS = xTP which is also the solution of the projec-
tion equation. Since we are interested in a robust solution,
we solve Eq. (2) not in the least squares sense but rather in a
robust manner. In principle we can use any robust approach
to the solution of the equation (see [11]). In particular, we
use the following method:

� We select a random subset of features fromx. Let x0

andp0i be the reduced vector and the correspondingly
reduced basis vectors, respectively. First, we solve
x0 = yTP0 in the least squares sense3 and then we
iteratively, based on the error distribution, reduce the
number of features, which yields the final solution.

� In order to increase further the tolerance for the num-
ber of outliers, we perform the above procedure on
multiple random subsets and select as the final solu-
tion the one with the largestd(x; L).

This robust procedure is effective when the number of fea-
tures is much larger than the number of eigenvectors per
class.

In a similar way we can deal with the problem of missing
features. In this case,x0 is constructed such that exactly
the missing features are not taken into account. Again, this
yields a reduced matrixP which is no longer orthogonal.
Then we proceed as in the robust case. When we know that
there are no outliers present in the data, we just solve the
equation in the least squares sense without iteration.

3. Experimental Results

We have tested the robust subspace classifier on various
data sets, however, due to lack of space, only the results
on the Cervicomotography data are reported here. The sub-
spaces are calculated using principal component analysis on
the training set. For each class one subspace is calculated.
The number of principal components is selected equally for
all classes, such that at least 95% of the class variance is
covered. We compare the results to various decision tree
algorithms.

As a training algorithm we have used the principle com-
ponent analysis despite the fact that using a learning sub-
space method (e.g., ALSM) would lead to increased clas-
sification accuracy. Namely, the goal of this paper is to

3Note that due to the reduction of the basis vectors,P is no longer
orthogonal.



demonstrate that our method is robust and can deal with
missing features. The results we draw on the robustness of
the classifier are independent of the training method.

The cervicomotography data (CMG) was obtained from
the University of Innsbruck, where a special measurement
device for measuring the three dimensional head movement
of patients was developed. This device is used by medical
doctors to determine if a patient has whiplash, an injury very
common after car accidents. The patient is asked to perform
specific head movements which are registered by the CMG
device. From the obtained curves the doctors can assess
the injury of the patient. Since the judgment of a doctor is
subjective, it is desirable to have an automatic and objec-
tive classification system. In order to classify the data au-
tomatically, 129 numeric features have been extracted from
the curves (e.g., various Fourier coefficients, max/min, stan-
dard deviation of amplitude, etc., see [8] for details). The
data set used consists of 764 cases (172 of healthy people
and 592 of people with different degrees of whiplash). On
the average 5.1% of the features of each pattern are missing
in the data set. In a previous study [8] different decision tree
algorithms like ID3, C4.5 and OC1 have been compared on
this data set. The missing features where replaced by the
mean value of the features. Fig. 1 shows the average results
of 10-fold cross validation obtained with three decision tree
methods. Also, feature subset selection (FSS) has been used
on this data set but did not improve the results significantly,
as can be seen from Fig. 1.
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Figure 1. Results of decision tree methods on
CMG data

We tested our method on this dataset using the 10 eigen-
vectors corresponding to the 10 largest eigenvalues of the
class covariance matrix per class. For the training set we
replaced the missing features by the mean values of the re-
spective class. For classification, we eliminated from the
eigenvectors the values corresponding to missing features.
The projection distance was then calculated from this re-
duced pattern (we did not use multiple subsets per vector,
nor the robust equation solver) as explained in section 2.1.
The average classification accuracy is 96.73% which is ap-
proximately 9% better than the results delivered by the best
decision tree method. This clearly demonstrates the superi-

ority of our method.

4. Conclusions

In this paper we have introduced a robust subspace clas-
sifier which can deal with missing features and/or outliers.
We have shown that the usual projection operation of sub-
space classifiers can be replaced by a robust method. We
have demonstrated the effectiveness of our approach on the
CMG data. We have shown that our method effectively
deals with the problem of missing features and outperforms
decision tree algorithms.

Our emphasis in this paper was on the robustness during
the classification phase and not on the robustness of clas-
sifier construction (learning). The method we have intro-
duced is most effective when the dimensionality of the fea-
ture vector is high while at the same time the dimensionality
of the subspaces is low. This means that there is a lot of re-
dundancy in the data which is required in order to achieve a
robust method.
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