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a b s t r a c t 

As a relatively advanced method, the low-rank kernel space clustering method shows good 

performance in dealing with nonlinear structure of high-dimensional data. Unfortunately, 

this method is sensitive to large corruptions and doesn’t balance the contribution of all 

singular values. To solve the above problems, the low-rank kernel method is modified, and 

a robust subspace clustering method (LAKRSC) based on non-convex low-rank approxima- 

tion and adaptive kernel is proposed. In our model, the weighted Schatten p -norm is intro- 

duced to balance the importance of different singular values, which can more accurately 

approximate the rank function and be more flexible in practical applications. Therefore, ap- 

plying weighted Schatten p -norm to adaptive kernel can approximate the original low rank 

hypothesis better when the data is mapped into the feature space. In addition, our model 

uses correntropy to handle complex noise which enhances the robustness of the model. 

A new algorithm HQ&ADMM, combined by Half-Quadratic technique (HQ) and ADMM, is 

studied to solve our model. Experiments on four real-world datasets show that the clus- 

tering performance of LAKRSC is significantly better than that of several more advanced 

methods. 

© 2019 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

1. Introduction 

The task objectives of subspace clustering are as follows, finding suitable low-dimensional subspaces for each set of data

points, and clustering multiple sets of data into multiple subspaces. Due to its excellent performance, subspace clustering

techniques are widely used and rapidly developed in the fields of pattern recognition, signal processing and so on [3,39] .

Existing methods are mainly divided into four categories [4] . Among them, spectral clustering-based methods have been very

popular recently. Because the optimization problems of these methods are solved easily, and they achieve competitive results

in real-world applications, such as data classification [46] , face clustering [30] , image recognition [40] , motion segmentation

[11] . 

The theoretical basis of spectral clustering is Graph Theory [1] . Usually, this kind of methods are divided into two stages

in subspace clustering: the first step is to build the affinity matrix between the data samples; the second step is to apply
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a specialized algorithm to the constructed affinity matrix and get the final results. Therefore, a major link in the clustering

process of spectral clustering-based algorithms is to construct a good affinity matrix. Inspired by this, based on L 1 -graph,

sparse subspace clustering algorithm (SSC) [5] is proposed, which makes full use of the characteristics of self-expression and

sparsity of data. However, SSC ignores the global characteristics and only considers the local characteristics. Based on this,

low-rank representation method (LRR) [16] is proposed, which is a two-dimensional sparse method that represents data

vectors as linear combinations of other vectors. It is worth mentioning that the LRR solves NP-hard problem caused by the

rank function with the applying of nuclear norm to get the lowest rank of matrix. For the problem of rank minimization, Xue

et al. [35] studied the non-convex tensor rank minimization method and proposed an optimization scheme, which provides

a new idea for the rank minimization problem. These methods show good performance in dealing with the linear structure

of data. Unfortunately, in practice, many datasets are more suitable for modeling by nonlinear models. 

Some scholars have studied subspace clustering methods of nonlinear structural data. Deng et al. [2] proposed a low-

rank local tangent space embedded subspace clustering model. In addition, some kernel subspace clustering methods are

designed to implement nonlinear structural data modeling. In particularly, Patel et al. [27] proposed a subspace clustering

method that implemented the nonlinear extension of SSC by using the Mercer kernel. Similarly, by extending LRR nonlin-

early, Xiao et al. [33] proposed a robust kernel LRR method. Yin et al. [37] used a kernel to embed the Riemannian manifold

into a high dimension feature space, and named this kernel subspace clustering method as KSSCR. On the basis of self-

representation of subspace, Ji et al. [10] proposed a robust method (LRKSC) by adding low-rank constraints to the mapping

kernel. The low-rank kernel mapping (in an unsupervised manner) makes the coefficient matrix low-rank. In [19] , the Multi-

ple Kernel Learning (MKL) is applied to solving nonlinear structural data modeling problem, which makes the algorithms to

select or combine kernels suitable for the datasets from a set of kernels. However, if the original dataset itself is corrupted

in some cases, the induced kernel may not be optimal. Therefore, the performance of the MKL methods will be worse than

the single kernel methods. Although the above methods can handle nonlinear structure, the importance of different rank

components of matrix is not considered in the kernel mapping process. Finally, recently, subspace clustering methods based

on deep learning [9,42] have attracted some scholars’ attention. In general, the deep learning based methods are better than

the ordinary subspace clustering methods, but the deep learning-based methods have higher requirements on the hardware

of the computer, which makes them not universally used, and the focus of this paper differs from the research focus of

these methods. 

Instead of processing singular values equally, handling each rank component differently can obtain the low-rank of the

matrix more accurately, and thereby improve the clustering performance of the model. In [41] , a novel matrix completion

method (TNNR) is proposed, which only minimized the smallest r singular values. However, r is difficult to estimate. A

targeted approach (PSM) is proposed [26] . It is a pity that PSM doesn’t consider the different rank components. To make up

for this deficiency, Weighted Nuclear Norm Minimization method (WNNM) [6] assigned suitable weights to each singular

values. In [17] , to improve the performance of signal recovery, a Schatten p -norm based method is proposed. Many current

research results verify the superiority of the Schatten p -norm [44,45] , but it still has some shortcomings. For example, the

Schatten p -norm gives them the same importance when dealing with the rank components. The flexibility of these methods

is clearly unsatisfactory. Motivated by WNNM, Xie et al. [34] introduced the weighting method in the model (WSNM) that

can fully exploit the effects of all rank components. In this model, the optimization is mainly for coefficient matrix, but noise

in data is not well modeled. On the basis of WSNM, Zhang et al. [43] used � q norm to model various noise and proposed a

robust subspace clustering method WSPQ. However, when dealing with nonlinear structural data, clustering performance of

the method is affected. 

Since noise can disturb the subspace structure and affect the subspace clustering performance, how to deal with noise

is also a major challenge for subspace clustering. In [5] , data items used � 1 norm to process arbitrary sparse outliers. In

[15] , the sample-specific corruption was handled by using the � 1,2 norm. In the LSR [21] , Frobenius norm was used to model

Gaussian noise. However, data terms for these methods all used relatively simple specifications to describe noise, which may

cause models to generate inaccurate affinity matrices resulting in lower clustering accuracy. In practice, the complex noise

caused by errors in actual problems usually comes from many types of corruption and its statistical structure is extremely

complex [8] . For this trouble, some scholars proposed to use subspace clustering models based on correntropy to resist

complex noise. In [7,20] , correntropy is introduced to improve the robustness of model. Above methods inspire us to use

correntropy to deal with complex noise. Unfortunately, these models do not pay enough attention to the nonlinear struc-

tural data. In [36] , a robust subspace clustering model is proposed, which combines correntropy and multi-kernel learning.

Xia et al. [32] learned a nonlinear structural data modeling method for human motion capture data, using correntropy to

measure reconstruction errors. However, this method still produces convex relaxation in the modeling process, and doesn’t

consider the importance of different rank components. 

In a word, so far, there is not a non-convex low-rank subspace clustering method that takes into consideration the

importance of different rank components in the kernel feature mapping process. If this problem is not well solved, it is

difficult to get the expected clustering results. Therefore, we have optimized the low rank kernel subspace clustering method

(LRKSC) [10] , including the following two points: (1) the low rank term of the LRKSC model has been changed from the

nuclear norm to the weighted Schatten p -norm, which can better approximate the original low rank hypothesis; (2) the

data item of the LRKSC model has been changed from � 1 norm to correntropy, which can better handle complex noise

and large corruption in the data. Based on these optimizations, we propose a robust subspace clustering method (LAKRSC),

which effectively combines non-convex low rank approximation and adaptive kernel and correntropy. We have extensively
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evaluated our model on four image clustering datasets, and obtain good clustering results. Our contributions are summarized

below: 

• To fully exploit the effects of all rank components of the data, the weighted Schatten p -norm is applied to the adaptive

kernel. And a robust subspace clustering method is proposed. 
• To improve the robustness of LAKRSC, this paper uses the most advanced correntropy to process non-Gaussian noise

and large corruption. 
• To improve the efficiency of solving the proposed model, we design a new algorithm HQ&ADMM by combing HQ and

ADMM. 

The remaining of this paper: (1) a brief introduction of the related work is described in Section 2 : (2) in Section 3 , the

model LARSC and its detailed optimization are proposed; (3) Section 4 contains relevant experiments and results analysis of

LARSC; (4) Section 5 describes summary of this work. 

2. Related work 

Next, some works related to our model are briefly introduced, including weighted Schatten p -norm, Low-rank kernel

subspace self-expressiveness, correntropy. 

2.1. Weighted Schatten p-norm 

LRR replaces the rank function with the kernel norm to solve the rank of the matrix Y . However, the kernel norm is a

convex agent of the rank function, which leads to a suboptimal solution. The weighted Schatten p -norm is a better non-

convex agent for low-rank approximation, defined as 

‖ 

Y ‖ w, S p 
= 

( 

n ∑ 

i =1 

w i σ
p 

i 

) 

1 
p 

(0 < p � 1) (1) 

where σ i is the i th largest singular value of Y , and w = [ w 1 , w 2 , . . . , w n ] is the weight vector. The Eq. (1) can be rewritten

as 

‖ 

Y ‖ 

p 
w, S p 

= 

n ∑ 

i =1 

w i σ
p 

i 
(0 < p � 1) (2) 

Obviously, when p = 1 and w i = 1 , the Eq. (2) is equivalent to the nuclear norm, while it is the rank function when p = 0 .

Further, when 0 < p < 1 and w i = 1 , the weighted Schatten p -norm is closer to rank function than nuclear norm. Considering

that the main properties of matrix are determined by the large singular values of matrix, assigning different weights to

different singular values is a more reasonable way to approximate the rank of matrix. Therefore, the weighted Schatten

p -norm minimization is more able to maintain the low rank property of matrix. 

2.2. Low-rank kernel subspace self-expressiveness 

The SSC algorithm takes advantage of the “self-expression” of data, i.e., data points in the same subspace can be ex-

pressed linearly with each other. Given a data matrix Y = [ y 1 , . . . , y n ] ∈ R 

D ×N , to be more accurate, each data sample point

y i ∈ ∪ 

n 
l=1 

S l can be expressed as 

y i = Y G , G ii = 0 (3) 

where G is the self-expressive coefficient matrix. The data matrix Y is a self-representation dictionary. The optimal solution

for G can be solved by 

min 

G 
‖ 

G ‖ 1 s.t. Y = Y G , G ii = 0 (4) 

where ‖ G ‖ 1 is the � 1 norm of matrix G , i.e., ‖ G ‖ 1 = max 
1 � j� n 

n ∑ 

i =1 

∣∣g i j 

∣∣. Unfortunately, (4) is only applicable to linear (or affine)

subspaces. Using kernel trick [28] , nonlinear structural data can be mapped to linear feature space (see Fig. 1 ). The nonlinear

extension of SSC is given by 

min 

K, G 
‖ 

φ(Y ) ‖ ∗ + λ‖ 

G ‖ 1 s.t. φ(Y ) = φ(Y ) G, G ii = 0 (5) 

where K = φ(Y ) T φ(Y ) is a Gram matrix, φ(Y ) = [ φ( y 1 ) , φ( y 2 ) , . . . , φ( y N ) ] represents the mapped feature space, and λ is a

trade-off parameter. ‖ φ(Y ) ‖ ∗ is a convex surrogate of rank ( φ( Y )), which ensures that the mapped data is contained in mul-

tiple linear subspaces. However, the above low-rank kernel mapping doesn’t take into account the importance of different

rank components. 
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Fig. 1. The subspace structure retains the feature map: the nonlinear subspace maps to the linear subspace in the high dimensional Hilbert space. 

Fig. 2. Comparison of different loss functions. 

 

 

 

 

 

 

 

 

 

 

 

 

2.3. Correntropy 

Correntropy was first defined in [18] to measure the similarity of A and B . It is expressed in a mathematical formula as

V σ ( A, B ) = E[ k σ (A − B )] (6)

where E [ •] stands for the mathematical expectation, k ( •) represents kernel function, and σ is the width of k ( •). In practice,

usually only limited amount of data samples { ( a i , b i ) } N i =1 can be obtained. So we use 

∧ 
V 

N,σ
( A, B ) = 

1 

N 

N ∑ 

i =1 

k σ ( a i − b i ) (7)

to estimate correntropy of A and B . The large value indicates that the two variables are more similar. Conversely, the two

variables have low similarity. We select Gaussian kernel k σ ( a i − b i ) = exp (−‖ a i −b i ‖ 2 2 

2 σ 2 ) as the kernel function. As an extension

of the concept of correntropy criteria, Correntropy Induced Metric (CIM) [18] measures the similarity of A and B as 

CIM ( A, B ) = { k (0) − V (A, B ) } 1 / 2 = 

( 

g ( 0 ) − 1 

N 

N ∑ 

i =1 

g ( A i − B i ) 

) 1 / 2 

(8)

We do an experiment on the comparison of different loss functions, which can help readers understand better that

correntropy can deal with large corruption. Here, the different loss functions include the absolute error, mean squared error

(MSE) and CIM. The experimental result is shown in Fig. 2 . We can see that compared to MSE and the absolute error, CIM

can handle large errors better (values close to 1). We will use correntropy in the proposed model. 

3. Robust subspace clustering based on non-convex low-rank approximation and adaptive kernel 

In this section, a robust subspace clustering model (LAKRSC) is proposed, which joint non-convex low-rank approximation

and adaptive kernel. Firstly, we formulate the objective function of LAKRSC. Second, an effective optimization algorithm

(HQ&ADMM) is proposed. 
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3.1. Model of LAKRSC 

Inspired by LRKSC [10] , as a non-convex method for solving rank ( φ( Y )), the weighted Schatten p -norm is used to con-

strain adaptive kernel, which can fully exploit the role of rank components. The detailed optimization problem is described

as below 

min 

K, G 
‖ 

φ( Y ) ‖ 

p 

w, S p 
+ λ‖ 

G ‖ 1 s.t. φ(Y ) = φ(Y ) G. diag(G) = 0 (9) 

where λ is a tradeoff parameter and K = φ(Y ) T φ(Y ) is an unknown kernel. Therefore, kernel trick is applied to deter-

mine the specific form of φ( Y ). Since data points are generally contaminated by corruption or occlusion rather than clean,

φ(Y ) = φ(Y ) G is joined to (9) in the form of ‖ φ(Y ) − φ(Y ) G ‖ 2 F = tr((I − 2 G + G G 

T ) φ(Y ) T φ(Y )) . Besides, the process of

optimizing (9) contains ‖ φ( Y ) ‖ p 
w, S p 

. So it depends on φ( Y ). In order to optimize the objective function conveniently, one

suitable solution for solving φ( Y ) is to use reparameterization. According to the characteristics of K , we can factorize it

as K = Z 

T Z, where Z is a square matrix. Therefore, we are easy to understand that ‖ φ(Y ) ‖ p w, S p 
= ‖ Z ‖ p w, S p 

. Adding affine

constraint, (9) can be changed to 

min 

Z, G 
‖ 

Z ‖ 

p 
w, S p 

+ λ1 ‖ 

G ‖ 1 + 

λ2 

2 

‖ 

φ(Y ) − φ(Y ) G ‖ 

2 
F + 

λ3 

2 

∥∥K − Z 

T Z 

∥∥2 

F 
s.t 1 

T G = 1 

T , G ii = 0 (10) 

where φ(Y ) T φ(Y ) = Z 

T Z, and the elements of column vector 1 are all one. As show in [5] , H as an auxiliary variable is

designed to deal with diagonal constraints on G , and H = G − diag(G) . Introducing the auxiliary variable H , the new opti-

mization problem is shown below 

min 

H, Z, G 
‖ 

Z ‖ 

p 
w, S p 

+ λ1 ‖ 

G ‖ 1 + 

λ2 

2 

tr 
(
(I − 2 H + H H 

T ) Z 

T Z 

)
+ 

λ3 

2 

∥∥K − Z 

T Z 

∥∥2 

F 
s.t 1 

T G = 1 

T , H = G − diag(G) (11) 

The weighting strategy in (11) is designed to protect the major low-rank structure of Z . In order to balance the role of

all singular values, when assigning weights, larger singular values should have smaller weights. So we can let 

w i = C/ δi ( Z ) (12) 

where C is a constant. Considering the effect of the size of the data matrix Y ∈ R D × N , we rewrite (12) as 

w i = C 
√ 

DN / [ δi ( Z ) + ε ] (13) 

where ε is set to 10 −6 . 

3.2. General solution of LAKRSC 

Due to the bilinear terms in (11) , the optimization of (11) is non-convex. Recently, some scholars have used the ADMM

to solve the non-convex problem [13] , especially the bilinear problems. Hence, we propose to solve the above optimization

via the ADMM. Convergence analysis of its non-convex problem was proposed in [14] . In order to derive the ADMM solution

of (11) , we first get its augmented Lagrangian function 

L (Z, G, H, �1 , �2 ) = ‖ 

Z ‖ 

p 
w, S p 

+ λ1 ‖ 

G ‖ 1 + 

λ2 

2 

tr 
((

I − 2 H + H H 

T 
)
Z 

T Z 

)
+ 

λ3 

2 

∥∥K − Z 

T Z 

∥∥2 

F 

+ t r 
(
�1 

T 
(H − G + diag(G)) 

)
+ t r 

(
�2 

T 
(
1 

T G − 1 

T 
))

+ 

ρ

2 

(‖ 

H − G + diag(G) ‖ 

2 
F 

)
+ 

∥∥1 

T G − 1 

T 
∥∥2 

2 
(14) 

where �1 ∈ R 

N×N , �2 ∈ R 

1 ×N are the Lagrange multipliers, ρ ≥ 0 is a tradeoff parameter. The variables Z , G , H can be up-

dated alternately by fixing others. The updating rules are as follows 

Z 

k +1 = arg min L 
Z 

(Z, G, H, �1 , �2 ) 

G 

k +1 = arg min L 
G 

(Z, G, H, �1 , �2 ) 

H 

k +1 = arg min L 
H 

(Z, G, H, �1 , �2 ) 

(15) 

and then updating the Lagrange multipliers �1 and �2 . 

(1) Updating G 

To update G , we solve the following problem 

min 

G 

λ1 

ρ
‖ 

G ‖ 1 + 

1 

2 

∥∥∥∥G − diag(G) −
(

H + 

�1 

ρ

)∥∥∥∥
2 

F 

(16) 

The problem has a closed-from solution as 

G 

k +1 = υ − diag(υ) (17) 
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where υ = ϒλ1 
ρ

(
H + 

�1 
ρ

)
. ϒ is a soft-threshold operator by element, and ϒτ (θ ) = sign (θ ) · max ( | θ | − τ, 0) . 

(2) Updating H 

It can be solved by 

min 

H 

λ2 

2 

t r 
((

−2 H − H H 

T 
)
Z 

T Z 

)
+ t r 

(
�1 

T 
H 

)
+ t r 

(
�2 

T 
1 

T G 

)
+ 

ρ

2 

(
‖ 

H − G + diag ( G ) ‖ 

2 
F + 

∥∥1 

T G − 1 

T 
∥∥2 

2 

)
(18)

We can get 

H 

k +1 = 

(
λ2 Z 

T Z + ρ
(
I + 1 1 

T 
))−1 (

λ2 Z 

T Z − �1 − 1 �2 + ρ( G − diag ( G ) ) + 1 1 

T 
)

(19)

where 1 is an identity matrix. 

(3) Updating Z 

The optimization of Z can be solved by 

min 

Z 
‖ 

Z ‖ 

p 
w, S p 

+ 

λ3 

2 

∥∥K − Z 

T Z 

∥∥2 

F 
(20)

where K = K − λ2 
2 λ3 

( I − 2 H 

T + H H 

T ) . 

The optimization problem of (12) is a major contribution of this paper. In order to clearly describe its solution, we first

give the Theorem . 

Theorem ( Von-Neumann [22] ) . Given matrices S ∈ R 

m ×n and Q ∈ R 

m ×n , σ ( S ) = [ σ1 ( S ) , . . . , σr ( S ) ] 
T and σ ( Q ) =

[ σ1 ( Q ) , . . . , σr ( Q ) ] T are the singular values of S and Q , respectively, where r = min ( m, n ) , then tr ( S T Q ) ≤ tr ( σ ( S ) T σ ( Q )).

The condition that the equation is established is to find U and V that satisfy the following equation 

S = U �S V 

T , and Q = U �Q V 

T (21)

where �S and �Q represent ordered singular value matrices . 

Lemma 1. Let matrices S and Q have the SVD of S = M�L T and Q = U �V 

T , respectively, where both � = diag( δ1 , . . . , δN ) and

�= diag( γ1 , . . . , γN ) are diagonal matrices. We can get the following problem 

min 

S 
‖ 

S ‖ 

p 
w, S p 

+ 

μ

2 

∥∥Q − S T S 
∥∥2 

F 
(22)

Its closed-from solution is 

S ∗ = �∗V 

T (23)

where �∗ = diag(δ∗
1 
, · · ·, δ∗

N 
) , with δ∗

i 
= arg min δi 

ρ
2 (γi − δ2 

i 
) 2 + w i δ

p 
i 

and δi ∈ { x ∈ R + | x 3 − δi x + 

w i p 
2 ρ x p−1 = 0 } ⋃ { 0 } . 

From Lemma 1 , the closed-from solution of (20) is 

Z 

k +1 = �∗V 

T (24)

where �∗ and V 

T are obtained from K . 

An extend proof to the Lemma 1 is shown in the Appendix. 

3.3. Handling gross corruptions of LAKRSC 

In this section, correntropy, as a robust measurement method for large corruptions, is introduced into our model. The

detailed optimization problem can be formulated as 

min 

H, Z, G, E 
‖ 

Z ‖ 

p 
w, S p 

+ λ1 ‖ 

G ‖ 1 + 

λ2 

2 

tr((I − 2 H + H 

T H) Z 

T Z) + λ3 

∑ 

i, j 

ϕ( E i j ) 

s.t H = G − diag(G) , 1 

T G = 1 

T , K = Z 

T Z + E (25)

where E models noise and corruptions in data, ϕ( E i j ) = 1 − exp (− E 2 
i j 

2 σ 2 ) , σ is the size of the Gaussian kernel.For the op-

timization problem of the objective function, we add the half-quadratic (HQ) optimization method to solve the data item

based on the ADMM framework. This new algorithm is named HQ&ADMM. We derive the formula augmented Lagrangian

function as 

L (Z, G, H, E, �1 , �2 , �3 ) = ‖ 

Z ‖ 

p 
w, S p 

+ λ1 ‖ 

G ‖ 1 + 

λ2 

2 

tr 
((

I − 2 H + H H 

T 
)
Z 

T Z 

)
+ λ3 

∑ 

i, j 

ϕ 

(
E i j 

)
+ t r 

(
�1 

T 
(H − G + diag(G)) 

)
+ t r 

(
�2 

T 
(
1 

T G − 1 

T 
))

+ t r 
(
�3 

T 
(K − Z 

T Z − E) 
)

+ 

ρ (‖ 

H − G + diag(G) ‖ 

2 
F 

)
+ 

∥∥1 

T G − 1 

T 
∥∥2 

2 
+ 

∥∥K − Z 

T Z − E 

∥∥2 

F 
(26)
2 
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where �1 ∈ R 

N×N , �2 ∈ R 

1 ×N and �3 ∈ R 

N×N . The variables can be updated alternately by minimizing L ( Z , G , H , E , �1 , �2 ,

�3 ). 

(1) Updating G and H 

The update of G and H are identical to (16) and (18) by comparing the two Eq. (14) and (26) . Correspondingly, the

solutions are also the same as that in (17) and (19) . 

(2) Updating Z 

Except for K , the subproblem to update Z is similar to Eq. (24) . The K is now defined as 

K = K − 1 

ρ

(
λ2 

2 

(
I − 2 H 

T + H H 

T 
)

− �3 

)
− E (27) 

(3) Updating E 

min 

E 

λ3 

ρ

∑ 

i j 

ϕ 

(
E i j 

)
+ 

1 

2 

∥∥∥∥E −
(

K − Z 

T Z + 

�3 

ρ

)∥∥∥∥
2 

F 

(28) 

This problem is difficult to be optimized directly. Refer to Nikolova and Ng [25] , this paper use the HQ technique to

optimize this function. Nikolova and Ng [25] showed the calculation speed of the HQ minimization problem obviously faster

than the gradient based method. We update E ij with HQ theory as follows 

ϕ 

(
E i j 

)
= min 

W i j ∈ R 
1 

2 

W i j E 

2 
i j + ψ 

(
W i j 

)
(29) 

where ψ( •) is dual potential function of ϕ( •), and W ij is a auxiliary variable. So, (28) can be converted to the augmentation

function as follows 

min 

E, W 

1 

2 

∥∥∥∥E −
(

K G − Z 

T Z + 

�3 

ρ

)∥∥∥∥
2 

F 

+ 

λ3 

2 ρ

∥∥∥W 

1 
2 � E 

∥∥∥2 

F 
+ 

∑ 

i j 

�
(
W i j 

)
(30) 

where � denotes the Hadamard product. Supposing the current solutions are ( E 

t , W 

t ), the results of the next iteration is

calculated as 

a when E is fixed, W ij is solved as 

W 

t+1 
i j 

= δ
(
E 

t 
i j 

)
(31) 

where δ( x ) = exp 

(
−x 2 / σ 2 

)
. 

b when W is fixed, eliminating the last part of (30), (30) is downgraded as 

E 

t+1 = arg min 

E 

∥∥∥∥E −
(

K − Z 

T Z + 

�3 

μ

)∥∥∥∥
2 

F 

+ 

λ3 

μ

∥∥∥(
W 

t+1 
) 1 

2 
� E 

∥∥∥2 

F 

= 

(
K − Z 

T Z + 

�3 

μ

)
·/ 
(

λ3 

μ
W 

t+1 + 1 

)
(32) 

where ./ means the division of the corresponding elements. 

3.4. The complete algorithm 

Getting data Y , we choose the corresponding Algorithm 1 or 2 to solve (11) or (25) depending on whether the data points

Algorithm 1 Solving Eq. (11). 

Input: Y , K , λ1 , λ2 , λ3 . 

1: Initialize: Z = 

√ 

K , G = 0 , H = 0 , �1 = 0 , �2 = 0 , ρ = 10 −8 , ρm 

= 10 8 , η = 11 , ε = 10 −6 . 

2: while not converged do 

3: step 1: Update G, H, Z in the order of (16), (18), (20), respectively; 

4: step 2: Update �1 , �2 , ρ , according to the following equation 

5: �1 := �1 + ρ(H − G + diag(G)) , 

6: �2 := �2 + ρ( 1 T G − 1 T ) , 

7: ρ := min (ηρ, ρm 

) ;
8: step3: Check the convergence conditions 

9: ‖ H − G + diag(G) ‖ ∞ 

� ε, and 
∥∥1 T G − 1 T 

∥∥
∞ 

� ε;
10: end while 

Output: Coefficient matrix G 

∗. 
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Algorithm 2 Solving Eq. (25) . 

Input: Y , K , λ1 , λ2 , λ3 . 

1: Initialize: Z = 

√ 

K , G = 0 , H = 0 , E = 0 , �1 = 0 , �2 = 0 , �3 = 0 , ρ = 10 −8 , ρm 

= 10 8 , η = 11 , ε = 10 −6 . 

2: while not converged do 

3: step 1: Update G, H, Z, E in the order of (16), (18), (20),(29), respectively; 

4: step 2: Update �1 , �2 , �3 , ρ , according to the following equation 

5: �1 := �1 + ρ(H − G + diag(G)) , 

6: �2 := �2 + ρ( 1 T G − 1 T ) , 

7: �3 := �3 + ρ(K − Z 

T Z − E) , 

8: ρ := min (ηρ, ρm 

) ;
9: step3: Check the convergence conditions 

10: ‖ H − G + diag(G) ‖ ∞ 

� ε, and 
∥∥1 T G − 1 T 

∥∥
∞ 

� ε, and 
∥∥K − Z 

T Z − E 

∥∥
∞ 

� ε;
11: end while 

Output: Coefficient matrix G 

∗. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

are heavily polluted. The coefficient matrix G 

∗ solved in the proposed model is substituted into the constructed affinity

matrix A = 

1 
2 

(| G 

∗| + | G 

∗| T ). The overall framework for the robust subspace clustering method (LAKRSC) is summarized in

Algorithm 3 . 

Algorithm 3 The complete algorithm of LAKRSC. The reference cited in this algorithm is [24] . 

Input: Y , K , λ1 , λ2 , λ3 . 

1: Get G 

∗ by Algorithm 1 or 2, respectively; 

2: Construct the affinity matrix by A = 

1 
2 

(| G 

∗| + | G 

∗| T ); 

3: Apply clustering algorithm [24] on A ; 

Output: The clustering results. 

4. Experiments 

Four datasets are used to verify the effectiveness of LAKRSC. Firstly, we introduce the datasets, the compared algorithms,

and experimental parameter settings. Then, we analyze the clustering performance, the corresponding parameter sensitivity,

and the convergence of our algorithm in detail. Finally, it is tested that the running time of four algorithms. 

4.1. Datasets 

• Extended Yale B dataset [12] : As shown in Fig. 3 (a), the face images in this dataset are collected from 38 subjects,

each of whom containes 64 facial images exposed to different lights. To facilitate the experiment, the pixels of each

image are put into a vector of 2016-D (48 × 42). Due to the presence of specular reflections, most images are dam-

aged by shadow and noise. This dataset is useful for verifing the clustering performance of LAKRSC in handling large

corruptions. Besides, when taking an image for the same object, the facial postures and expressions are not exactly

the same, which results in nonlinear structural data. 
• ORL dataset [29] : As shown in Fig. 3 (b), the dataset contains 400 facial images from 40 different subjects. Each image

is taken under different environments, including light, expression and so on. Similar to the extended Yale B dataset,

the pixels of each image are put into a vector of 1024-D (32 × 32). Because of changes in facial expressions and details,

this dataset is more challenging. 
• COIL-20 dataset [23] : As shown in Fig. 3 (c), this dataset contains object images of 20 subjects, which is made up of

images taken every 5 degrees against a black background. The pixels of each image are vectorized to 1024-D. COIL-20

dataset has a variety of object images. And object images of the same subject are also different due to the change of

perspective. Therefore, the COIL-20 dataset is challenging for testing the performance of subspace clustering methods.
• Binary Alphadigits dataset 1 : As shown in Fig. 3 (d), this dataset contains symbol images of 36 subjects, including A

through Z and 0 through 9. There are 39 images in each subject, and the pixels of each image are put into a vector

of 320-D. Due to the similarity of shapes between different numbers and letters, such as: the letters O, Z seem to be

similar to the numbers 0, 2, respectively, this dataset is challenging. 
1 http://www.cs.toronto.edu/roweis/data.html . 

http://www.cs.toronto.edu/roweis/data.html


198 X. Xue, X. Zhang and X. Feng et al. / Information Sciences 513 (2020) 190–205 

Fig. 3. Sample images of four datasets. 

Table 1 

Comparison of all algorithms on the Extended Yale B Dataset. 

Subjects LRR SSC KSSC LRSC SSC-OMP WSPQ SCHQ LRKSC LAKRSC 

10 23.52 12.25 15.51 30.38 13.08 10.85 8.64 8.91 6.50 

15 23.98 13.98 16.32 33.45 15.06 14.32 11.68 11.39 9.81 

20 32.03 21.7 16.54 28.74 14.39 15.81 13.01 12.56 11.39 

25 27.78 28.21 18.52 29.01 19.91 17.73 13.76 13.58 12.28 

30 36.98 27.75 20.51 30.69 21.05 19.52 14.54 15.23 13.30 

35 42.05 27.95 27.01 33.3 21.31 22.16 14.59 15.31 13.76 

Avg 31.06 21.97 19.07 30.93 17.47 16.73 12.7 12.83 11.17 

 

 

 

 

 

 

 

 

 

 

4.2. Contrast models and settings 

To broadly measure the clustering effect of the LAKRSC, we compare it with the following most advanced subspace

clustering methods, including LRR [16] , SSC [5] , KSSC [28] , LRSC [31] , SSC-OMP [38] , LRKSC [10] , WSPQ [43] , SCHQ [7] .

Particularly, K SSC and LRK SC are kernel-based models. WSPQ is a weighted Schatten p -norm based model, and SCHQ is a

robust subspace method based on correntropy. 

We use the source code of the compared methods as far as possible. The algorithm settings can be obtained from publi-

cations or adjusted to an optimal level. In our model, we use the same polynomial kernel K = ( x 1 
T x 2 + a ) b as LRKSC, where

a is set from 1 to 12 (interval is 1), and b is set from 2 to 3 (interval is 1). The parameters p ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,

0.8, 0.9, 1.0} and λi (i = 1 , 2 , 3) ∈ { 10 −2 
, 10 −1 

, 10 0 , 10 1 , 10 2 , 10 3 , 10 4 , 10 5 } , respectively. 

Clustering error is used as an evaluation index of clustering performance, which shows the ratio of wrongly clustered

points, i.e., 

Er r (%) = 

N(wrongly clustered po int s ) 

N(total of clustered po int s ) 
× 100% (33) 

Small clustering error indicates good clustering performance. Conversely, large clustering error indicates poor clustering 

performance. 

4.3. Results and discussion 

Experimental results on four datasets are organized in Table 1 to Table 4 . We repeated each experiment 20 times and

averaged the results. The results are shown by clustering errors (%) and only two decimal places are left. The values marked

in bold in Table 1 to Table 4 are the best results for the same dataset under the different algorithms. The detailed analysis

of all datasets are described as follows: 
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Fig. 4. Sample images of the extended Yale B dataset. 

Fig. 5. Clustering Error(%) of extended Yale B dataset added to noise. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

• Extended Yale B Dataset: On this dataset, we use Algorithm 2 and design three experiments to verify the effectiveness

of LAKRSC. 

(1) Experiment with different illuminations: 

We arbitrarily choose N subjects from 38 subjects, N ∈ {10, 15, 20, 25, 30, 35, 38}. We describe the experimental pro-

cess with N = 10 . Firstly, we conduct the first N subjects, and then we carry out N subjects headed by 2 until we have

completed all subjects(1–10,2-11,!‘or 29–38). The results of this experiment are shown in Table 1 . LAKRSC outper-

forms other models, and its average clustering error reaches 11.17%, which shows that our model improves the clus-

tering performance compared with other algorithms. Next, we analyze the pros and cons of several other algorithms

to summarize the reasons why our model performs best on this dataset. KSSC improves the clustering accuracies over

SSC. This is because nonlinear mapping of KSSC can increase the angle between two subspaces, which can improve

the clustering performance. LRKSC outperforms KSSC is because LRKSC makes the data in mapped feature space is

not only self-expressive but also low-rank. It also is observed that WSPQ performs better than LRR, which indicates

that weighted Schatten p -norm is closer to the rank of matrix than nuclear norm. Obviously, SCHQ outperforms other

algorithms expect our algorithm. Because SCHQ can handle corruption in the data by correntropy. The reason why the

clustering effect of our model is the best is that our model uses the non-convex low-rank approximation and adaptive

kernel based on weighted Schatten p -norm to process nonlinear structural data. In addition, we use correntropy to

deal with noise data, which improves the robustness of the model. 

(2) Experiment with non-Gaussian noise: 

To evaluate the clustering performance of LAKRSC for face images with non-Gaussian noise, we select the first 10 sub-

jects in the dataset and randomly replace some pixels in the image with evenly distributed values(even over [0:255]).

As shown in Fig. 4 (a), the four percentages of damaged facial images are 10%, 20%, 30%, 40%, respectively. All the

clustering results are revealed in Fig. 5 (a) for face images with non-Gaussian noise. Obviously, as the number of dam-

aged pixels increases, all the clustering results decrease to varying degrees. Our model and SCHQ always maintain the

lowest two clustering errors because both models use correntropy to deal with large corruptions. Our model demon-

strates better clustering performance than SCHQ because our model uses the non-convex low-rank approximation and

adaptive kernel to process the data. In addition, we also observe poor performance of SSC and KSSC, indicating that

the SSC based methods are sensitive to non-Gaussian noise. 

(3) Experiment with block occlusion: 

The robustness of our model is further validated for block blocking. Here, we select the first 10 subjects of the ex-

tended Yale B dataset for experimentation. It is used that black blocks of different size pixels (from 5 × 5 to 20 × 20) to

block the original pixels to destroy the images. The position of the black occlusion block is chosen at random. Fig. 4 (b)
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Table 2 

Comparison of all algorithms on the ORL Dataset. 

Subjects LRR SSC KSSC LRSC SSC-OMP WSPQ SCHQ LRKSC LAKRSC 

10 26.48 27.22 23.43 21.31 22.98 18.32 15.98 16.67 14.00 

15 29.59 29.32 26.84 24.35 27.24 20.65 18.69 19.61 17.20 

20 32.20 28.49 31.21 26.32 30.19 22.03 21.52 22.05 18.90 

25 35.59 29.82 31.02 27.82 33.60 24.54 22.54 23.53 19.04 

30 33.46 32.51 32.08 27.94 31.56 25.61 23.15 24.43 20.83 

35 36.78 32.68 32.91 29.49 35.20 24.19 23.82 23.25 22.01 

40 39.24 31.46 33.49 33.54 37.01 25.16 24.56 24.28 23.75 

Avg 33.33 30.21 30.14 27.25 31.11 22.93 21.47 21.98 19.39 

Table 3 

Comparison of all algorithms on the COIL-20 Dataset. 

Subjects LRR SSC KSSC LRSC SSC-OMP WSPQ SCHQ LRKSC LAKRSC 

2 9.83 4.01 2.51 12.67 10.65 1.49 1.56 1.36 0.18 

4 12.91 7.51 3.65 16.33 14.52 2.84 3.48 2.56 1.84 

6 14.89 10.41 9.32 24.98 20.14 5.56 8.32 6.83 3.01 

8 24.65 21.79 12.06 26.30 24.05 8.57 12.56 9.38 5.82 

10 25.06 21.98 15.76 29.91 27.19 12.42 13.25 12.80 7.40 

12 28.72 25.96 17.62 32.19 30.25 14.41 16.01 13.73 9.67 

14 34.52 31.82 16.68 35.84 32.85 15.54 16.70 13.97 13.72 

16 34.41 30.05 20.54 34.65 32.95 15.63 17.85 15.50 15.98 

18 35.02 31.84 21.94 37.74 34.59 17.71 19.06 16.51 16.73 

Avg 25.16 20.45 12.90 28.03 26.25 10.83 12.60 10.25 8.26 

Table 4 

Comparison of all algorithms on the Binary Alphadigits Dataset. 

Subjects LRR SSC KSSC LRSC SSC-OMP WSPQ SCHQ LRKSC LAKRSC 

2 8.81 6.95 6.53 16.82 7.85 6.65 6.01 6.09 4.68 

3 15.39 14.72 13.96 26.71 13.32 13.35 13.05 12.67 10.60 

5 25.52 25.37 23.65 38.87 22.62 22.84 21.95 21.71 19.59 

8 31.56 31.20 32.07 48.91 31.26 30.56 30.69 30.15 28.94 

10 43.84 33.26 34.84 51.76 34.52 33.29 32.28 32.63 31.78 

Avg 25.13 22.30 22.21 36.61 21.91 21.34 20.80 20.65 19.12 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

shows some corrupted samples with random block occlusion. It is shown in Fig. 5 (b) that the clustering error of each

algorithm for block occlusion data. We can see that in all cases, LAKRSC is significantly better than other algorithms,

which further demonstrates the robustness of our model. We can observe that all algorithms get high clustering er-

rors as the area of the black occlusion block increases. This is because the more occlusion pixels, the more the facial

image is destroyed and the less information is available. 
• ORL Dataset: 

For this dataset,we use Algorithm 2 and randomly choose N subjects from 40 subjects, N = 10 , . . . , 40 . The results of

this experiment are shown in Table 2 . Obviously, when N = 20 , 25 , 30 , 35 and 40, the clustering results of KSSC is

lower than SSC. This may be because each image under different subjects is too small to span the entire space. While,

our model can better handle this “very-few-samples” by adaptively solving low rank feature maps. Furthermore, as

the number of subject increases, the accuracy of all methods decreases, but our model is superior to other methods in

all cases. In particular, SSC, KSSC and LRKSC perform better than LRSC and LRR. It is not difficult to find that LRR and

LRSC are two traditional low rank algorithms. Therefore, the above phenomenon may be because each facial image

in this dataset has detailed changes, the traditional low-rank model cannot accurately approximate the rank of the

matric. WSPQ obtains better clustering results because weighted Schatten p -norm can approximate the actual rank

more accurately and the q -norm can deal with noise in data better. 
• COIL-20 Dataset: 

The Algorithm 2 is applied on this dataset with N = 2 , . . . , 18 . As shown in Table 3 , the performance of LRKSC and

KSSC is always better than SSC, which indicates that the COIL-20 dataset has strong nonlinearity. The better cluster-

ing performance of WSPQ shows that the weighted Schatten p -norm can effectively approximate the actual rank. Our

model processes nonlinear structural data by learning non-convex low-rank approximation and adaptive kernel map- 

ping, thus achieving the better clustering performance. When N = 16 , 18 , the clustering errors of LAKRSC are lower

than 0.48% and 0.22% than LRKSC, respectively. This may be because our model uses correntropy to model noise in

data. Correntropy is closely related to the M-estimator [7] , which results our model has a potential relationship with
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Fig. 6. Clustering results of extended Yale B dataset ( N = 10 ) with different p under different percentage corruptionss. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

M-estimator. However, LAKRSC achieves the best clustering performance on the COIL-20 dataset and its average error

is 8.26% which is 1.99% lower than the average error provided by LRKSC. 
• Binary Alphadigits Dataset: 

On the Binary Alphadigits dataset, we use Algorithm 1 and select different N to verify the performance of our model,

N = 2 , . . . , 10 . The clustering results are shown in Table 4 . Obviously, LAKRSC achieves the best clustering performance

on this dataset. Specifically, comparing the second best result provided by LRKSC, LAKRSC achieves an improvement

of approximately 1.53%. This result demonstrates that the non-convex low-rank approximation and adaptive kernel is

more suitable for modeling complex nonlinear structural data than other low-rank kernels. 

4.4. Parameter sensitivity and convergence analysis 

LAKRSC have four important parameters, i.e., p, λ1 , λ2 , λ3 . p is used to control low-rank terms, and λ1 , λ2 , λ3 can

balance the effects of the regular term and data item. The first 10 subjects of extended Yale B dataset are used to analyze

the effectiveness of different p settings on clustering performance. To verify that different percentages of corruptions have

different p settings, we add noise to extended Yale B dataset and experiment with p from 0.1 to 1 (interval 0.1) at four

different noise levels (percentages = 10%, 20%, 30%, 40%). 

As shown in Fig. 6 , the optimal values of p corresponding to the four noise levels are 0.9,0.5,0.7 and 0.2, respectively. Thus

it may be known, as the noise level changes, the optimal value of parameter p changes. In theory, in order to achieve good

results, weighted Schatten p -norm takes a small value of p , which is closer to the rank function. However, various noise con-

tained in the dataset will destroy the low rank structure to varying degrees such that the low rank property of the dataset

is weak, which makes the weight Schatten p -norm unsuitable for taking small value of p . In general, different datasets are

suitable for different values of p to obtain an appropriate rank approximation. Next, we use the COIL-20 dataset ( N = 2 )

to analyze the effect of parameters λi (i = 1 , 2 , 3) on the common balance noise. Fig. 7 shows the experimental results

of λ1 ∈ 

[
0 . 8 × 10 3 , 1 . 1 × 10 3 

]
, λ2 ∈ 

[
0 . 5 × 10 −2 , 3 × 10 −2 

]
, λ3 ∈ 

[
0 . 5 × 10 5 , 3 × 10 5 

]
. When λ1 = 0 . 8 × 10 3 , λ2 = 1 × 10 −2 , and

λ3 = 3 × 10 5 , LAKRSC gets the best clustering performance on the COIL-20 dataset( N = 2 ). 

For the convergence analysis, we use the original residual and objective value data of the two datasets of extended Yale

B, COIL-20 to make graphs (see Fig. 8 ) with the number of iterations. Obviously, LAKRSC achieves a rapid reduction of the

original residual to close to 10 −6 in 20 iterations, which indicates that LAKRSC can achieve good clustering effect quickly

and efficiently. 
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Fig. 7. The clustering performance of COIL-20 dataset ( N = 2 ) with the varied parameters λi (i = 1 , 2 , 3) . 

Fig. 8. Convergence curves of LAKRSC on four datasets. 

Fig. 9. Running time on extended Yale B dataset. 

 

 

 

 

 

 

 

 

 

 

4.5. Computational time comparison 

We measure the running time of four most advanced algorithms in this paper on extended Yale B dataset ( N = 10 ). All

experiments are performed using a MATLAB 2015b in a desktop computer with an Inter(R) Core(TM) i7-4790 CPU and 8G

RAM. In the experiments, the convergence conditions of the compared algorithms are consistent. 

Fig. 9 reports the results of running time. The results show that LAKRSC is more effective than LRKSC. Although WSPQ

and SCHQ have advantages in computing time, they don’t use kernel constraints to process nonlinear structural data. Our

model uses the non-convex low-rank approximation and adaptive kernel to map nonlinear structural data to linear space. It

takes some time to solve Z in the mapping process. But our model achieves the best clustering performance in all compari-

son models. 

5. Conclusion 

A new robust subspace clustering method (LAKRSC) based on non-convex low-rank approximation and adaptive kernel

is proposed in this paper. Compared with the existing advanced kernel based methods, LAKRSC takes into account the

importance of each rank components by applying weighting strategy. The weighted Schatten p -norm can approximate the

actual rank better. Therefore, the data in the feature space obtained by LAKRSC is closer to low-rank and self-expression,
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which indicates that our model can better deal with nonlinear structural data. Second, correntropy as a loss function can

deal with corruptions damage better and improve robustness of LAKRSC. Then, an algorithm (HQ&ADMM) is designed to

solve LAKRSC. Finally, we verify the good clustering performance of LAKRSC by experimenting on four datasets. In addition,

we introduce the selection method of parameters in the model and verify the convergence of the model. In the future

work, we need to do more theoretical research on how the model adaptively selects parameters. In addition, how to use the

proposed model on multi-view data is also a future research content. 
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Appendix 

We generalize the Lemma 1 as 

min 

y 

(
wy p + 

1 
2 

(
δ − y 2 

)2 
)

(34)

Let the τGST 
p ( w i ) denotes the critical value of δ and its corresponding local minimum y ∗. We solve the following system

of nonlinear equations to determine the correct threshold 

( y ∗) p + 

1 

2 

(
τ GT S 

p ( δ) − ( y ∗) 2 
)2 = 

1 

2 

(
τ GT S 

p ( δ) 
)2 

(35)

p ( y ∗) p−1 + 2 y ∗
(
τ GT S 

p ( δ) − ( y ∗) 2 
)

= 0 (36)

Based on (36) ,we substitute in (35) with ( y ∗) 2 + 

wp ( y ∗) p−2 

2 , and the new equation is as follows 

( y ∗) p + 

1 

2 

(
( y ∗) 2 + 

wp ( y ∗) p−2 

2 

− ( y ∗) 2 
)2 

= 

1 

2 

(
( y ∗) 2 + 

wp ( y ∗) p−2 

2 

)2 

(37)

Thus the only solution of y ∗ in the range ( 0 , + ∞ ) can be obtained as 

y ∗ = ( 2 − wp ) 
1 

4 −p (38)

and the thresholding value τGT S 
p ( δ) is 

τ GT S 
p ( w ) = ( 2 − wp ) 

2 
4 −p + 

wp ( 2 − wp ) 
p−2 
4 −p 

2 

(39)

For any δ ∈ 

(
τGT S 

p ( w ) , + ∞ 

)
, wy p + 

1 
2 

(
δ − y 2 

)2 
has one unique local minimum S GT S 

p ( δ, w ) in the range of y ∈ ( 0 , + ∞ )
which satisfies 

p 
(
S GT S 

p ( δ, w ) 
)p−1 + 2 S GT S 

p ( δ, w ) 

(
τ GT S 

p ( δ) −
(
S GT S 

p ( δ, w ) 
)2 

)
= 0 (40)

Suppose matrices � and � have the same order, according to Theorem , we can obtain 

‖ 

S ‖ 

p 
w, S p 

+ 

μ

2 

∥∥Q − S T S 
∥∥2 

F 
= t r(w �p ) + 

μ

2 

(
t r( �T �) + tr( ( �2 ) 

T 
�2 ) − 2 tr( Q 

T S T S) 
)

� t r(w �p ) + 

μ

2 

(
t r( �T �) + tr( ( �2 ) 

T 
�2 ) − 2 tr( �T �T �) 

)
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(41)

According to the Theorem , the condition for the equation to occur is S = Q . Hence, (22) can be equivalent to 

min 

δ1 ,δ2 , ... ,δr 

r ∑ 

i =1 

( w i δ
p 
i 

+ 

μ

2 

(γi − δ2 
i ) 

2 ) 
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s.t. δi � 0 , and δi � δ j , f or i � j. (42) 

From Xie et al. [34] known, if the weights satisfy 0 � w 1 � w 2 � . . . � w r , problem (42) can be solved by r independent

subproblems 

min 

δi � 0 

(
w i δ

p 
i 

+ 

μ

2 

(
γi − δ2 

i 

)2 
)

(43) 

There exists a δ∗
i 

such that 

μ

2 

(
δ4 

i − 2 γi δ
2 
i + γ 2 

i + 

2 

μ
w i δ

p 
i 

)
≥ μ

2 

(
γi − (δ∗

i ) 
2 
)2 + w i (δ

∗
i ) 

p , ∀ δi ≥ 0 (44) 
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