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ABSTRACT

Many problems in computer vision and pattern recognition can be posed as learning low-dimensional
subspace structures from high-dimensional data. Subspace clustering represents a commonly utilized sub-
space learning strategy. The existing subspace clustering models mainly adopt a deterministic loss func-
tion to describe a certain noise type between an observed data matrix and its self-expressed form. How-
ever, the noises embedded in practical high-dimensional data are generally non-Gaussian and have much
more complex structures. To address this issue, this paper proposes a robust subspace clustering model
by embedding the Mixture of Gaussians (MoG) noise modeling strategy into the low-rank representation
(LRR) subspace clustering model. The proposed MoG-LRR model is capitalized on its adapting to a wider
range of noise distributions beyond current methods due to the universal approximation capability of
MoG. Additionally, a penalized likelihood method is encoded into this model to facilitate selecting the
number of mixture components automatically. A modified Expectation Maximization (EM) algorithm is
also designed to infer the parameters involved in the proposed PMoG-LRR model. The superiority of our
method is demonstrated by extensive experiments on face clustering and motion segmentation datasets.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

With dramatic development of techniques on data collection
and feature extraction in recent years, the data obtained from
real applications are often with high dimensionality. Such high-
dimensional characteristic of data not only tends to bring large
computation burden to the later data processing implementation,
but also might possibly degenerates the performance of the uti-
lized data process technique due to the curse of dimensionality is-
sue.

An effective strategy to alleviate this problem is to find the
intrinsic low-dimensional subspace where such high-dimensional
data intrinsically reside, and then make implementations on the
low-dimensional projections of data. This is always feasible in real
scenarios since features of practically collected data are generally
with evident correlations. Such a “subspace learning” methodology
has attracted much attention in the past decades and various re-
lated methods have been proposed for different machine learning,
computer vision and pattern recognition tasks [1-3].
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In the recent years, a new trend on subspace learning, called
subspace clustering, has appeared by simultaneously clustering
data and extracting multiple subspaces, each corresponding to one
data cluster [4-6]. Compared with traditional methods which as-
sume data lie on a unique low-dimensional subspace, such “sub-
space clustering” model better complies with many real scenar-
ios where data are located on multiple subspace clusters. Typical
applications include face clustering [7], image segmentation [8],
metric learning [9], feature grouping [10] and image representa-
tion [11]. Accordingly this research has been attracting increasing
attention in the recent years.

Now let’s introduce the formal definition for the subspace clus-
tering problem as below [4]:

Definition 1.1 (Subspace Clustering). Given a set of sampled data
X=[Xq.....X¢] =[X1. X2, ..., Xy] € R9" drawn from a union of k
subspaces {Si}?: 1> where X; denotes a collection of n; samples
drawn from the subspace S;, and n = Zﬁ‘zl n;. The task of subspace
clustering is to cluster the samples according to the underlying
subspaces they are drawn from.

The main assumption underlying the subspace clustering is that
each datum is sampled from one of several low-dimensional sub-
spaces, and hence can be well represented as a linear combina-
tion of the other data from the same subspace. The representa-
tion matrix composed of all coefficients of such combinations is
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firstly taken as the encoding representation for the intrinsic sub-
space clusters and then is utilized to extract subspace knowledge
from data. This subspace learning task is mathematically formu-
lated as follows:

mcinR(C) +1L(X — XO), )]

where X is a predefined dictionary, the first term regularize the
representation matrix C to encode the subspace clustering prior
knowledge in it, the second term is the loss function to fit the ad-
ditive noise and A is a positive trade-off parameter.

A natural choice for the loss function £(-) in Eq. (1) is the || - ||f
norm, which, from the probabilistic perspective, mainly character-
ize Gaussian noise. However, real noises in applications are gen-
erally non-Gaussian, and thus other types of loss functions were
considered, such as |-|l; norm and ||- |, ; norm?, correspond-
ing to Laplacian noise and sample specific Gaussian noise, respec-
tively [12]. These noise assumptions, however, still have limita-
tions, since data noise in practical applications often exhibits much
more complex statistical structures [13-16]. Therefore, a pre-fixed
simple loss term is generally incapable of well fitting practical
noise in data. The clustering accuracy of the utilized subspace clus-
tering method [6] thus tends to be negatively influenced by this
improper assumption. In this sense, it’s crucial to propose a robust
subspace clustering model to tackle complex noise.

To address this issue, this paper presents a novel subspace clus-
tering method that is robust against a wider range of noise dis-
tributions beyond traditional Gaussian, Laplacian or sample Gaus-
sian noises. Our basic idea is to encode data noise as Mixture of
Gaussians (MoG) in the subspace clustering model, and simulta-
neously extract subspace cluster knowledge and adapt data noise.
Here we prefer to employ MoG as the noise model due to its uni-
versal approximation property to any continuous distribution [17].
Such idea is inspired by some recent noise modeling method-
ology designed on some typical machine learning and computer
vision tasks, such as low-rank matrix factorization (LRMF) [18],
robust principle component analysis (RPCA) [19] and tensor factor-
ization [20], and has been substantiated to be effective in the com-
plicated noise scenarios. There exist multiple subspace clustering
approaches recently, such as Sparse Subspace Clustering (SSC) [5],
Low-Rank Representative (LRR) [6] and Least Square Regression
(LSR) [21]. In this work we readily adopt the LRR model [6,22] due
to its utilization of clean data as the dictionary matrix, instead of
taking original corrupted ones as most others, which better com-
plies with the insight of subspace clustering. In addition, regard-
ing the automatic selection of mixture Gaussian components, we
propose a penalized MoG-LRR model through adopting a penalized
likelihood technique inspired by [23,24]. We further design an ef-
fective Expectation Maximization (EM) algorithm to infer all pa-
rameters involved in this model. The superiority of the proposed
method is substantiated on face clustering and motion segmenta-
tion problems as compared with the current state-of-the-art meth-
ods on subspace clustering.

Specifically, the contribution of this work can be summarized
as follows:

» On subspace clustering, we integrated MoG noise modeling
methodology into the LRR model, which enhances a robust sub-
space clustering strategy with capability of adaptively fitting a
wide range of data noises beyond current methods.

+ On MoG noise modeling methodology, through employing the
penalized likelihood technique, the EM algorithm designed on
the proposed MoG-LRR model is capable of automatically se-
lecting a proper Gaussian mixture component number as well

2 The three norms are calculated as |- [r = X}, (X2, ()3),
YL (C2 1O and [+ llza = ) (T2 ()3) 2, respectively.

-1 =

Table 1

Some utilized notations in this paper.
Notation Definition
k Number of subspaces
N Data size
D Data dimensionality
X=[xq,..., Xy] Observed data
A=la,..., ay] Clean data
C=[c,..., cn] Representation matrix
E=Jeq,..., ey] Sample-wise noise
T ={m.,..., Tk} Mixture proportions
Y ={X,..., Xk} Covariance matrices

as other involved parameters in this model. This also prompts
the frontier of noise modeling and makes it easy for the selec-
tion of this important parameter.

Our paper is organized as follows. Related work is introduced in
Section 2. Section 3 proposes our model called Penalized Mixture of
Gaussians Low-Rank Representation (PMoG-LRR) and then presents
a modified EM algorithm for solving this model. Section 4 presents
experimental results implemented on synthetic and real data sets
to substantiate the superiority of our proposed method over other
state-of-the-arts. Finally, a brief conclusion is drawn in Section 5.
Throughout the paper, we denote scalars, vectors, matrices as the
non-bold, bold lower case and bold upper case letters, respectively.
Some notations used in this paper are summarized in Table 1.

2. Related work

The past two decades has witnessed a rapid development in the
field of subspace clustering. The related methods can be roughly
classified into four categories: algebraic methods, iterative meth-
ods, statistical methods, and spectral-clustering-based methods [4].

Algebraic  methods, typically represented by Matrix
Factorization-based methods [25-27], first find a permutation
matrix and calculate the multiplication matrix of data and the
permutation matrix, and then factorize this multiplication matrix
into two rank-r matrices, a base-matrix and a block diagonal
matrix, respectively. But these methods are generally sensitive to
noise and require the knowledge of the rank r of data matrix. The
iterative methods, e.g., K-subspaces [28] use an iterative way to
model and segment data. Specifically, such methods first assign
data to pre-defined multiple subspaces, and then update the
subspaces and reassign each data point to the closest subspace.
The drawback of above two methods is that they incline to be
sensitive to initialization and outliers. Besides, they need to know
the number of subspace and their corresponding dimensions in
advance. The statistical methods, e.g., Mixtures of Probabilistic
PCA (MPPCA) [29], assume that the sample data are generated
from a Mixture of Gaussians (MoG) distribution and then uses
the Expectation Maximization (EM) algorithm to update the data
segmentation and model parameters alternatively under the Maxi-
mum Likelihood Estimation (MLE) framework. One disadvantage of
these methods is that the model always cannot fit the cases that
the intrinsic distributions of the data inside each subspace are not
Gaussian.

Recently, spectral-clustering-based subspace clustering methods
has been attracting more attention [5,6,21] due to its rational
methodology and successful performance in applications [30]. The
fundament of these methods is to assume that each data point
can be linearly represented by all the other data points from the
same subspace cluster. These methods generally contain two steps.
Firstly, an affinity matrix is built to capture the similarity between
pairs of data points. Then, the segmentation of data is obtained by
applying spectral clustering algorithm [31] to the affinity matrix.
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Since this methodology is the main focus of this work, we give a
more detailed introduction to its recent developments as follows.

Elhamifar and Vidal [5] proposed the Sparse Subspace Cluster-
ing (SSC) to find the sparsest representation of each data point by
utilizing the [y norm regularization term. Low-Rank Representation
(LRR) [6] aims to get a low rank representation for robust subspace
recovery of the data containing corruptions by imposing the nu-
clear norm on the representative matrix. Besides, based on the I,
norm, Least Squares Regression (LSR) [21] was proposed for sub-
space clustering under Enforced Block Diagonal (EBD) conditions.
Low-rank subspace clustering (LRSC) [22] extends both methods
and proposes an alternative non-convex formulation, which can be
solved efficiently by a closed-form solution when there is no out-
liers.

To improve clustering accuracy, multiple amelioration tech-
niques on subspace learning, including Bayesian method [32],
quadratic programming [33], manifold regularization [12] and
Markov random walks [34], have also been recently attempted
to further ameliorate the capability of subspace clustering. Here,
we list some typical instances as follows: Based on block-diagonal
structure prior on ideal representation matrix, Feng et al. [35] at-
tempt to explicitly pursue such a block diagonal structure by
proposing a graph Laplacian constraint based formulation. In ad-
dition, to handle more complex noise, many robust subspace clus-
tering methods have been studied recently. Both Lu et.al. [36] and
He et.al. [37] use correntropy as a robust measure to suppress
the influence of large corruptions and make subspace clustering
model be robust to non-Gaussian noises. The MoG noise modeling
strategy was firstly considered in LSR subspace clustering model
in [13]. However, this strategy is inferior in that it needs to empir-
ically while not automatically tune the number of mixture Gaus-
sian components, and besides, in the method the representation
matrix between data is constructed on the corrupted data while
not clean ones, which tends to make it still sensitive in the pres-
ence of noises or outliers, as substantiated by our experiments in
Section 4.

3. Robust subspace clustering by penalized mixture of
Gaussians

In this section, we first briefly introduce the LRR subspace clus-
tering model [6]. Then we propose our PMoG-LRR model. Finally,
we design an efficient EM algorithm to solve this model.

3.1. LRR model revisit

To better illustrate the main idea of our method in the context
of LRR, we briefly review the basic idea of LRR in this subsection.

Let’s consider the case that data X are drawn from a union of
multiple subspaces given by Uf‘= S;, where 51,S,, ..., Sk represent
the low-dimensional subspaces of underlying data. The traditional
LRR model can be formulated as the following rank minimization
problem:

rrcliEnrank(C)—i—XllEHp st X=XC+E, (2)

where the constraint means a sample can be linearly represented
by the ones located in the same cluster with it, E indicates the
noises embedded in data, || - ||, denotes a certain loss function, like
Ly-norm, Ly-norm and L, {-norm losses, and the parameter A >0
is the compromising parameter between two objective terms. Un-
fortunately, (2) is both non-smooth and non-convex, and difficult
to solve. Generally, a tractable optimization problem is utilized by
replacing the rank term with the nuclear norm [|C||, = );0;(C),
where o;(-) denotes the ith singular value of a certain matrix.

Then the first term of the LRR model turns to be a convex com-
ponent as follows:

rgsliEnHCIIH—)»IIEIIp st X=XC+E. (3)

Note that in traditional LRR as well as most other subspace
clustering models, the observed data X is directly used as the basis
matrix in the model. This is actually improper since the expected
basis matrix should be the clean matrix without noises underly-
ing X. An ameliorated version of LRR is thus recently proposed
in [22] to deal with this issue. The modified LRR model is

Ir\ncill}||C||*+)~||E||pS.t A=AC, X=A+E, (4)

where A represents the clean data matrix underlying X. It is evi-
dent that the new model better formulates the subspace represen-
tation correlation, and we thus prefer to employ this model as the
baseline in our work.

3.2. Formulation of PMoG-LRR model

In this subsection, we will introduce our PMoG-LRR model. We
utilize the MoG distribution to model the real noise, which con-
structs a universal approximator to any continuous density func-
tion in theory [17]. Specifically, we assume that each column
e, (n=1,2,...,N) of E in (3) follows an MogG, i.e.,

K
P(en) = ) mN(en: 0, Xy), (5)
k=1

where ) is the mixing proportion with 7, >0 and Z{le mTe=1,
K is the number of the mixture components and N (e;|0, X;) de-
notes the kth Gaussian component with zero-mean and covariance
matrix X,. To reduce the possible over-fitting issue, each covari-
ance matrix X, is assumed to be a diagonal matrix and is rep-
resented as X, = diag(okzj),j: 1,2,...,D. In addition, we denote
T = (7, 7y, ...,g)" and X = (X1, X;...., Xg) and assume each
column of E is independent and identically distributed (i.i.d). Then,
the likelihood function can be written as

N K
P(E: 7. E) = [ 3 mel (€n: 0. 5p). (6)
n=1 k=1
and the negative log-likelihood function is
N K
—logP(E;, X) = — ) "log | > mN(en; 0, %) |. (7)
n=1 k=1

As aforementioned, inspired by [22], given the corrupted data
matrix X, instead of utilizing this matrix as the basis matrix, we
directly employ the clean data A underlying X, i.e., A = AC. The re-
lationship between two matrices is: X = A+ E.

In our model, we further consider the crucial issue of how to
automatically select the number of mixture components K. Vari-
ous model selection techniques can be readily employed to resolve
this issue. Most conventional methods are based on the likelihood
function and some information theoretic criteria, such as AIC and
BIC. Here we adopt a penalized likelihood method [24], which has
been proved to be empirically effective and theoretically sound, to
shrink the mixing weights continuously and retain effective com-
ponents in the mixture distributions. This penalty function is de-
fined as

K

Q(m; B) =nB Y pillog(e + 1) — log(e)], (8)
k=1

where n is the number of columns of the data matrix, namely the

number of the data, € is a very small positive number, § is a tun-

ing parameter (8 >0), and pj, is the number of free parameters for

the kth component.
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We can then formulate the PMoG-LRR model as:

Q(; )]

st A—AC, X=A+E, (9)
K

T >0, an: 1,
k=1

% =diag(o}) € ST, k=1,....K,

where ST represents the set of positive definite matrices.

A
€11, - 5 log P(E; 7. %) -

3.3. Modified EM Algorithm for solving PMoG-LRR model

An elegant and powerful way to solve (9) is the Expectation
Maximization (EM) algorithm, which aims to find the maximum-
likelihood estimation of the parameters iteratively. In this subsec-
tion, we develop a modified EM algortihm for solving the proposed
model.

In the E step, we compute the responsibility parameters y .
based on the current parameters @) = (X A® KO 7® %O}

Yo = (e 0. 20) (10)
Yo mN(en; 0, X))

where e, =X, — an, X; and a, denote the nth columns of X and

A, respectively, and the superscript denotes the iteration number.

Based on the responsibility so obtained, we can compute the Q-

function Q(®, ®®) as

N K
2(0,0) =% " yullogN(en; 0. Zy) + log ]
n=1 k=1
K
—nB Y pillog(e + ) — log(e)]. (11)
k=1
In the M step, we need to maximize (11) to achieve the updated
MoG parameters @+, We first cope with problem of updating
Y., k=1,2,... K by optimizing the following problem:

mm Z Z Yaclog N (ey; 0, Tp)

n=1 k=1
st Xy =diag(o) € ST, j=1,2,....D. (12)

By taking the first derivative of the objective function with respect
to X, we obtain

T = dmg(dtag(l (Z Yak€ner +nIDxD>)> (13)
n=1

where n, = >Ny, n>0 is a small regularization parameter to
make Z,(f“) invertible, and Ip p is an identity matrix with D di-
mensions.

To update m,k=1,...,K, we need to introduce a Lagrange
multiplier « to take the constraint fo:1 7, = 1 into consideration,
and then minimize

‘ZzynklognkJra(an_])

n=1 k=1
K

—nBD ) [log(e + ;) — log(e)]. (14)
k=1

Setting the derivative of (14) with respect to m to zero and con-
sidering that € is close to zero, we obtain:

1 1
1—,31(D|:nzy"k —ﬁDi| } (15)

7Y = max {0,
n=1

To update A and C, we should solve the following sub-
problem:

. A
rR,lCn |C||* ) X_:; ak OGN (Xn — an; 0, Xy)

st A=AC, (16)

which can be mathematically reformulated as:

min||Cll. + 21X —AlZ st A=AC (17)
CA 2

S 5 5 1 o 5

where X =[%X{,%Xp,..., Xn], Xn=H?Zx,, A=[3;,3,..., ay|,
1

d,=H7a, and H,=Y ,yuX2;". From (17), we can obtain

a closed-form solution by applying Lemma 2 and 3 in [38].
Specifically, the solution to (17) is

A=UsV!, ctD =y, (18)

where S; represents the top r = argmkin(k+ % Yk aiz) singular

values, U, and V; are the matrices composed by the correspond-
ing left and right singular vectors of X, respectively. It should be
noted that here in the limiting case, r can also be equivalently de-

termined by thresholding the singular value o; at ,/2/A. Then, we
can update A by
al™V —H;?3, n=1,2.....N. (19)

The procedure of the proposed EM algorithm is summarized in
Algorithm 1.

Algorithm 1 EM Algorithm for PMoG-LRR.

Input:
Data matrix X, initial model parameters 9(0)={mixture param-
eters 7@ and T© initial component number K, clean data
matrix A©), representation matrix C®} and t = 1.

Output:
The representation matrix C and the clean data matrix A.

1: repeat

2:  (E step): Update y® via (10).

3. (M step for ¥ ): Update © via(13).

4

5

(M step for mr ): Update ® via(15).
(M step for C,A): Update C®© and A® via (18) and (19), re-
spectively.

6: t<t+1.

7: until converge;

3.4. Implementation details

In our experiments, the compromising parameter A between
regularization term and penalized likelihood term is determined
by cross validation. Additionally, we provide a series of tuning pa-
rameter 8 with alternative values. Then the Bayesian Information
Criterion (BIC) or the Schwarz criterion [39] is used to select the 8
with largest BIC value. We set initialized mixture components K
as 5 throughout our experiments. For each component, we sam-
ple from a standard normal distribution to initialize the diagonal
elements of covariance matrix X(9). We use UyDyV, to initialize
A®, where D, is the non-zero part of singular values of X, U, and
Vj are matrices composed by the corresponding left and right sin-
gular vectors, respectively. Finally, based on the theory in [26,40],
suppose the skinny SVD decomposition of A(® is UXV, and then
C(9 is initialized with VVT.
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Fig. 1. The face images of the fifth subject from the AR database.

3.5. Convergence

We proposed an EM type algorithm for solving optimization
problem (9). During the iterations, each involved subproblem is
convex and has global solution. Therefore, by virtue of the gen-
eral theory of EM algorithm [41], we can conclude that the ob-
jective function of (9) monotonically decreases. Consequently, the
proposed algorithm converge in the sense of objective value.

4. Experimental results

To evaluate the performance of our proposed PMoG-LRR
method, we conducted a series of experiments on two applications
of subspace clustering: face clustering and motion segmentation.
Seven subspace clustering methods were considered for compari-
son, including local subspace affinity (LSA) [42], SSC [5], LRR [6],
LSR [21], block-diagonal LRR (BD-LRR) [35], Low-Rank Subspace
Clustering (LRSC) [22] and MoGR [13]. These methods represent
the current state-of-the-art along this research line.

We utilize two existing metrics for quantitative evaluation. Let
I; and g; be the clustered label and ground truth label of the ith
sample, respectively, and then clustering accuracy [5] is defined as

N 1(g; :
Accuracy = w x 100, where map(l;) denotes the best

map from obtained label I; to equivalent label in ground truth and
1(a, b) is the indicator function that equals to one if a = b and zero
otherwise.

For two clusters C and C, representing ground truth and calcu-
lated clustering results, respectively, we can compute their mutual
p(ci.c)
p(ci)p(JC})’
where p(c;) and p(cﬁ.) denote the probabilities that an arbitrary
data point belongs to the clusters ¢; and c}, respectively, and
p(ci, c;) denotes the joint probability that an arbitrary data point
belongs to the clusters ¢; and c; at the same time. MI(C, C') can

be used to determine how similar the clusters C and C' are. It
takes values between zero and max (H(C), H(C')), where H(-) de-
notes the entropy. So we normalize the mutual information to
simplify the comparison between different pairs of cluster sets as
NMI(C,C) = %ﬁhw which equals to one when two sets of
clusters are identical and zero when the the two clusters have not
shared even one data point.

All parameters involved in the competing methods were empir-
ically tuned or specified as suggested by the related literatures to
guarantee their possibly good performance. Some experimental re-
sults of existing methods reported in related papers have been di-
rectly utilized. All experiments are carried out on a Windows sys-
tem with 3.6GHz Intel Core i7 processor using MATLAB2014b.

information (MI) as: MI(C,C") =Y. c v P(Ci, c})logz
i€

4.1. Face clustering

Face clustering is to cluster face images collected from multi-
ple individuals based on their identities. The AR Face Database®

3 http://www-sipl.technion.ac.il/new/DataBases/Aleix%20Face%20Database.htm.

[43] and Extended Yale Dataset B* [44] are adopted as the bench-
mark datasets for this task.

4.1.1. AR face dataset

The AR Face Database contains over 4,000 facial images from
126 subjects (70 men and 56 women). For each subject, 26 facial
images are taken in two separate parts for training and testing, re-
spectively. These images suffer different facial variations, including
various facial expressions (neutral, smile, anger, and scream), illu-
mination variations (left light on, right light on, and all side lights
on), and occlusion by sunglasses or scarf. Fig. 1 shows some typical
samples from the dataset for demonstration.

We select images of first ¢ = {5, 8, 10} subjects and apply all
competing methods to implementing them. We also adopt dimen-
sion reduction procedure with standard PCA in this scenario. The
clustering results including accuracy and NMI are shown in Table 2.
Fig. 2 demonstrates the corresponding affinity matrix constructed
from different algorithms.

From Table 2, it can be easily seen that our method performs
better than other competing methods in both the clustering ac-
curacy and NMI, and takes evidently less time than most of the
competing methods, while only unsubstantially slower than SSC,
LSR and LRSC. This shows that our method can perform robust
in presence of noise or outliers. The superiority of the proposed
method can also be verified visually by observing Fig. 2. It is easy
to see that the affinity matrices obtained by LRR, BD-LRR, LRSC,
MoGR and our method have more evidently depicted the config-
uration of subspace clusters as compared with those obtained by
LSA and SSC, which lack of within-cluster connectivities. It can also
be observed that the contrast between within-cluster and inter-
cluster relationships have been significantly magnified by MoGR
and PMoG-LLR, which is attributed to the better modeling of noise.
Besides, those clusters are not perfectly detected by MoGR, e.g.,
cluster 2 and 6, have been more clearly recognized by PMoG-LRR,
with evidently larger representation coefficients. This better visual
result, as compared with those of other methods, indicates that our
method has better ability of clustering the correlated data located
in the similar subspace.

4.1.2. Extended Yale dataset

The Extended Yale Database B consists of 2,414 frontal face im-
ages of 38 subjects, where there are 64 faces for each subject, ac-
quired under different lighting, poses, and illumination conditions.
Each image is cropped into 192 x 168 pixels. Fig. 3 shows some
typical samples from this dataset.

Following the experimental setting in [5,35], we build four
types of tasks according to the following scheme. First, 38 sub-
jects are separated into four groups: subjects 1 to 10, subjects 11
to 20, subjects 21 to 30, and subjects 31 to 38. Then we consider
choice of c = {2, 5, 8, 10} subjects for each of the first three groups
and ¢ = {2, 5, 8} for the last group. We implement all the subspace
clustering algorithm on each set of ¢ subjects.

To reduce the computational cost, each face image is resized
to a resolution of 48 x 42 pixels. As shown in [45], the faces with

4 http://vision.ucsd.edu/leekc/ExtYaleDatabase/ExtYaleB.html.
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Table 2

The average clustering accuracy (%), NMI (%) and running time (s) on the AR database for all competing methods.
Method LSA SSC LRR LSR BD-LRR LRSC MoGR PMoG-LRR
5 Subjects
Accuracy 73.77 83.08 84.23 93.85 86.40 93.08 93.85 95.38
NMI 74.68 8217 82.97 86.79 83.92 83.60 91.11 92.93
Time 2.22 0.89 2.24 133 5.99 1.21 16.04 1.57
8 Subjects
Accuracy 66.78 75.00 79.81 80.77 83.21 90.38 90.38 94.23
NMI 69.79 75.54 78.37 83.70 80.38 85.78 88.64 92.22
Time 5.62 1.05 4.54 1.67 14.17 1.50 34.70 1.92
10 Subjects
Accuracy 68.31 77.69 84.23 79.23 85.68 92.69 88.85 93.46
NMI 7247 78.74 83.38 8115 85.31 89.81 87.96 91.11
Time 8.90 1.25 6.79 2.19 22.16 2.07 11113 4.67

(a) LSA (b) SSC (c) LRR (d) LSR

(¢) BD-LRR (f) LRSC

.ﬂ

(g) MoGR (h) PMoG-LRR

Fig. 2. The affinity matrices of 10 obtained by all competing methods from the AR database.

Fig. 3. Some face samples of one subject from the YALE B database.

different types of diffusion or background illumination fall into a
4-dimensional subspace. So before the vectorized image data are
inputted into our algorithm, we also resort to standard PCA and
project our original vectorized data onto 4 x ¢ dimensional sub-
space. In order to make a fair comparison, the post-processing pro-
cedure is not performed in this scenario. The detailed results are
presented in Table 3.

From Table 3, it is easy to observe that PMoG-LRR achieves the
best clustering accuracy in almost all cases except the 2 subject
case, where it performs the second best, slightly worse than BD-
LRR in accuracy Mean and Median. Besides, compared with the tra-
ditional LRR, our method obtains at least 5% increase of the clus-
tering accuracy. This substantiates the superiority of the proposed
method in such face modeling scenarios.

4.2. Motion segmentation

Motion segmentation aims to segment the trajectories as-
sociated with n different moving objects into different groups

according to their motions in a video sequence. The Hopkins
155 dataset’[46] is one of the most commonly utilized bench-
mark databases to evaluate performance of subspace clustering
algorithms. It consists of 155 video sequences, where 120 ones
contain 2 motions and 35 ones have 3 motions. For each se-
quence, a tracker is used to extract feature trajectories and out-
liers are removed manually. Some examples with extracted fea-
tures are shown in Fig. 4. As traditional pre-processing procedures
for this task, we adopt PCA to project the original data into a
12-dimensional subspace according to [5]. The procedure of sub-
space clustering is performed on the trajectory spatial coordinates
of each sequence. The results of the clustering results using differ-
ent methods are shown in Table 4.

From this table, we can observe that PMoG-LRR achieves the
highest clustering accuracy in most cases except slightly worse
than LSR and BD-LRR in terms of accuracy Mean. For all 155 video
sequences, our method achieves better clustering accuracy in Min,
Median and Std., except the second best in Mean. Note that al-
though MoGR has also considered MoG noise modeling strategy
in LSR model, it still cannot perform as robust as the proposed
method. This is possibly because they compute the coefficient ma-
trix on the basis of the original corrupted data while not the clean
one, which possibly degenerates its performance. Also we should
note that compared with the baseline LRR method, our method
achieves an evident gain in clustering accuracy (about 3.5%) for all
155 video sequences, indicating that MoG noise modeling signifi-
cantly enhances the capability of LRR to make it perform robust to
complex scenarios and fit wider range of noises.

5 http://www.vision.jhu.edu/data/hopkins155/.
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Table 3

The clustering accuracies (%) on the Extended Yale Dataset B for all competing methods.
Method LSA SSC LRR LSR BD-LRR LRSC MoGR PMoG-LRR
2 Subjects
Min 64.09 86.14 85.63 76.73 90.01 86.08 79.48 90.17
Mean 68.92 89.43 88.14 79.66 93.19 90.43 84.71 93.10
Median 70.04 90.10 88.91 80.63 92.48 90.69 85.09 92.24
5 Subjects
Min 52.18 74.89 80.77 72.08 82.08 79.31 72.93 85.17
Mean 55.67 81.59 85.01 76.91 86.03 84.76 78.24 90.17
Median 54.93 82.19 85.13 76.17 85.73 85.69 80.34 87.93
8 Subjects
Min 39.87 64.11 62.30 68.09 70.94 64.08 67.71 74.35
Mean 42.05 68.09 68.76 71.03 73.00 70.01 70.38 76.29
Median 43.11 68.62 69.32 70.14 73.34 70.49 69.56 76.08
10 Subjects
Min 35.87 49.31 57.06 56.14 62.08 60.15 61.66 63.24
Mean 37.69 59.08 61.28 61.04 64.49 62.47 63.08 68.66
Median 37.01 62.96 60.37 59.89 64.77 62.01 63.85 70.00

Fig. 4. Some samples with the extracted features from the Hopkins 155 dataset.

Table 4

The clustering accuracies (%) on the Hopkins 155 database for all competing methods.
Method LSA SSC LRR LSR BD-LRR LRSC MoGR PMoG-LRR
2 Motions
Min 59.10 5110 59.70 63.64 75.07 69.47 63.40 78.36
Mean 93.20 96.30 96.80 99.60 99.31 91.36 96.76 98.43
Median 97.20 100.00 99.70 100.00 100.00 92.43 98.34 100.00
Std. 8.00 9.70 8.20 6.80 6.47 10.45 716 6.02
3 Motions
Min 53.40 55.40 58.50 65.44 73.39 65.39 60.51 75.28
Mean 83.20 88.60 92.20 93.37 96.31 87.84 95.03 96.55
Median 84.40 96.70 97.20 98.79 99.20 89.55 97.51 99.17
Std. 12.60 15.00 10.30 9.97 7.01 15.44 11.56 6.81
All
Min 53.40 5110 58.50 63.64 73.39 65.39 60.51 77.36
Mean 90.94 94.56 95.76 98.19 98.63 90.57 96.40 98.23
Median 95.20 100.00 99.33 99.69 100.00 90.47 98.47 100.00
Std. 10.10 11.60 8.90 8.62 6.56 12.73 10.31 5.96

5. Conclusion References

In this paper, we propose a robust subspace clustering method
by utilizing the MoG noise modeling strategy and the self-
expressed property of clean data basis. Besides, we also adopt a
penalized likelihood method to learn the mixture component au-
tomatically. Compared with the current subspace clustering meth-
ods, our method performs more robust and achieves the state-of-
the-art subspace clustering performance in the real complex noise
scenarios, including face clustering and motion segmentation.

In future research, we will try to to extend the noise model-
ing methodology to more machine learning and pattern recogni-
tion tasks, e.g., tensor subspace clustering [47], and will investigate
more theoretical insights under such subspace clustering frame-
work.
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