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Subspace clustering, which is devoted to classifying data samples derived from a union of linear sub-
spaces, has been widely applied to various fields such as pattern recognition, artificial intelligence and
computer vision. In this paper, we propose a symmetry constrained latent low rank representation with
converted nuclear norm (SLLRRC) algorithm for robust subspace clustering, which extends the original
latent low rank representation (LLRR) algorithm by introducing a kind of converted nuclear norm and
integrating strategy of the symmetric constraint. SLLRRC both enhances the sparsity of the coefficient
matrix and guarantees weight consistency for each pair of data samples when seeking the low rank rep-
resentation. The symmetric coefficient matrix that will no longer be overly dense is acquired by the in-
exact augmented Lagrange multipliers (IALM) method. With further exploiting the angular information
of the principal directions of that, the sparse affinity matrix for spectral clustering is identified. Exten-
sive experimental results on face clustering and motion segmentation datasets confirm the availability
and robustness of the proposed algorithm, and it is highly competitive compared to the state-of-the-art
subspace clustering algorithms.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

As an unsupervised learning method, cluster analysis is remark-
ably significant in data mining and exploratory data analysis. The
purpose of clustering is that dividing the objects into different
clusters or classes according to the similarity of data samples. With
the rapid emergence of vast amount of complex high dimensional
data, traditional clustering algorithms such as density-based [1-3],
grid-based [4] and model-based [5-7]| methods are difficult or un-
able to clustering correctly due to the curse of dimensionality. Sub-
space clustering has aroused rising attention among researchers re-
cently for its excellent ability of clustering high dimensional data.
This sort of approach refers to classifying data samples derived
from a union of linear subspaces, which has been successfully ap-
plied to pattern recognition [8,9], artificial intelligence [10], com-
puter vision [11] and many more.

Currently, the leading subspace clustering algorithms can be
normally grouped into five categories, namely, algebraic [12,13],
iterative [14,15], statistical [16,17], factorization-based [18] and
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spectral clustering-based [19,20] methods. Among them, spectral
clustering-based method is the most popular one, and has two
representative branch algorithms which are sparse subspace clus-
tering (SSC) [21] and low rank representation (LRR) [22]. Such al-
gorithm performs subspace clustering in two steps: first learns a
representation coefficient matrix in order to further constructs an
affinity matrix that encodes the subspace membership information
from the given data, then gets the final clustering results by apply-
ing certain spectral clustering algorithm such as normalized cuts
(NCut) [23] on affinity matrix. In the case that the data vectors
are sorted column by column according to the class, affinity ma-
trix as well as coefficient matrix will possess block diagonal struc-
ture, which reveals the subspace characteristic of data. The ma-
jor distinction between SSC and LRR is how to effectively grasp
the potential relationship of data points to obtain a good affinity
matrix.

SSC makes a hypothesis that each data point can be rep-
resented by linear combination of other data points exist-
ing in the same subspace. Lots of modifications and de-
velopments of SSC have become active area of research.
For instance, Pham et al. [24] put forward the improved
weighted sparse subspace clustering (WSSC) by embedding
weight into coefficient matrix relying on spatial relationship be-
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tween data points, which corrects sparse representation in a
principled manner and without bringing much computational over-
head. Saha et al. [25] combined Laplacian regularization term and
group sparse coding to design the graph regularized group sparse
subspace clustering (GRSSC), satisfactory results was achieved by
this way. Chen et al. [26] implemented the active orthogonal
matching pursuit-based sparse subspace clustering (AOMPSSC),
which enjoys both great time efficiency and clustering accuracy
by adaptively updating data points and randomly dropping data
points in the orthogonal matching pursuit process. However, SSC
just takes into account the sparse representation of the data points
in each individual subspace and lacks the guidance of global struc-
ture of the whole data.

LRR also describes and characterizes the relationship among
data points by adopting the theory of linear combination. Unlike
SSC, LRR seeks low rank representation of all data points jointly
that include even the data point itself. In contrast, it can better
capture the global information around each sample and exhibits
favorable application prospect. To improve the overall performance
of LRR, researchers have spared no effort to work from many as-
pects. For instance, when facing with the insufficient data sample,
the latent low rank representation (LLRR) was brought forward in
[27]. Feng et al. [28] directly pursued the block diagonal struc-
ture by presenting a graph Laplacian constraint based formulation,
the block diagonal low rank representation (BDLRR) was designed.
Wang et al. [29] proposed the constrained low rank representation
(CLRR), which ensures the data that share a must-link constraint
or the same label have the same coordinates in the new repre-
sentation and are clustered into the same subspace. Considering
that the influence of symmetric components, the low rank rep-
resentation with symmetric constraint (LRRSC) was presented in
[30], which imposes the condition of symmetric constraint on the
representation coefficient matrix and exploits the intrinsically geo-
metrical structure of the memberships of samples. The upgraded
version of LRRSC called the symmetric low rank representation
(SLRR) was stated in [31], where collaborative representation com-
bined with low rank matrix recovery techniques avoids iterative
singular value decomposition (SVD) operation and computational
complexity can be significantly decreased. Fang et al. [32] devel-
oped the non-negative low rank representation (NNLRR) to merge
the affinity matrix construction and subspace clustering into one
step for searching for the overall optimum. Although these algo-
rithms based on low rank representation above have made impres-
sive achievement, there are still the common inherent shortcom-
ing. Specifically, since the rank minimization of a matrix is NP-hard
problem and the nuclear norm is convex envelop of the rank func-
tion, researchers generally minimize the nuclear norm instead of
the rank function to constraint representation coefficient in LRR-
based algorithms. It is known that the rank function counts the
number of non-zero singular values of a matrix, while the nuclear
norm sums their numerical numbers. As a result, the nuclear norm
may be dominated by a few very large singular values [33]. In
view of this issue, a series of non-convex surrogate functions have
come up to better approximate the rank function, such as Loga-
rithm Determinant [34], Schatten-p norm [35], truncated nuclear
norm [36] and others.

In this paper, we define a novel converted nuclear norm act-
ing on LLRR framework that encourages more sparse representa-
tion coefficient. In addition, we draw advantage of symmetric con-
straint, which learns a low rank representation coefficient matrix
in symmetric form solution by addressing the symmetric low rank
optimization problem. Therefore, the symmetry constrained latent
low rank representation with converted nuclear norm (SLLRRC) al-
gorithm is proposed for robust subspace clustering.

The rest of this paper is organized as follows. Section 2 re-
views the related works including basic LRR and its vari-

ants. Section 3 provides detailed description of the proposed
SLLRRC. Section 4 gives the experimental results and comparative
analyses followed by the conclusions are drawn in Section 5.

2. Related works

Before reviewing previous work, we give the explanation of
some important notations. All matrices and vectors in this paper
are represented with uppercase and lowercase symbols, respec-
tively. For a matrix M, Mj; is its (i, j)th entry, M;. is its i-th row and
M. is its jth column. For a vector v, v; is its ith entry. In particular,
MT and M-! are the transpose and inverse for matrix M, respec-
tively, while v7 is the transpose for vector v. I is used to denote
the identity matrix, tr(-) is the trace of a matrix. ||[M|l, [[M]l21,
||M||§ and ||[M||- denote the ¢; norm, ¢,; norm, squared Frobenius
norm and nuclear norm of matrix M, ||v||; and ||v||, denote the ¢;
norm and ¢, norm of vector v, respectively.

2.1. Subspace clustering by low rank representation

Suppose that there is a high dimensional space dataset X =
[x1,%5,...,xn] € R™M™ with m attributes and n samples drawn from
a union of k linear low dimensional subspaces ULI S;i, where S;(i =
1,2,...,k) corresponds to one class ideally. Low rank representa-
tion (LRR) algorithm [22] aims to recover a low rank column coef-
ficient matrix Z € R™" that reflects the structure of original data
X under a given dictionary. In practice, it is frequent to choose
the data matrix X itself as the dictionary. LRR solves the follow-
ing problem in the case of data grossly corrupted by noise:

n;iEnranl<(Z)+)»||E||e st. X=XZ+E 1)

where A €(0, o) is the regularization parameter, E € R™" is the
sparse noise matrix and || - || denotes certain norm. The ¢,; norm,
¢q norm and squared Frobenius norm are candidates that are
worth considering here in terms of | - ||,.

The optimization problem (1) essentially belongs to NP-hard
problem due to the discrete nature of the rank optimal solution.
Related research [37] suggests that the optimization problem of the
nuclear norm can be substituted for that of the rank function un-
der certain conditions. In addition, the ¢,; norm is adopt to char-
acterize the error term E here: [|El|5; = 3} (1, Ei2j)1/2' Hence
the tractable and equivalent relaxation of the problem (1) is given
as the problem (2):

nann IZIl. + AllEll21 st. X=XZ+E (2)

where the nuclear norm (i.e., the sum of the singular values o of
a matrix) is formulated as follows:

rank(-)

I-lle= )" o 3)
i=1

As a convex optimization problem, the problem (2) can be ef-
fectively solved by the inexact augmented Lagrange multipliers
(IALM) [38], also known as the alternating direction method of
multipliers (ADMM). Once coefficient matrix Z is obtained by LRR,
affinity matrix W = |Z| + |Z"| can be identified to perform spectral
clustering, the clustering results can be finally produced.

2.2. Variants of LRR

Although basic LRR has been proved to be powerful to discover
the global intrinsic structure of datasets and less sensitive to cor-
rupted data, it may fail to perform excellently when data samples
are insufficient. To overcome this limitation, the latent low rank
representation (LLRR) [27] is proposed. The core idea of LLRR is to
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put low rank constraint on both column and row coefficient ma-
trices, and the data matrix X will be reconstructed from two di-
rections, namely, column (observed data samples) and row (unob-
served data samples). LLRR adopts the ¢; norm to characterize the
error term E here: |[E|l; = Y12 Y7 |Ejj|, and solves the following
problem in the case of data grossly corrupted by noise:

min [IZ|l. + IL. + AEll - s.t. X =XZ+LX +E (4)

where L e R™™ is the row coefficient matrix. The term XZ de-
notes the linear combinations of the observed data sample and the
term LX denotes the linear combinations of the hidden data sam-
ple. When some data points suffer from loss, it is helpful to recov-
ery the hidden data sample used the observed data sample.

Inspired by the LRR with PSD constrains (LRRPSD) algorithm
[39], Chen et al. [30] proposed the low rank representation with
symmetric constraint (LRRSC). The symmetric constraint employed
in LRRSC ensures the weight consistency for each pair of data
points, keeps the subspace structure of data. This is a critical
step towards evaluating the memberships between data points so
that correlated data points of subspaces are represented together.
LRRSC reserves the ¢,; norm to characterize the error term E, and
solves the following problem in the case of data grossly corrupted
by noise:

nzliEn IZIl. + AllEll21 st.X=XZ+EzZ=2" (5)

3. Symmetry constrained latent low rank representation with
converted nuclear norm

In this section, the proposed symmetry constrained latent low
rank representation with converted nuclear norm (SLLRRC) algo-
rithm extended from the LLRR framework is introduced. At first,
we define novel converted nuclear norm to carry out nonlinear
mapping on the basic nuclear norm, where the affinity matrix can
become sparser for the purpose that the inter-clusters similarity is
as high as possible and intra-cluster similarity is as low as possi-
ble. Then, the strategies of the targeted selection of regularization
term and the symmetric constraint are simultaneously taken into
consideration. At last, implementation process and computational
complexity analysis of the SLLRRC algorithm are given.

3.1. The proposed SLLRRC

Nikolova [40] first presented the concept of transformed ¢,
penalty function in the variable selection in 2000. After that, slight
modification was investigated by Lv et al. [41] in 2009. Based on
that, we make further modification to our experiment, the con-
verted function is defined as follows:

g = DN

1+ 7]x|
where 7 e(0, oo) is a tuning parameter. It is easy to see that
Eq. (6) is equivalent to the following Eq. (7):

§r(x) =
This function interpolates the ¢3 norm and ¢; norm as follows:
lim & (x) = ||

lim & (x) = {[1’1 ST iig (8)

(6)

T|x| 1
1+r|x|

x| (7)

Moreover, it also satisfies the following fundamental properties:
Property 1. nonnegativity

E(x)>0and & (x) =0&x=0 (9)

Property 2. triangle inequality

Er (Ixil + |x;1) = & (Ixil) + &= (Ix;]) (10)
Property 3. nonhomogeneity

< [cl&= (%), [l =1
T i 11
S(C'X'){>|c|sr<|xi|), el <1 ()

Proof. (of property 2) As &£.(x) is a strict monotone increasing
function in positive argument, by triangle inequality |x;| + [x;| <
%] + Ix;| + T lx;x;|, we have:
E(Ixil + 1x5]) < & (%] + x| + Txix;])
()X + 1x5] + Tlxixg])

T+ (x| + |x] + T|x:x;])
1+ D) (Xl + |x)] + 27 [xix;])

T+ (x| + |x;] + T|x:x;])
= & (Ixi) + & (Ix;]) (12)

Proof. (of property 3) For any given variable c € R, we have:

(14 7)|cl]x;] 1+ 7|x;]
1) = Ahdlihi] 13
g‘f(dxll) 1+T|C||Xl'| |C|$T(|X!|)]+‘C|CX| ( )
If |c| > 1, then 71 +rxil 1, hence & (clx;|) <|cl&<(]x;]) hold. Sim-

C
ilarly, when |c| <1 v|ve 5|get that &€ (c|x;|) > |c| - (|x;]) hold.

Thus, the function can approximate well both ¢¢ and ¢; norms
with the change of parameter t and the sparsity can be guaran-
teed.

The nuclear norm of the coefficient matrix in LLRR is to be min-
imized in objective function, which has been proven to be prac-
tical convex surrogate of the rank function. Nevertheless, the nu-
clear norm just adds all singular values of a matrix together, the
approximation error may depend heavily on the numerical num-
bers of the singular values. The coefficient matrix obtained by sim-
ple nuclear norm processing may not be sparse enough, which is a
bottleneck of LLRR. To this end, we make use of the properties of
Eq. (6) and propose a converted nuclear norm. The novel converted
nuclear norm function is defined as follows:

rank(-)

”C* = Z gt(al (14)

Comparing the converted nuclear norm and standard nuclear
norm, we can find that the former carries out nonlinear mapping
on the basis of the latter so that the results can be as sparse as
possible under the premise of guaranteeing the low rank.

Usually, the error term E is closely related to three typical er-
rors under the task of subspace clustering. In particular, for the
sample-specific corruptions and outliers (i.e., some data vectors are
corrupted and others are not), the ¢;; norm should be chosen. For
the random corruptions, the ¢; norm is especially appropriate. For
small Gaussian noise, the squared Frobenius norm is often selected.
LRR assumes that the error is the first type, while LLRR prefers to
meet the second one. Unlike them, we focus on the characteris-
tics of error term E in the actual data and resort to reliable norm.
For example, face clustering dataset are contaminated by sparse
gross errors, the squared Frobenius norm is adopted to characterize
E: |EIIF = X8 X) Ef] motion segmentation dataset are slightly
corrupted by noise, the ¢,; norm is adopted. At the same time, we
enforce symmetric constraint both column coefficient matrix Z and
row coefficient matrix L on LLRR.

Considering comprehensively the above mentioned factors, the
proposed SLLRRC solves the following problem in the case of data
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grossly corrupted by noise:

min ||Z||c. L||cs + A||E
min [1Zllc. + [ILle. + Al

st.X=XZ+IX+EZ=2"L=L" (15)

3.2. Optimization

As the problem (15) is convex, there are many ways to deal
with it, such as iterative thresholding (IT) [42], augmented La-
grange multipliers (ALM) [43] and accelerated proximal gradient
(APG) [44]. Like LLRR, we also employ the IALM approach. There-
fore, the problem (15) can be first rewritten as the problem (16) by
introducing two auxiliary variable J € R™" and S e R™™ as fol-
lows:

min S M|E
Jmin . + lISle. + AE

St.X=XZ+IX+EZ=]]=]",L=55=5" (16)
The problem (16) can be then transformed into unconstraint opti-
mization problem by adding Lagrange multipliers as follows:

min - [[Jllc. + ISl + AlEe
Z.LEJ=T,S=ST

+tr(Y{ (X =XZ —IX —E)) +tr(YJ Z -])) +tr(Y{ (L =5))
+ S X -XZ = X —EIR + 12— JI3 + IL - SI1?) (17)

where Y; e R™" Y, e R™" and Y3 € R™™ are the Lagrange mul-
tipliers, and u is the penalty parameter. The objective function can
be addressed by alternately updating J, S, Z, L and E with fixing the
other variables [45,46].

1. Update J with fixing the other four variables

Optimization of Eq. (17) with respect to J involves the follows:

J=argmin [Jlle. + (4 @ =) + 512 —J1? (18)
=
Eq. (18) can be reformulated as follows:
1 1 Y,
=argmin —||Jllc. + = l] = (Z+ =2)||? (19)
J=argmin e, + 51U - 2+ DI

Eq. (19) is convex minimization problem, it has unique closed-form

solution, which can be solved using the singular value threshold-

ing (SVT) operator [47], i.e., ]:Uw(l&(a))(E)VT, where U and
Im

V are the orthonormal matrices and ¥ is the diagonal element
set of diagonal matrix from the SVD of symmetric matrix D, i.e.,

- - T
H-usvT, where =212 p_z, " anq @) (0) is the
2 m @
soft thresholding operator:
6 + @, 6 < —@
@) (@) =10, —p=<0=¢ (20)
00—, 0>¢

where 6 € R and ¢ € (0, oo).
2. Update S with fixing the other four variables
Optimization of Eq. (17) with respect to S involves the follows:

S =argmin [ISllc, +tr(¥] (L — ) + L IL - S| 1)
S=sT
Eq. (21) can be reformulated as follows:
1 1 Y3
S=argmin —||S||c. + = IS — L+ =2)||? 22
gmin - [Sle. + 5| Ll (22)

Similar to the above processing of updating J, Eq. (22) is also solved
using SVT operator.
3. Update Z with fixing the other four variables

We drop the irrelevant terms of Z in Eq. (17), then we have:

Z = argmintr(Y] (X —XZ — LX —E)) + tr(Y] (Z -]))
V4
+ L IX = XZ = X = ElF + 12 JIIP) (23)

Eq. (23) is a strongly convex quadratic function, which can be
solved directly. By taking the derivation of it with respect to Z and
setting to be zero, we have:

Ty, _
7= (H—XTX)‘]<XT(X—LX—E) +]+XY‘MY2> (24)
4. Update L with fixing the other four variables

We drop the irrelevant terms of L in Eq. (17), then we have

L = argmintr(Y] (X —XZ — LX —E)) + tr(Y{ (L - S))
L
+5 (X ~XZ = X = E[}} + L - S|} (25)

Similar to the above processing of updating Z, Eq. (25) is also
solved directly. By taking the derivation of it with respect to L and
setting to be zero, we have

T _
L= ((X—XZ—E)XT +S+ Y]XMY3>(I+XTX)1 (26)

5. Update E with fixing the other four variables
We collect the relevant terms of E in Eq. (17), then we have

E=MEN +tr(f] (X =XZ — LX = E)) + £ IX - XZ — X — E||?
(27)
Eq. (27) can be reformulated as follows:

LA 1 Y:
E = argmin — ||E 4——E—(X—XZ—IX+f)2 28
gmin -]+ 5| L (28)

Eq. (28) is convex minimization problem, it has different kinds of
closed-form solutions, which depends on different regularization
term constraint, namely, squared Frobenius norm or ¢,; norm. For
squared Frobenius norm, it can be solved directly as follows:

Y+ (X = XZ - LX)

E T 2% (29)
For ¢,1 norm, it can be reformulated as follows:
. A 1 5
E=argmin —||Ell21 + 5 IE - Yl (30)
E M 2

where Y =X —XZ - LX + % Eq. (30) can be solved by the follow-

ing Lemma 1:

Lemma 1 [48]. Given a matrix Q = [q1,q>, ...
optimal solution of

,qn] € R™M"_If P is the

. 1
P=argminy[|Pll21 + 3 IP - QII? (31)
then the jth column of P is

10,12 — ¥ |
P:,j={ o ¥ =l (32)
0, vy = 11Q. 2

The complete optimization process to solve the problem (17) is
summarized in Algorithm 1.
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Algorithm 1 Solving the problem (17) by IALM.

Algorithm 2 Subspace clustering by SLLRRC.

Input: data matrix X, parameters A and t
Initialize: Z=]=0, L=S=0, E=0, Y1=0, =0, Y3=0, u=
1076, pmax = 10%, p =1.5and ¢ =106
while not converged do
1. Fix the others and update J by formula

Y-

W+ 5= (Z+32) 12
2. Fix the others and update S by formula

1 Y3\ 2
+ §||5— (L+ ﬁ>”F
3. Fix the others and update Z by formula

Ty, _
Z=(0+X"X)"Y(XTX-IX-E)+J+ %)

J= arg min —

1
S =argmin —||S||c,
s M ¢

4. Fix the others and update L by formula
T_
LLSILER OO
u
5. Fix the others and update E by formula
A 1 Y;
E = argmin 2 [|E||, + = E—(X—XZ—LX+—) 2
8! MII lle+ 51 m 7

X -XZ-E)XT+5+

6. Update the multipliers Y, Y, and Y3 by formulas
Yi=Yi+uX-XZ-LX-E)
Yr,=Y+pnZ-])
Y=Y+ u(l-5)
7. Update the parameter p by formula
M = min(Umax, PI4)
8. Judge whether to meet the convergence conditions
IX—XZ—-LX —E|llo <& IZ-]Jllo <€ and ||L - S||ec < &
end while
Output: matrix Z, L and E

3.3. Constructing affinity matrix

Next, we need utilize the optimal low rank matrix Z obtained
by Algorithm 1 _to construct affinity matrix W of an undirected
graph. Let G = (V E ) be the undirected graph associated with affin-
ity matrix, where V = {4, V5, ..., vy} is the vertex set, E = {eijli. j e
V} is the edge group and W = {wl] li, j e V} is the adjacency matrix.
The relationship among V, E and W is that any edge e; between
vertices v; and v; carries weight wy;, which should be equivalent
to wj. We no longer construct the affinity matrix in the form of

= |Z| + |Z7|, but rather the form related to the angular informa-
tion of the principal directions of the low rank representation. In
other words, we implement the SVD of matrix Z, i.e., Z=UXVT,
and calculate the procedure matrix M = U(Z)1V/2 or N = (£)1/2yT
for defining affinity matrix, in which MN = Z. As Z is symmetric
matrix, the absolute values of the the columns of U and V are
agree, and they can span the principal directions of the symmetric
matrix Z. The affinity matrix is defined as follows:

o (o MmMr N NeNe ) (33)
Y \IMril2 [[Mr 12 Y7 \UINcill2 [INg; 2

where Mr denotes row of matrix M, Nc denotes column of matrix N
and « is a parameter. After constructing affinity matrix, the NCut is
used to perform spectral clustering to product the clustering result.
The complete subspace clustering algorithm of SLLRRC is summa-
rized in Algorithm 2.

3.4. Computational complexity analysis

For a high dimensional space dataset X = [xq, X3, ..., Xp] € R™X"
with m attributes and n samples, the running time of subspace
clustering by SLLRRC in Algorithm 2 is mainly occupied by updat-
ing J, S, Z, L and E variables in Algorithm 1.

Input: data matrix X, parameters A, @ and t
1. Obtain the optimal solution (Z, L, E) by Algorithm 1 on solv-
ing the foll-
owing problem:
min [1Z]lc, + 1Ll + Al
LT
2. Implement the SVD of matrix Z by formula:
Z=UxVvT
3. Calculate the procedure matrix M or N by formula:
M=U(Z)Y2 or N=(X)/2yT
4. Construct the affinity matrix W by formula:
MriMrT 2 NcI'Ne; 2o
—J ) orWi=
IIMr,IIzIIMrJIIz ! (HNCi”ZHNCjHZ)

5. Apply W to perform spectral clustering
Qutput: the clustering error

st. X=XZ+IX+EZ=2ZTL=

W_

Updating both J and S require to computing the SVD of a ma-
trix, which costs 0(n3) for J with n x n matrix and O(m3) for S with
m x m matrix. Updating both Z and L involve matrix multiplication,
which costs O(mn2) and O(m?2n), respectively. Updating E costs at
most O(n3) for Frobenius norm operation. Thus, the time complex-
ity of Algorithm 1 is 0(2n3 + m3 + mn? + m?n) and Algorithm 2 is
0(t(2n3 + m3 + mn? + m?n) +n3), where t is the number of itera-
tions.

In terms of computational costs, we want to analyze the rela-
tionships among SLLRRC and the state-of-art approaches such as
SSC [21], LRR [22], LLRR [27], LRRSC [30] and FLLRR [49] from a
qualitative level. The time complexity of SLLRRC can be formalized
as O(t(n3 +m?3)). The computation in the SLLRRC is very similar
to the LLRR, except that it has an additional step of the converted
norm operation. However, its dominant complexity is in the same
order as with the LLRR. There is no SVD has to be performed in the
FLLRR, thus its time complexity is reduced to 1/2 of the LLRR [49].
In the LRR, the time complexity is O(t(2n3 + mn?) +n3), which
can be formalized as O(tn®) if n> >m [30]. The LRRSC is also
maintained at a same order of magnitude as the LRR. For the
SSC, the time complexity of which is usually slightly higher than
that of the LRR [50]. Further more, the quantitative comparisons of
computational costs of algorithms are given in the experiment in
Scheme 2 of Section 4.2.2.

4. Experiments and discussions
4.1. Experimental setup

All of the experiments are coded and conducted on the Mat-
lab R2013b platform of Windows 7 operating system with Intel
Core i3-2100 CPU and 4GB memory. We compared the SLLRRC al-
gorithm performance against the state-of-the-art subspace cluster-
ing algorithms including SSC, LRR, LLRR, LRRSC and FLLRR. The
capacity of those algorithms is evaluated and discussed on two
types of datasets, namely, face clustering and motion segmentation
datasets. As for the metric criteria, we always judge by the clus-
tering error, which is defined as the ratio of the number of mis-
classifications to the total number of samples. The best results are
portrayed in boldface.

Tables 1 and 2 summarize the parameters setting of different
algorithms on all datasets in the experiments. For SLLRRC, there
are three parameters (A, « and t) that need to be predetermined.
For SSC, it requires one parameter (A or Az) in advance. While for
the rest of the algorithms, we must set suitable values for two pa-
rameters (A and «). Specifically, the parameter A, A, or A, a priori
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Table 1
Parameter setting of different algorithms on face clustering.

Algorithm  The ORL dataset The Extended Yale B dataset
Scheme 1: Scheme 1: Scheme 2:
Divide the dataset into four groups  Pick out the first 10 classes of the dataset  Divide the dataset into four groups
SLLRRC A=5x103,0=2,7=1 A=5x103,0=3,7=1 A=5x1030=2,7=1
SsC Ae =12/1he he =12/1e he =20/ ke
LRR A=0.18,0 =4 A=0.18,0 =2 A=018, ¢ =2
LLRR A=5x103a=4 A=5x103,a=4 A=5x103,0=4
LRRSC A=01,a=3 A=02,a=4 A=01,a=3
FLLRR A=5x10"%a=2 A=5x10%a=4 A=5x10%a=4

Table 2
Parameter setting of different algorithms on motion segmentation.

Algorithm  The Hopkins 155 dataset The SegTrack dataset
Scheme 1: Scheme 2: Scheme 1:
Keep the dataset in the 2F-dimensional subspace  Project the dataset into 4k-dimensional subspace  Pick out the two subsets of the dataset
SLLRRC A=3,0=41=10 A=3,a0=41=10 A=005a=3,17=150
SsC 2 =800//4; 2 =800/, Az =8/U;
LRR A=4,a=2 A=4a=2 A=01,a=2
LLRR A=14,a=2 A=14,a=4 A=005a=4
LRRSC A=33,a=2 A=3,a=3 A=005a=4
FLLRR A=0.05a=2 A=008a=2 A=1x10"%a=2

Fig. 1. The partial original sample images from the ORL dataset.

estimate, is used to measure the extent of the noise of data. The
parameter « can improve the separate ability of the algorithms
based on low rank representation. And the parameter 7 plays the
role of enhancing the sparsity of affinity matrix. From an empir-
ical point of view, relatively larger the parameter A, Ae or A; is
appropriate if the data is more clean, and the general range of pa-
rameter « is between 2 and 4. Note that the program codes of the
comparison algorithms come from their respective authors, and we
report the optimum results of comparison algorithms by using the
parameters suggested by the respective authors or manually ad-
justing them to satisfactory state. The other thing to point out is
that we design various schemes for dataset preprocessing accord-
ing to the characteristic of different datasets to demonstrate the
superiority of the proposed SLLRRC, and all experiments stop at a
maximum of 500 iterations.

4.2. Face clustering

In this section, two widely used datasets are chosen for face
clustering. The ORL dataset [51] contains 400 frontal face images
from 40 subjects with 10 images of each, the size of each indi-
vidual image is 92 x 112 pixel, which is available online at http:
/[www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html. The
Extended Yale B dataset [52,53] consists of over 2400 frontal
face images from 38 subjects, the images of each individual with
168 x 192 pixel is shooted under 9 postures and 64 lightings con-
dition, which is available online at http://vision.ucsd.edu/~iskwak/
ExtYaleDatabase/ExtYaleB.html. The partial original sample images
from the ORL dataset and the Extended Yale B dataset are shown
in Fig. 1 and Fig. 2, respectively. To ensure the efficiency of the
experiments, we down sampled the images of the ORL dataset to
23 x 28 pixels, and each sample can be considered as 644 dimen-

Table 3
Clustering error (%) of different algorithms on scheme 1 of the ORL
dataset.

Group  Algorithm

SLLRRC SSC LRR LLRR LRRSC FLLRR

1 1.00 2.00 1400 6.00 3.00 4.00

2 14.00 27.00 27.00 21.00 16.00 14.00

3 16.00 14.00 30.00 20.00 24.00 17.00

4 10.00 30.00 25.00 20.00 10.00 12.00

sional vector. The same to the Extended Yale B dataset, and each
data sample is compressed to 42 x 48 pixel, thereby forming 2016
dimensional vector.

4.2.1. Experiments on the ORL dataset

Scheme 1: divide the dataset into four groups

The 40 subjects of the ORL dataset are evenly divided into four
groups, which are subjects 1 to 10 (group 1), subjects 11 to 20
(group 2), subjects 21 to 30 (group 3) and subjects 31 to 40 (group
4). The clustering results of different algorithms on scheme 1 of
the ORL dataset are listed in Table 3. As shown in the table, SSC,
LRRSC and FLLRR achieves the best results in group 3, group 4 and
group 2, respectively, while SLLRRC simultaneously performs best
in group 1, group 2 and group 4, where SLLRRC and FLLRR tie for
first place in group 2, and SLLRRC and LRRSC tie for first place
in group 4. These experimental results prove that our proposed
method is reasonable and feasible. In addition, LRR and LLRR are
not brilliant, and there are a lot of room for progressing for them
in data clustering. Fig. 3 shows the influence of the parameter A for
clustering error of SLLRRC. We investigate the effect using different
values of parameter A from {10->,10~4,10-3,10-2, 101, 100, 101}.
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Fig. 3. The influence of the parameter XA for clustering error of SLLRRC on scheme
1 of the ORL dataset.

Table 4
Clustering error (%) of different algorithms on scheme 1 of the Extended
Yale B dataset.

Dimension  Algorithm

SLLRRC ~ SSC LRR LLRR LRRSC  FLLRR
100 3.91 37.81 21.09 19.84 438 3.91
200 3.91 3969 1734 9.38 26.09 14.53
300 3.91 3719 25.31 9.22 3.91 14.06
500 3.44 4484  21.56 1938 391 14.84
2016 13.28 2828 2094 1734 391 13.28

It is observed that the trend of the curves are almost the same, and
the clustering error is relatively high when too large or too small
value of A is set, relatively low when value of A is around 5 x 10-3.
Besides that, the clustering error varies slightly as A ranges from
105 to 10~!, which always stays within acceptable scope. The ex-
cellent reliability and robustness of SLLRRC can also be verified.

4.2.2. Experiments on the Extended Yale B dataset

There are enough and sufficient samples on this dataset, we
consider two schemes to implement.

Scheme 1: pick out the first 10 classes of the dataset

The first 10 classes of the dataset are extracted as the raw data
with 2016 dimensions to be studied. These data are dimensionality
reduced through the principal component analysis (PCA) technol-
ogy and projected into 100, 200, 300 and 500 dimensions feature
space, respectively. The clustering results of different algorithms on
scheme 1 of the Extended Yale B dataset are displayed in Table 4.
As seen from Table 4, SLLRRC outperforms the competitors in most
cases except the one which comparison with LRRSC on the 2016
dimensions data. SLLRRC is overall superior to LRRSC because that
the converted nuclear norm in which provides a more sparse solu-
tion in the uniform condition of symmetric constraint. Even though
on the data with 2016 dimensions, SLLRRC shows the same perfor-
mance as compared with FLLRR and the lower error as compared

(a) LLRR (b) SLLRRC

Fig. 4. The affinity matrix produced by the two algorithms on scheme 1 of the
Extended Yale B dataset with 100 dimensions.

Table 5
Average clustering error (%) of different algorithms on scheme 2 of the Extended
Yale B dataset with diverse subjects.

Subject  Metric Algorithm
SLLRRC ~ SSC LRR LLRR LRRSC  FLLRR
2 Mean 1.62 1.87 254 1.86 1.78 1.97
Median  0.78 0 0.78 0.78 0.78 0.78
3 Mean 3.52 324 423 478 2.61 3.86
Median  1.04 104 2.60 2.08 1.56 2.60
5 Mean 3.04 433 692 9.10 319 5.33
Median  2.72 282 5.63 4.50 2.81 4.64
8 Mean 314 587 13.62 1215 4.01 9.21
Median  3.07 449 967 6.64 313 7.88
10 Mean 3.49 7.29 1458 1198 370 5.42
Median  2.58 547 1656 1438 3.28 4.04

with SSC, LRR and LLRR. Fig. 4 visualizes the affinity matrix pro-
duced by two algorithms on the data with 100 dimensions. It can
be seen that the block diagonal structure of the affinity matrix pro-
duced by SLLRRC is clearer, sparser and more salient than that pro-
duced by LLRR, which means each cluster becomes compact and
different cluster are more easily separated. We attribute this to the
fact that SLLRRC is able to learn the both low rank and sparse rep-
resentation. Also, it reconstructs the dictionary both the observed
and hidden data points from the same subspaces.

Scheme 2: divide the dataset into four groups

Similar to scheme 1 of the ORL dataset experiment, we also
divide the 38 subjects of the Extended Yale B dataset into four
groups, where subjects 1 to 10 (group 1), subjects 11 to 20 (group
2), subjects 21 to 30 (group 3) and subjects 31 to 38 (group 4)
correspond to the four groups. However, the different points are
that we additional trial on the first three groups of n; subjects
and the last group of n, subjects on the Extended Yale B dataset,
where n; €{2, 3, 5, 8, 10} and n, {2, 3, 5, 8}, instead of the all
four groups of 10 subjects on the ORL dataset. As a result, there
are {163, 416, 812, 136, 3} combinations corresponding to {2, 3,
5, 8, 10} subjects. The clustering results of different algorithms on
scheme 2 of the Extended Yale B dataset are recorded in Table 5.
The results illustrate that SLLRRC has the lowest mean and median
clustering errors in difficult cases of 5 subjects, 8 subjects and 10
subjects, also has the ability to compete with others in the cases of
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Fig. 5. Average computational time (s) of different algorithms on scheme 2 of the
Extended Yale B dataset as a function of the number of subjects.

2 subjects and 3 subjects. Fig. 5 shows the average computational
time of different algorithms as a function of the number of sub-
jects just like [54,55] done. From Fig. 5, we can discover that the
computational time of LLRR is drastically higher than other algo-
rithms in general, which comes from the fact that LLRR consumes
much time not only in the observed data sample, but also in the
hidden data sample. SLLRRC is much more efficient than LLRR, be-
cause we have increased the learning rate p, which has accelerated
the speed of convergence. Overall, LRR is the fastest one, SLLRRC,
SSC, LRRSC and FLLRR have comparable computational times.

4.3. Motion segmentation

In this section, we also arrange two commonly used datasets
for motion segmentation. The Hopkins 155 dataset [56], a well
known motion segmentation database, is comprised of 120 se-
quences of two motions, 35 sequences of three motions and 1
sequence of five motions, a total of 156 sequences. All these se-
quences can be roughly divided into three categories, namely,
checkerboard, traffic and non-rigid sequences, which is available
online at http://www.vision.jhu.edu/data/hopkins155. The task of
subspace clustering on such data features of the SegTrack dataset
[57], in contrast, are more of difficulty and challenge. The dataset
owns a variety of categories, such as cheetah, frog, humming-
bird and parachute, which is available online at https://www.cc.
gatech.edu/~fli/SegTrack2/dataset.html. Two subsets including the
penguin dataset and the bmx dataset are selected as experimental
materials. The former contains 6 moving objects over 42 annotated
frames, while the latter contains 2 moving objects over 36 anno-
tated frames within each video sequence. The partial original sam-
ple images from the Hopkins 155 dataset and the SegTrack dataset
are shown in Fig. 6 and Fig. 7, respectively.

4.3.1. Experiments on the Hopkins 155 dataset

We design two sets of schemes for this dataset from the dimen-
sion level.

Scheme 1: keep the dataset in the 2F-dimensional subspace

The dataset is of dimension 2F x N, where F denotes the number
of frames and N denotes the number of 2D trajectories in video.
We reserve the original feature trajectories associated with each
motion in an affine subspace without any preprocessing. The clus-
tering results of different algorithms on scheme 1 of the Hopkins
155 dataset are listed in Table 6. We can see that SLLRRC performs
the best in all of the max error, mean error and standard deviation

Table 6
Average clustering error (%) of different algorithms on scheme 1 of
the Hopkins 155 dataset with 156 sequences.

Metric  Algorithm

SLLRRC ~ SSC LRR LLRR

LRRSC  FLLRR

Max. 19.34 46.97 3333 2626 3333 2118

Mean 0.77 2.65 1.71 1.07 1.50 0.85
Std. 2.58 7.61 4.86 3.25 436 3.08
Table 7

Average clustering error (%) of different algorithms on scheme 2 of
the Hopkins 155 dataset with 156 sequences.

Metric  Algorithm

SLLRRC ~ SSC LRR LLRR

LRRSC  FLLRR

Max 39.69 4550 4338 4338 4338 41.42
Mean 0.86 2.65 217 212 1.56 1.24
Std. 3.73 753 6.58 6.15 5.48 4.62

Table 8
Clustering error (%) of different algorithms on scheme 1 of the SegTrack dataset
with 2 subsets.

Subset Number  Algorithm
SLLRRC SSC LRR LLRR LRRSC FLLRR
penguin 50 6.00 4467 2800 1133  8.00 767
100 8.67 42.00 2033 1650  9.00 9.50
150 6.67 4111 19.56 1111 8.22 54.44
200 8.67 4544 1933 1292 917 41.75
bmx 50 4.83 38.92 19.18 10.07  5.66 9.47
100 4.79 35.07 2218 1319 643 11.00
150 5.25 3554 2356 1462 6.69 21.08
200 6.02 3770 2379 1178 711 25.83

followed by FLLRR, LLRR, LRRSC, LRR and SSC in turn. Fig. 8 shows
the anova test of different algorithms on the Hopkins 155 dataset.
In Fig. 8, SLLRRC and FLLRR are the algorithms with high degree of
stability.

Scheme 2: project the dataset into 4k-dimensional subspace

With the PCA dimensionality reduction technology, the raw
data will be projected into 4k-dimensional subspace, where k de-
notes the number of subspaces. The clustering results of different
algorithms on scheme 2 of the Hopkins 155 dataset are displayed
in Table 7. We can see that SLLRRC gets again the best results
in terms of all these metrics including the max error, mean error
and standard deviation. LRR-based methods, which use the global
structure of data as dictionary to find the corresponding represen-
tation, are generally better than SSC method in this situation. Fig. 9
shows the anova test of algorithms on the Hopkins 155 dataset. In
Fig. 9, the stability of SLLRRC is in really high degree, which proves
the robustness of our SLLRRC again.

4.3.2. Experiments on the SegTrack dataset

Scheme 1: pick out the two subsets of the dataset

The bxm subset and the penguin subset are the two most rep-
resentative units of the whole dataset. We sample four distinct
numbers of points of feature trajectories from the two subsets,
namely, 50, 100, 150 and 200. The clustering results of different
algorithms on scheme 1 of the SegTrack dataset are recorded in
Table 8. From Table 8, SLLRRC gets the lowest clustering error
across all experiments that can be found. In particular, SLLRRC ac-
quires clustering error rates of 6.00%, 8.67%, 6.67% and 8.67% in
the penguin subset, 4.83%, 4.79%, 5.25% and 6.02% in the bmx sub-
set, representing 5.33%, 7.83%, 4.44%, 4.25%, 5.24%, 8.40%, 9.37%
and 5.76% improvement, respectively, over the accuracy of LLRR.
This indicates that SLLRRC achieves encouraging results in improv-
ing LLRR. Further, these results confirm that it is promising to
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Fig. 6. The partial original sample images from the Hopkins 155 dataset.

(a) penguin (b) bmx

Fig. 7. The partial original sample images from the SegTrack dataset.
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incorporate the converted nuclear norm and symmetric constraint
into LLRR technique. Fig. 10 shows the clustering error given dif-
ferent A and o combinations of SLLRRC with different numbers
of feature trajectories of the penguin subset. It is easily discov-
ered that the curves shakes so badly when set «=2, especially in
Fig. 10(a). When set «=3 or a=4, the curves is smoother, which is
more benefit to robust subspace clustering, and SLLRRC performs
well for a large range of A.

5. Conclusions

A novel low rank representation subspaces clustering algorithm
called SLLRRC is proposed in this paper. SLLRRC extends the orig-
inal LLRR algorithm, which addresses the problem of insufficient
sampling of the dictionary. Thus, both the observed and hidden
data sample are employed for building the dictionary. On the other
hand, it incorporates the converted nuclear norm and symmetric
constraint to attempt to learn the both low rank and sparse coef-
ficient matrix with weight consistency for each pair of data sam-
ples, which can be acquired by IALM. That is for the purpose of
constructing desired affinity matrix to robust subspace clustering.
We conduct considerable amount of experiments such as face clus-
tering and motion segmentation to illustrate that our method is
of strong competitiveness compared to these state-of-the-art sub-
space clustering algorithms. There are, however, several underlying
unsolved problems. For example, parameters in SLLRRC are still set
by empirical estimation accumulated from a large number of ex-
periments although the algorithm is robust, and developing meth-
ods to automatically get these optimal parameters is very mean-
ingful. In addition, we intend to apply the algorithm to clustering
analysis on single-cell RNA-seq.
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