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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

Manufacturing process is making a difference in the Product-Service Systems (PSS). In the manufacturing process, the real-time high-dimensional 
data will be generated by the production line. In the field of high-dimensional data analysis, a very important analysis method is high-dimensional 
data clustering, and subspace clustering is one of the effective methods of high-dimensional data clustering. Clustering is an important topic in 
data mining. In real world, the data represented with multi view information makes the clustering algorithms more difficult. In this paper, we 
explore an improved multi-view clustering algorithm. Unlike the conventional multi-view subspace clustering methods that usually average the 
weight of views, the proposed algorithm simultaneously takes into account the expression and weight of each view. Specifically, every view is 
re-represented with the complementary information from multiple views by low rank tensor, and the views are fused by exploring a Laplacian 
rank constrained graph. With the complementary information from multiple views and the different weights of the views, the proposed algorithm 
is improved. Experimental results on various real-world datasets demonstrate the effectiveness of our research. 
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1. Introduction 

With the rapid development of manufacturing industry and 
related disciplines, the massive data are generated in the 
manufacturing process. Therefore, for the object of production 
process, each factor data in the production process is abstracted 
into high-dimensional data. While effectively storing these 
massive high-dimensional data, it is necessary to effectively 
analyze these data, and then use the analysis conclusions to 
assist decision-making and guide production. In real world 
applications, the same thing can be described in different ways 
or from different perspectives, which constitute multi-views of 
the thing. More and more data can be represented in a multi-
view fashion. For example, a text is able to be represented in 
multiple language; The web, which can be described by either 
the hyperlinks between web pages or the word occurring in 
webs [1], are represented as multi-view data. In general, the 
multi-view representation can capture the abundant and 

complementary information from multi data sources or 
different perspectives. 

As we mentioned earlier, owing to rich and complementary 
information of the multi-view representation, utilizing the 
multi-view will boost the performance of the clustering task. 

In recent years, the complementary information of the multi-
view representation have been utilized to boost the performance 
of the clustering task. The multi-view clustering [2,3] aimed to 
integrate different and multiple features into a consolidated 
framework. Much progress has made to develop effective 
multi-view clustering, which can be divided into three 
categories: co-training, multi-kernel learning and subspace 
clustering. The paradigm of co-training was first proposed in 
[4], whose main idea is that the information of views is used as 
the constraint in the process of training, and the training iterates 
until the clustering results of multiple views are consistent. The 
co-regularization framework was introduced by A. Kumar and 
H. Daum´e [5]. Multi-kernel learning [6] learns a predefined 
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Where  𝑋𝑋𝑣𝑣and 𝑍𝑍𝑣𝑣denote the data matrix and the subspace 
representation matrix, respectively. 𝑧𝑧𝑖𝑖

𝑣𝑣  means the learned 
subspace representation of i-th samples in v-th view, and 𝐸𝐸𝑣𝑣 is 
the reconstruction error matrix, L(. , . )  being the loss 
function. R(. ) is the regularizer and λ is the hyperparameter, 
which controls the loss penalty for the v-th view. S denotes the 
target similarity matrix learned by the function, which is   each 
row sums up to 1. 

2.3. Optimization and algorithm 

This section gives the optimization details for the proposed 
framework. It is not easy to solve the problem Eq. (2). In this 
section, we divide Eq. (2) into two dependent parts as Eq. (3) 
and Eq. (4). Thus, the formulated objective can be formulated 
as: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑍𝑍𝑣𝑣，𝐸𝐸𝑣𝑣 ∑(ℛ(𝑍𝑍𝑣𝑣) + 𝜆𝜆𝑣𝑣𝐿𝐿(𝑋𝑋𝑣𝑣, 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣))
𝑉𝑉

𝑣𝑣=1

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉                   (3) 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ ‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1        (4) 

We can solve Eq. (3) in a manner of Augmented Lagrange 
Alternating Direction Minimization (AL-ADM) algorithm. 
The optimization in Eq. (3) is specified in LT-MSC. According 
to section 2.1, we know the method of low tensor constraint 
proposed by C. Zhang et al. in [20] has the clearly advantages 
in multi-view clustering. However, the LT-MSC ignores that 
the different views have different contribution on clustering 
task. We use the similarities constructed by the subspace 

𝑆𝑆𝑆𝑆𝑣𝑣

𝑆𝑆𝑆𝑆𝑣𝑣 =  
(𝑧𝑧(𝑣𝑣)+𝑧𝑧(𝑣𝑣)𝑇𝑇)

2 , 𝑣𝑣 = 1 … 𝑉𝑉                             (5) 

Eq. (4) can be re-written as Lagrange function: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑆𝑆 ∑ ‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑚𝑚

𝑣𝑣=1 + 𝒢𝒢(𝛬𝛬, 𝑆𝑆) (6) 

Λ  denotes the Lagrange multiplier. 𝒢𝒢(Λ, 𝑆𝑆)  is a proxy to 
constraint to S. Taking the derivative of Eq. (6) and setting it to 
zero, we have: 

∑ 𝑤𝑤𝑣𝑣𝑚𝑚
𝑣𝑣=1

𝜕𝜕‖𝑆𝑆−𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2

𝜕𝜕𝜕𝜕 + 𝜕𝜕𝜕𝜕(𝛬𝛬,𝑆𝑆)
𝜕𝜕𝜕𝜕 = 0 (7) 

Where 𝑤𝑤𝑣𝑣  is given as the following: 

𝑤𝑤𝑣𝑣 =  1
2‖𝑆𝑆−𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹

2                                      (8) 

When 𝑤𝑤𝑣𝑣  is fixed, Eq. (7) can be taken place in the solution 
to the following problem: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1   (9) 

The calculated S from Eq. (9) can be used to update 𝑤𝑤𝑣𝑣by 
Eq. (8). This inspires us to solve the Eq. (4) by alternately 
optimizing S and 𝑤𝑤𝑣𝑣  iteratively. Let  𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)denote the i-th 
smallest eigenvalue of 𝐿𝐿𝑠𝑠. Note that 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)≥ 0 because 𝐿𝐿𝑠𝑠 is 
positive semidefinite. The problem (4) is equivalent to the 
following problem for a large enough value of λ: 

min
𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1

∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1 + 2𝜆𝜆 ∑ 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)𝑘𝑘
𝑖𝑖=1         (10) 

According to Ky Fan’s Theorem [23], we have: 

∑ 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)𝑘𝑘
𝑖𝑖=1 =  𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹=𝐼𝐼𝑇𝑇𝑟𝑟(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹)             (11) 

Therefore, the problem (10) is further equivalent to the 
following problem: 

min
𝑆𝑆,𝐹𝐹

∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2

𝑉𝑉

𝑣𝑣=1
+ 2𝜆𝜆𝑇𝑇𝑟𝑟(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹) 

𝑠𝑠. 𝑡𝑡.  𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛 = 1, 𝑠𝑠𝑖𝑖,𝑗𝑗≥0，𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹 = 𝐼𝐼           (12) 

When S is fixed, the problem (12) becomes: 

𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹=𝐼𝐼𝑇𝑇𝑇𝑇(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹)                        (13) 

When F is fixed, the problem (12) becomes: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1 ∑ 𝑤𝑤𝑣𝑣
𝑉𝑉

𝑣𝑣=1
∑ (𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖

𝑣𝑣)2
𝑛𝑛

𝑖𝑖,𝑗𝑗=1

+ 𝜆𝜆 ∑ ‖𝑓𝑓𝑖𝑖 − 𝑓𝑓𝑗𝑗‖2
2

𝑛𝑛

𝑖𝑖,𝑗𝑗=1
𝑠𝑠𝑖𝑖𝑖𝑖  

(14) 

Note that the problem (12) is independent for different i. 
The following problem can be separately solved for each i: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1 ∑ ∑ 𝑤𝑤𝑣𝑣
𝑉𝑉

𝑣𝑣=1
(𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖

𝑣𝑣)2
𝑛𝑛

𝑗𝑗=1

+ 𝜆𝜆 ∑ ‖𝑓𝑓𝑖𝑖 − 𝑓𝑓𝑗𝑗‖2
2

𝑛𝑛

𝑗𝑗=1
𝑠𝑠𝑖𝑖𝑖𝑖  

              (15) 

The above problem can be solved by the efficient iterative 
algorithm by Huang, Nie, and Huang [24]. We summarize the 
process as Algorithm 1. 

Algorithm 1 Self-weighted Multi-view Subspace Clustering 
With Low Rank Tensor Constraint Algorithm 

2 Author name / Procedia CIRP 00 (2019) 000–000 

kernel correspond to each view, and combines these kernels to 
fuse the views. In the algorithm [7], the weights of the kernel 
are computed and used to combine the views. The method in [8] 
was proposed to fuse the probabilistic transition matrix of all 
views, and the learned fusion of transition matrix was used as 
the input of the spectral clustering. In practical problems, high 
dimensional data usually resides in a low-dimensional manifold. 
In order to explore these high-dimensional data, subspace 
clustering is proposed, which segments different high 
dimensional data into their corresponding subspace. Subspace 
clustering has gained considerable attentions in dealing with 
multi-view clustering. The existing subspace clustering 
algorithms can roughly be categorized into five categories [9]: 
iterative [10], algebraic [11,12], statistical [13,14], matrix 
Factorization-based [15] and spectral clustering-based [4]. 
Among them, the spectral clustering-based methods are 
extremely popular and efficient, which have received a lot of 
attentions. Previous spectral clustering-based methods address 
the problem by two following steps. Firstly, an affinity matrix 
is learned from the multi-view data. Secondly, the affinity 
matrix is applied as the input of spectral clustering. Sparse 
Subspace Clustering (SSC) [16,17]and Low-Rank Clustering 
(LRR) [18,19], are both well-known approaches. Compared 
with other subspace clustering algorithms, sparse and low-rank 
has the advantage on dealing with noise. These methods are 
both based on the self-expressiveness model, in which each data 
can be expressed as a linear combination of other data. Based 
on the sparse and low-rank representation, C. Zhang et al. [20] 
proposed a low rank constraint tensor subspace clustering (LT-
MSC), which integrates all subspace representation by tensor. 
This method performs well in capturing high order information. 
These subspace clustering methods assume that all the views 
have an equal contribution on clustering. However, this strategy 
is unreasonable. To discriminate the significance of different 
views in multi-view data multi-view kernel k-means (MVKKM) 
algorithm [7] is proposed to assign a weight for each view 
according to the contribution of the view on the clustering result 
and combine the kernels derived from the weighted views 
together. The method of Self-weighted with Multiple Graphs 
(SWMC) [21] was also proposed to use a Laplacian rank 
constraint graph [22], which directly assigned the cluster label 
to data without any postprocessing like K-means in spectral 
clustering.  

As mentioned above, the multi-view clustering has been 
become a challenge task. In order to simultaneously capture 
high order relationships among multiple views, assign the 
different weights to different views, and without any 
postprocessing like K-means in spectral clustering. we explore 
an improved multi-view clustering algorithm. In the improved 
algorithm, the low rank constraint tensor is adopted to capture 
high order relationships among multiple views, which is used 
as the initial graph of the method in SWMC [21] that learns a 
good self-weighted similarity matrix. To demonstrate the 
advantages of the proposed algorithm, experiments have been 
conducted on Coil-20 dataset, the Extended YaleB dataset, the 
ETH-80 dataset, the Yale face dataset and the practical patent 
image dataset. The results of the experiments on these datasets 
demonstrate the effectiveness of our proposed algorithm. 

2. The Proposed Algorithm 

In this section, a brief introduction of low rank tensor 
constraint subspace clustering [20] is given since it is the base 
of our proposed algorithm. Then the Self-weighted Multi-view 
Subspace Clustering With Low Rank Tensor Constraint 
Algorithm and the implement of optimization are proposed, 
respectively  

2.1. Low tensor constraint-based multi-view learning 
description 

Suppose that there are N samples which belong to k clusters. 
In subspace clustering, the subspace representation matrix is 
usually used to construct the similarity matrix. However, these 
methods have the common disadvantage that ignores the 
intrinsic correlations among different views. Tensor is higher 
order arrays, which is the generalization of the matrix. Tensor 
can capture the high order correlations underlying multi-view 
data. The low rank tensor constraint multi-view clustering has 
been proposed in [20]. The target functions can be formulated 
as follows: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑍𝑍𝑣𝑣，𝐸𝐸𝑣𝑣‖𝒵𝒵‖∗ + 𝜆𝜆‖𝐸𝐸‖2,1 

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉, 𝐸𝐸 = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉],

𝒵𝒵 =  𝜙𝜙(𝑍𝑍(1), 𝑍𝑍(2), … , 𝑍𝑍(𝑉𝑉)) (1)

Where  ϕ(. )  Denotes the symbol constructing the tensor 
𝒵𝒵 ,which fusing the different representation Z𝑣𝑣  to a 3-order 
tensor. Z𝑣𝑣 = [𝑧𝑧1

𝑣𝑣, 𝑧𝑧2
𝑣𝑣, … , 𝑧𝑧𝑁𝑁

𝑣𝑣] ϵℝ𝑁𝑁×𝑁𝑁  . E = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉] 
means concatenating together with the reconstruction error of 
each columns. ‖. ‖2,1 is the ℓ2,1-norm, which encourages the 
columns of E to be zero. 

2.2. Self-weighted multi-view subspace clustering with low 
rank tensor constraint algorithm 

In this paper, a self-weighted multi-view subspace 
clustering with low rank tensor constraint algorithm (SW-LT) 
is proposed to deal with the multi-view clustering problem. 
Given N samples with V multi-view. The data can be 
represented by the matrix X(i) =  [𝑥𝑥1，𝑥𝑥2，…，
𝑥𝑥𝑁𝑁]𝜖𝜖ℝ𝐷𝐷×𝑁𝑁, 𝑖𝑖 = 1 … 𝑉𝑉 . Each column of the matrix is D 
dimensional sample vector. To cluster the data into subspace 
representation matrix Z𝑖𝑖, 𝑖𝑖 = 1 … 𝑉𝑉, and assign the weight by 
capturing the high order information, we integrate the 
framework of the low rank tensor constraint frame proposed in 
[20] and the self-weighted proposed in [21]. The objective 
function of the framework is formulated as： 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖1𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ ‖𝑆𝑆 − ∑ (ℛ(𝑍𝑍𝑣𝑣) +𝑉𝑉
𝑣𝑣=1

𝑉𝑉
𝑣𝑣=1

𝜆𝜆𝑣𝑣𝐿𝐿(𝑋𝑋𝑣𝑣, 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣)) ‖𝐹𝐹
2

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉, 

𝐸𝐸 = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉]，𝑆𝑆𝑆𝑆ℝ𝑛𝑛×𝑛𝑛          (2) 
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Where  𝑋𝑋𝑣𝑣and 𝑍𝑍𝑣𝑣denote the data matrix and the subspace 
representation matrix, respectively. 𝑧𝑧𝑖𝑖

𝑣𝑣  means the learned 
subspace representation of i-th samples in v-th view, and 𝐸𝐸𝑣𝑣 is 
the reconstruction error matrix, L(. , . )  being the loss 
function. R(. ) is the regularizer and λ is the hyperparameter, 
which controls the loss penalty for the v-th view. S denotes the 
target similarity matrix learned by the function, which is   each 
row sums up to 1. 

2.3. Optimization and algorithm 

This section gives the optimization details for the proposed 
framework. It is not easy to solve the problem Eq. (2). In this 
section, we divide Eq. (2) into two dependent parts as Eq. (3) 
and Eq. (4). Thus, the formulated objective can be formulated 
as: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑍𝑍𝑣𝑣，𝐸𝐸𝑣𝑣 ∑(ℛ(𝑍𝑍𝑣𝑣) + 𝜆𝜆𝑣𝑣𝐿𝐿(𝑋𝑋𝑣𝑣, 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣))
𝑉𝑉

𝑣𝑣=1

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉                   (3) 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ ‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1        (4) 

We can solve Eq. (3) in a manner of Augmented Lagrange 
Alternating Direction Minimization (AL-ADM) algorithm. 
The optimization in Eq. (3) is specified in LT-MSC. According 
to section 2.1, we know the method of low tensor constraint 
proposed by C. Zhang et al. in [20] has the clearly advantages 
in multi-view clustering. However, the LT-MSC ignores that 
the different views have different contribution on clustering 
task. We use the similarities constructed by the subspace 

𝑆𝑆𝑆𝑆𝑣𝑣

𝑆𝑆𝑆𝑆𝑣𝑣 =  
(𝑧𝑧(𝑣𝑣)+𝑧𝑧(𝑣𝑣)𝑇𝑇)

2 , 𝑣𝑣 = 1 … 𝑉𝑉                             (5) 

Eq. (4) can be re-written as Lagrange function: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑆𝑆 ∑ ‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑚𝑚

𝑣𝑣=1 + 𝒢𝒢(𝛬𝛬, 𝑆𝑆) (6) 

Λ  denotes the Lagrange multiplier. 𝒢𝒢(Λ, 𝑆𝑆)  is a proxy to 
constraint to S. Taking the derivative of Eq. (6) and setting it to 
zero, we have: 

∑ 𝑤𝑤𝑣𝑣𝑚𝑚
𝑣𝑣=1

𝜕𝜕‖𝑆𝑆−𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2

𝜕𝜕𝜕𝜕 + 𝜕𝜕𝜕𝜕(𝛬𝛬,𝑆𝑆)
𝜕𝜕𝜕𝜕 = 0 (7) 

Where 𝑤𝑤𝑣𝑣  is given as the following: 

𝑤𝑤𝑣𝑣 =  1
2‖𝑆𝑆−𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹

2                                      (8) 

When 𝑤𝑤𝑣𝑣  is fixed, Eq. (7) can be taken place in the solution 
to the following problem: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1   (9) 

The calculated S from Eq. (9) can be used to update 𝑤𝑤𝑣𝑣by 
Eq. (8). This inspires us to solve the Eq. (4) by alternately 
optimizing S and 𝑤𝑤𝑣𝑣  iteratively. Let  𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)denote the i-th 
smallest eigenvalue of 𝐿𝐿𝑠𝑠. Note that 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)≥ 0 because 𝐿𝐿𝑠𝑠 is 
positive semidefinite. The problem (4) is equivalent to the 
following problem for a large enough value of λ: 

min
𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1

∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2𝑉𝑉

𝑣𝑣=1 + 2𝜆𝜆 ∑ 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)𝑘𝑘
𝑖𝑖=1         (10) 

According to Ky Fan’s Theorem [23], we have: 

∑ 𝜀𝜀𝑖𝑖(𝐿𝐿𝑠𝑠)𝑘𝑘
𝑖𝑖=1 =  𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹=𝐼𝐼𝑇𝑇𝑟𝑟(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹)             (11) 

Therefore, the problem (10) is further equivalent to the 
following problem: 

min
𝑆𝑆,𝐹𝐹

∑ 𝑤𝑤𝑣𝑣‖𝑆𝑆 − 𝑆𝑆𝑆𝑆𝑣𝑣‖𝐹𝐹
2

𝑉𝑉

𝑣𝑣=1
+ 2𝜆𝜆𝑇𝑇𝑟𝑟(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹) 

𝑠𝑠. 𝑡𝑡.  𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛 = 1, 𝑠𝑠𝑖𝑖,𝑗𝑗≥0，𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹 = 𝐼𝐼           (12) 

When S is fixed, the problem (12) becomes: 

𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝐹𝐹ℝ𝑛𝑛×𝑘𝑘，𝐹𝐹𝑇𝑇𝐹𝐹=𝐼𝐼𝑇𝑇𝑇𝑇(𝐹𝐹𝑇𝑇𝐿𝐿𝑆𝑆𝐹𝐹)                        (13) 

When F is fixed, the problem (12) becomes: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1 ∑ 𝑤𝑤𝑣𝑣
𝑉𝑉

𝑣𝑣=1
∑ (𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖

𝑣𝑣)2
𝑛𝑛

𝑖𝑖,𝑗𝑗=1

+ 𝜆𝜆 ∑ ‖𝑓𝑓𝑖𝑖 − 𝑓𝑓𝑗𝑗‖2
2

𝑛𝑛

𝑖𝑖,𝑗𝑗=1
𝑠𝑠𝑖𝑖𝑖𝑖  

(14) 

Note that the problem (12) is independent for different i. 
The following problem can be separately solved for each i: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖𝟏𝟏𝑛𝑛=1 ∑ ∑ 𝑤𝑤𝑣𝑣
𝑉𝑉

𝑣𝑣=1
(𝑠𝑠𝑖𝑖𝑖𝑖 − 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖

𝑣𝑣)2
𝑛𝑛

𝑗𝑗=1

+ 𝜆𝜆 ∑ ‖𝑓𝑓𝑖𝑖 − 𝑓𝑓𝑗𝑗‖2
2

𝑛𝑛

𝑗𝑗=1
𝑠𝑠𝑖𝑖𝑖𝑖  

              (15) 

The above problem can be solved by the efficient iterative 
algorithm by Huang, Nie, and Huang [24]. We summarize the 
process as Algorithm 1. 

Algorithm 1 Self-weighted Multi-view Subspace Clustering 
With Low Rank Tensor Constraint Algorithm 

2 Author name / Procedia CIRP 00 (2019) 000–000 

kernel correspond to each view, and combines these kernels to 
fuse the views. In the algorithm [7], the weights of the kernel 
are computed and used to combine the views. The method in [8] 
was proposed to fuse the probabilistic transition matrix of all 
views, and the learned fusion of transition matrix was used as 
the input of the spectral clustering. In practical problems, high 
dimensional data usually resides in a low-dimensional manifold. 
In order to explore these high-dimensional data, subspace 
clustering is proposed, which segments different high 
dimensional data into their corresponding subspace. Subspace 
clustering has gained considerable attentions in dealing with 
multi-view clustering. The existing subspace clustering 
algorithms can roughly be categorized into five categories [9]: 
iterative [10], algebraic [11,12], statistical [13,14], matrix 
Factorization-based [15] and spectral clustering-based [4]. 
Among them, the spectral clustering-based methods are 
extremely popular and efficient, which have received a lot of 
attentions. Previous spectral clustering-based methods address 
the problem by two following steps. Firstly, an affinity matrix 
is learned from the multi-view data. Secondly, the affinity 
matrix is applied as the input of spectral clustering. Sparse 
Subspace Clustering (SSC) [16,17]and Low-Rank Clustering 
(LRR) [18,19], are both well-known approaches. Compared 
with other subspace clustering algorithms, sparse and low-rank 
has the advantage on dealing with noise. These methods are 
both based on the self-expressiveness model, in which each data 
can be expressed as a linear combination of other data. Based 
on the sparse and low-rank representation, C. Zhang et al. [20] 
proposed a low rank constraint tensor subspace clustering (LT-
MSC), which integrates all subspace representation by tensor. 
This method performs well in capturing high order information. 
These subspace clustering methods assume that all the views 
have an equal contribution on clustering. However, this strategy 
is unreasonable. To discriminate the significance of different 
views in multi-view data multi-view kernel k-means (MVKKM) 
algorithm [7] is proposed to assign a weight for each view 
according to the contribution of the view on the clustering result 
and combine the kernels derived from the weighted views 
together. The method of Self-weighted with Multiple Graphs 
(SWMC) [21] was also proposed to use a Laplacian rank 
constraint graph [22], which directly assigned the cluster label 
to data without any postprocessing like K-means in spectral 
clustering.  

As mentioned above, the multi-view clustering has been 
become a challenge task. In order to simultaneously capture 
high order relationships among multiple views, assign the 
different weights to different views, and without any 
postprocessing like K-means in spectral clustering. we explore 
an improved multi-view clustering algorithm. In the improved 
algorithm, the low rank constraint tensor is adopted to capture 
high order relationships among multiple views, which is used 
as the initial graph of the method in SWMC [21] that learns a 
good self-weighted similarity matrix. To demonstrate the 
advantages of the proposed algorithm, experiments have been 
conducted on Coil-20 dataset, the Extended YaleB dataset, the 
ETH-80 dataset, the Yale face dataset and the practical patent 
image dataset. The results of the experiments on these datasets 
demonstrate the effectiveness of our proposed algorithm. 

2. The Proposed Algorithm 

In this section, a brief introduction of low rank tensor 
constraint subspace clustering [20] is given since it is the base 
of our proposed algorithm. Then the Self-weighted Multi-view 
Subspace Clustering With Low Rank Tensor Constraint 
Algorithm and the implement of optimization are proposed, 
respectively  

2.1. Low tensor constraint-based multi-view learning 
description 

Suppose that there are N samples which belong to k clusters. 
In subspace clustering, the subspace representation matrix is 
usually used to construct the similarity matrix. However, these 
methods have the common disadvantage that ignores the 
intrinsic correlations among different views. Tensor is higher 
order arrays, which is the generalization of the matrix. Tensor 
can capture the high order correlations underlying multi-view 
data. The low rank tensor constraint multi-view clustering has 
been proposed in [20]. The target functions can be formulated 
as follows: 

𝑚𝑚𝑚𝑚𝑚𝑚𝑍𝑍𝑣𝑣，𝐸𝐸𝑣𝑣‖𝒵𝒵‖∗ + 𝜆𝜆‖𝐸𝐸‖2,1 

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉, 𝐸𝐸 = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉],

𝒵𝒵 =  𝜙𝜙(𝑍𝑍(1), 𝑍𝑍(2), … , 𝑍𝑍(𝑉𝑉)) (1)

Where  ϕ(. )  Denotes the symbol constructing the tensor 
𝒵𝒵 ,which fusing the different representation Z𝑣𝑣  to a 3-order 
tensor. Z𝑣𝑣 = [𝑧𝑧1

𝑣𝑣, 𝑧𝑧2
𝑣𝑣, … , 𝑧𝑧𝑁𝑁

𝑣𝑣] ϵℝ𝑁𝑁×𝑁𝑁  . E = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉] 
means concatenating together with the reconstruction error of 
each columns. ‖. ‖2,1 is the ℓ2,1-norm, which encourages the 
columns of E to be zero. 

2.2. Self-weighted multi-view subspace clustering with low 
rank tensor constraint algorithm 

In this paper, a self-weighted multi-view subspace 
clustering with low rank tensor constraint algorithm (SW-LT) 
is proposed to deal with the multi-view clustering problem. 
Given N samples with V multi-view. The data can be 
represented by the matrix X(i) =  [𝑥𝑥1，𝑥𝑥2，…，
𝑥𝑥𝑁𝑁]𝜖𝜖ℝ𝐷𝐷×𝑁𝑁, 𝑖𝑖 = 1 … 𝑉𝑉 . Each column of the matrix is D 
dimensional sample vector. To cluster the data into subspace 
representation matrix Z𝑖𝑖, 𝑖𝑖 = 1 … 𝑉𝑉, and assign the weight by 
capturing the high order information, we integrate the 
framework of the low rank tensor constraint frame proposed in 
[20] and the self-weighted proposed in [21]. The objective 
function of the framework is formulated as： 

𝑚𝑚𝑚𝑚𝑚𝑚𝑠𝑠𝑖𝑖𝑖𝑖≥0,𝑠𝑠𝑖𝑖1𝑛𝑛=1,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐿𝐿𝑠𝑠)=𝑛𝑛−𝑘𝑘,𝑍𝑍𝑣𝑣,𝐸𝐸𝑣𝑣 ∑ ‖𝑆𝑆 − ∑ (ℛ(𝑍𝑍𝑣𝑣) +𝑉𝑉
𝑣𝑣=1

𝑉𝑉
𝑣𝑣=1

𝜆𝜆𝑣𝑣𝐿𝐿(𝑋𝑋𝑣𝑣, 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣)) ‖𝐹𝐹
2

𝑠𝑠. 𝑡𝑡. 𝑋𝑋𝑣𝑣 = 𝑋𝑋𝑣𝑣𝑍𝑍𝑣𝑣 + 𝐸𝐸𝑣𝑣, 𝑣𝑣 = 1,2, … , 𝑉𝑉, 

𝐸𝐸 = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑉𝑉]，𝑆𝑆𝑆𝑆ℝ𝑛𝑛×𝑛𝑛          (2) 
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Table 6. Results on Patent image 

Method NMI ACC AR F P R 

SPCbest 0.560 0.797 0.553 0.664 0.661 0.667 
LRRbest 0.780 0.917 0.791 0.843 0.838 0.848 
Co-reg 0.878 0.957 0.890 0.918 0.905 0.913 
Co-training 0.918 0.950 0.904 0.927 0.908 0.910 
LTMSC 0.887 0.955 0.887 0.915 0.890 0.911 
SWMC 0.850 0.823 0.767 0.834 0.763 0.936 
SW-LT 0.947 0.895 0.872 0.895 0.904 0.914 

 
Table 2-6 shows the clustering NMI, ACC, AR, F-score, 

Precision and Recall of the methods on five datasets 
respectively. As shown in the tables, our method can achieve 
better performance than the compared methods in most cases. 
It can also be observed that LT-MSC and SWMC usually 
obtains the good results, but sometimes fails. As we mentioned 
before, LT-MSC uses an equal weight, which ignores the 
contribution corresponding each view. The initialization of 
SWMC is an arbitrary similarity matrix and decrease the 
clustering accuracy if the initialized similarity matrix has low 
quality. Meanwhile, it is clear that combining the advantages of 
the low rank tensor constraint and self-weighted is helpful to 
better cluster the data with multi-views. In the Product-Service 
Systems, intelligent production platform will improve the 
quality of product. This improved multi view clustering can 
combine with mature agile development frameworks such as 
spring, developing a data analysis platform for manufacturing 
process and improving data analysis and decision-making 
efficiency. We use this algorithm as the core of the module of 
high-dimensional data clustering. This module will return an 
object to encapsulates view information and clustering results. 
When the controller receives this object and calls the 
component to locate the view passing the clustering 
information. 

4. Conclusion 

In this paper, we explore the clustering problem for multi-
view data. An improved multi-view clustering algorithm has 
been proposed. The proposed algorithm follows the method of 
low rank tensor constraint to construct the similarity matrix of 
V views, and adopts it as the initialized similarity matrix of the 
self-weighted multi-view graph learning. The compared 
experiments have been conducted on five benchmark datasets 
and the experimental results demonstrate the effectiveness of 
our algorithm. In the future, we will further improve the 
weighting method and consider extending the framework to 
improve Product-Service Systems (PSS). 
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Input: multi-view data matrix: 𝑋𝑋(1), 𝑋𝑋(2), … , 𝑋𝑋(𝑉𝑉) ，and 
the cluster number k: 

Initialize：𝑍𝑍(1) = 0, … , 𝑍𝑍(𝑉𝑉) = 0; 𝐸𝐸(1) = 0, … , 𝐸𝐸(𝑉𝑉) = 0;  
the weight for each view (e.g., 𝑤𝑤𝑣𝑣 = 1

𝑉𝑉 ).  
Calculate 𝑧𝑧(𝑣𝑣) by the algorithm by solving the problem (1) 
by AL-ADM in [20]. 
Calculate 𝑆𝑆𝑆𝑆𝑣𝑣 by solving the problem (5). 
repeat  
1. Calculate S by solving the problem (9). 
2. Update 𝑤𝑤𝑣𝑣  by using Eq. (8).  
until converge 
Output: 𝑆𝑆𝑆𝑆ℝ𝑛𝑛×𝑛𝑛 with exactly k connected components 

3. Experiment and evaluation 

In this section, five real-world datasets are used to evaluate 
our algorithm. Some images from the datasets are shown in Fig 
1. The brief description is given in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Table 1. Statistics of five datasets 

Feature COIL-20 ETH-80 Extended-
YaleB 

Yale 
face 

Patent 
image 

HOG 324 324 324 324 324 
LBP 236 236 236 236 236 
Gabor 320 320 320 320 320 
#of data 1440 328 640 165 400 
#of class 20 8 10 15 4 

 
Our method is compared with some baseline algorithms, 

which include 2 single view and 4 multi-view as follows： 
⚫ SPC [25] (best): the method is the standard spectral 

clustering algorithm with the best view. 
⚫ LLR [18] (best): the method constructs similarity matrix 

with the best single view in low rank constraint subspace 
clustering. 

⚫ Co-Reg SPC [8]: the method co-regularizes the 
clustering to enforce corresponding data points with the 

same clustering. 
⚫ Co-Training SPC [4]: the method uses the manner of the 

co-training in the spectral clustering framework. 
⚫ LT-MSC [20]: the method uses the low rank tensor 

constraint to construct the similarity matrix as the input of 
spectral clustering. 

⚫ SWMC [21]: the method is a multi-view clustering with 
totally self-weighted. 

Six evaluation metrics are adopted to evaluated the 
performances: Normalized Mutual Information (NMI), 
Accuracy (ACC), Adjusted Rand index (AR), F-score, 
Precision and Recall. We report the detailed clustering results 
on five datasets in Table2-6: 

Table 2. Results on Coil-20 

Method NMI ACC AR F P R 
SPCbest 0.825 0.693 0.627 0.648 0.588 0.723 
LRRbest 0.829 0.763 0.694 0.710 0.670 0.756 
Co-Reg 0.774 0.626 0.572 0.594 0.560 0.633 
Co-Training 0.825 0.695 0.647 0.647 0.623 0.718 
LTMSC 0.871 0.776 0.743 0.756 0.721 0.795 
SWMC 0.918 0.781 0.778 0.790 0.691 0.922 
SW-LT 0.928 0.804 0.807 0.817 0.768 0.873 

 
Table 3. Results on ETH-80 

Method NMI ACC AR F P R 
SPCbest 0.335 0.359 0.385 0.283 0.277 0.288 
LRRbest 0.565 0.530 0.381 0.461 0.437 0.481 
Co-Reg 0.528 0.525 0.353 0.435 0.416 0.457 
Co-Training 0.603 0.536 0.391 0.391 0.420 0.552 
LTMSC 0.683 0.622 0.477 0.548 0.495 0.614 
SWMC 0.611 0.521 0.341 0.451 0.323 0.769 
SW-LT 0.718 0.561 0.378 0484 0.346 0.801 

 
Table 4. Results on Extended-YaleB 

Method NMI ACC AR F P R 
SPCbest 0.689 0.607 0.527 0.576 0.546 0.609 
LRRbest 0.751 0.765 0.625 0.663 0.650 0.690 
Co-Reg 0.658 0.611 0.502 0.553 0.531 0.586 
Co-training 0.737 0.655 0.578 0.578 0.601 0.685 
LTMSC 0.764 0.751 0.654 0.689 0.678 0.700 
SWMC 0.810 0.679 0.640 0.681 0.588 0.808 
SW-LT 0.841 0.828 0.676 0.711 0..658 0.772 

  
Table 5. Results on Yale face 

Method NMI ACC AR F P R 
SPCbest 0.656 0.655 0.508 0.541 0.499 0.590 
LRRbest 0.701 0.649 0.478 0.514 0.473 0.565 
Co-reg 0.668 0.640 0.502 0.568 0.503 0.572 
Co-training 0.672 0.630 0.566 0.535 0.544 0.630 
LTMSC 0.763 0.727 0.738 0.621 0.597 0.647 
SWMC 0.692 0.660 0.446 0.484 0.429 0.555 
SW-LT 0.735 0.697 0.523 0.555 0.507 0.613 

 

Fig 1.  Example images of the five datasets used in this paper (the 
rows from top to bottom correspond to Coil-20, Eth-80, Extended-
YaleB, Yale face and Patent image, respectively). 
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Table 6. Results on Patent image 

Method NMI ACC AR F P R 

SPCbest 0.560 0.797 0.553 0.664 0.661 0.667 
LRRbest 0.780 0.917 0.791 0.843 0.838 0.848 
Co-reg 0.878 0.957 0.890 0.918 0.905 0.913 
Co-training 0.918 0.950 0.904 0.927 0.908 0.910 
LTMSC 0.887 0.955 0.887 0.915 0.890 0.911 
SWMC 0.850 0.823 0.767 0.834 0.763 0.936 
SW-LT 0.947 0.895 0.872 0.895 0.904 0.914 

 
Table 2-6 shows the clustering NMI, ACC, AR, F-score, 

Precision and Recall of the methods on five datasets 
respectively. As shown in the tables, our method can achieve 
better performance than the compared methods in most cases. 
It can also be observed that LT-MSC and SWMC usually 
obtains the good results, but sometimes fails. As we mentioned 
before, LT-MSC uses an equal weight, which ignores the 
contribution corresponding each view. The initialization of 
SWMC is an arbitrary similarity matrix and decrease the 
clustering accuracy if the initialized similarity matrix has low 
quality. Meanwhile, it is clear that combining the advantages of 
the low rank tensor constraint and self-weighted is helpful to 
better cluster the data with multi-views. In the Product-Service 
Systems, intelligent production platform will improve the 
quality of product. This improved multi view clustering can 
combine with mature agile development frameworks such as 
spring, developing a data analysis platform for manufacturing 
process and improving data analysis and decision-making 
efficiency. We use this algorithm as the core of the module of 
high-dimensional data clustering. This module will return an 
object to encapsulates view information and clustering results. 
When the controller receives this object and calls the 
component to locate the view passing the clustering 
information. 

4. Conclusion 

In this paper, we explore the clustering problem for multi-
view data. An improved multi-view clustering algorithm has 
been proposed. The proposed algorithm follows the method of 
low rank tensor constraint to construct the similarity matrix of 
V views, and adopts it as the initialized similarity matrix of the 
self-weighted multi-view graph learning. The compared 
experiments have been conducted on five benchmark datasets 
and the experimental results demonstrate the effectiveness of 
our algorithm. In the future, we will further improve the 
weighting method and consider extending the framework to 
improve Product-Service Systems (PSS). 
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Input: multi-view data matrix: 𝑋𝑋(1), 𝑋𝑋(2), … , 𝑋𝑋(𝑉𝑉) ，and 
the cluster number k: 

Initialize：𝑍𝑍(1) = 0, … , 𝑍𝑍(𝑉𝑉) = 0; 𝐸𝐸(1) = 0, … , 𝐸𝐸(𝑉𝑉) = 0;  
the weight for each view (e.g., 𝑤𝑤𝑣𝑣 = 1

𝑉𝑉 ).  
Calculate 𝑧𝑧(𝑣𝑣) by the algorithm by solving the problem (1) 
by AL-ADM in [20]. 
Calculate 𝑆𝑆𝑆𝑆𝑣𝑣 by solving the problem (5). 
repeat  
1. Calculate S by solving the problem (9). 
2. Update 𝑤𝑤𝑣𝑣  by using Eq. (8).  
until converge 
Output: 𝑆𝑆𝑆𝑆ℝ𝑛𝑛×𝑛𝑛 with exactly k connected components 

3. Experiment and evaluation 

In this section, five real-world datasets are used to evaluate 
our algorithm. Some images from the datasets are shown in Fig 
1. The brief description is given in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Table 1. Statistics of five datasets 

Feature COIL-20 ETH-80 Extended-
YaleB 

Yale 
face 

Patent 
image 

HOG 324 324 324 324 324 
LBP 236 236 236 236 236 
Gabor 320 320 320 320 320 
#of data 1440 328 640 165 400 
#of class 20 8 10 15 4 

 
Our method is compared with some baseline algorithms, 

which include 2 single view and 4 multi-view as follows： 
⚫ SPC [25] (best): the method is the standard spectral 

clustering algorithm with the best view. 
⚫ LLR [18] (best): the method constructs similarity matrix 

with the best single view in low rank constraint subspace 
clustering. 

⚫ Co-Reg SPC [8]: the method co-regularizes the 
clustering to enforce corresponding data points with the 

same clustering. 
⚫ Co-Training SPC [4]: the method uses the manner of the 

co-training in the spectral clustering framework. 
⚫ LT-MSC [20]: the method uses the low rank tensor 

constraint to construct the similarity matrix as the input of 
spectral clustering. 

⚫ SWMC [21]: the method is a multi-view clustering with 
totally self-weighted. 

Six evaluation metrics are adopted to evaluated the 
performances: Normalized Mutual Information (NMI), 
Accuracy (ACC), Adjusted Rand index (AR), F-score, 
Precision and Recall. We report the detailed clustering results 
on five datasets in Table2-6: 

Table 2. Results on Coil-20 

Method NMI ACC AR F P R 
SPCbest 0.825 0.693 0.627 0.648 0.588 0.723 
LRRbest 0.829 0.763 0.694 0.710 0.670 0.756 
Co-Reg 0.774 0.626 0.572 0.594 0.560 0.633 
Co-Training 0.825 0.695 0.647 0.647 0.623 0.718 
LTMSC 0.871 0.776 0.743 0.756 0.721 0.795 
SWMC 0.918 0.781 0.778 0.790 0.691 0.922 
SW-LT 0.928 0.804 0.807 0.817 0.768 0.873 

 
Table 3. Results on ETH-80 

Method NMI ACC AR F P R 
SPCbest 0.335 0.359 0.385 0.283 0.277 0.288 
LRRbest 0.565 0.530 0.381 0.461 0.437 0.481 
Co-Reg 0.528 0.525 0.353 0.435 0.416 0.457 
Co-Training 0.603 0.536 0.391 0.391 0.420 0.552 
LTMSC 0.683 0.622 0.477 0.548 0.495 0.614 
SWMC 0.611 0.521 0.341 0.451 0.323 0.769 
SW-LT 0.718 0.561 0.378 0484 0.346 0.801 

 
Table 4. Results on Extended-YaleB 

Method NMI ACC AR F P R 
SPCbest 0.689 0.607 0.527 0.576 0.546 0.609 
LRRbest 0.751 0.765 0.625 0.663 0.650 0.690 
Co-Reg 0.658 0.611 0.502 0.553 0.531 0.586 
Co-training 0.737 0.655 0.578 0.578 0.601 0.685 
LTMSC 0.764 0.751 0.654 0.689 0.678 0.700 
SWMC 0.810 0.679 0.640 0.681 0.588 0.808 
SW-LT 0.841 0.828 0.676 0.711 0..658 0.772 

  
Table 5. Results on Yale face 

Method NMI ACC AR F P R 
SPCbest 0.656 0.655 0.508 0.541 0.499 0.590 
LRRbest 0.701 0.649 0.478 0.514 0.473 0.565 
Co-reg 0.668 0.640 0.502 0.568 0.503 0.572 
Co-training 0.672 0.630 0.566 0.535 0.544 0.630 
LTMSC 0.763 0.727 0.738 0.621 0.597 0.647 
SWMC 0.692 0.660 0.446 0.484 0.429 0.555 
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Fig 1.  Example images of the five datasets used in this paper (the 
rows from top to bottom correspond to Coil-20, Eth-80, Extended-
YaleB, Yale face and Patent image, respectively). 


