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Abstract Graph plays an important role in graph-based semi-supervised classification. How-
ever, due to noisy and redundant features in high-dimensional data, it is not a trivial job to con-
struct a well-structured graph on high-dimensional samples. In this paper, we take advantage
of sparse representation in random subspaces for graph construction and propose a method
called Semi-Supervised Classification based on Subspace Sparse Representation, SSC-SSR
in short. SSC-SSR first generates several random subspaces from the original space and then
seeks sparse representation coefficients in these subspaces. Next, it trains semi-supervised lin-
ear classifiers on graphs that are constructed by these coefficients. Finally, it combines these
classifiers into an ensemble classifier by minimizing a linear regression problem. Unlike
traditional graph-based semi-supervised classification methods, the graphs of SSC-SSR are
data-driven instead of man-made in advance. Empirical study on face images classification
tasks demonstrates that SSC-SSR not only has superior recognition performance with respect
to competitive methods, but also has wide ranges of effective input parameters.
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1 Introduction

The ever-developing information technology produces large amount of data, such as images
and web texts. These data often have a large number of features, and few of them are labeled.
Applying traditional supervised classifiers on limited labeled samples often results in poor
generalization capability. Furthermore, it is infeasible or too expensive to manually label
samples, which often requires domain-specific experts. On the other hand, valuable informa-
tion in labeled samples is wasted when applying unsupervised learning on all the samples,
because these label information should be used as prior information, which can be utilized
to boost the performance of a classifier [7]. Given these reasons, to achieve a good classifier,
both labeled and unlabeled samples should be used.

Semi-supervised learning is a learning paradigm that can make use of labeled and unla-
beled instances to train a learner with good generalization ability [39]. In this paper, we
focus on semi-supervised classification (SSC), and more particularly on graph-based SSC
(GSSC). In GSSC, labeled and unlabeled instances can be viewed as vertices (or nodes) of
a weighted graph, and the edge’s weights reflect the similarity between samples [39]. Vari-
ous GSSC methods were studied in the past years. Zhu et al. used Gaussian random fields
and harmonic functions (GFHF) to predict the unlabeled samples in a k nearest neighbor-
hood (kNN) graph. Based on the consistency assumption, Zhou et al. [38] studied a local
and global consistent (LGC) approach on a graph. Most GSSC methods are connected with
consistency assumption, which means nearby samples are more likely to have similar labels
(local consistency) and samples in the same structure are more likely to share the same label
(global consistency) [38]. A neighborhood graph can be used to discretely approximate the
local manifold structure of samples [1]. Belkin et al. [1] introduced a regularization term on
a neighborhood graph and proposed a regularization framework-manifold regularization.

All the aforementioned techniques can be formulized as label propagation on a graph
under different assumptions or schemes [39]. Maier et al. [18] reported that a graph-based
clustering method has two different optimal solutions on two different graphs (i.e., kNN graph
and ε neighborhood graph). Yan et al. [33] unified most dimensionality reduction approaches
into the framework of graph embedding and claimed that the main difference between these
methods is the graph structure. Therefore, graph structure determines the quality of the graph
embedding. Similarly, graph structure also determines the effectiveness of most GSSC meth-
ods [13,17,39]. However, it is a hard job to construct a graph that faithfully reflects the
similarity between high-dimensional samples. The reason is that the distance between sam-
ples becomes meaningless as the number of features increases [22], and the similarity metric
is often damaged by noisy or redundant features of high-dimensional data. For these reasons,
the performance of GSSC in high-dimensional space is not as good as in low-dimensional
space. Furthermore, most GSSC methods divide the graph construction into two steps, the
definition of adjacent graph and the specification of edge’s weight. This separation is usu-
ally man-made in advance, and the resulting graph cannot reflect the distribution of samples
faithfully. To address these problems, based on sparse representation theory [6,30,35], Yan
et al. [32] constructed a data-driven graph by simultaneously defining the connected edges
and the weight of edges. More specifically, they sought the sparse representation coefficient
vectors by optimizing an l1 norm regularized minimization problem and constructed an l1
graph using these vectors.

Nevertheless, seeking these sparse coefficient vectors in the original space of high-
dimensional samples is not only costing huge time, but also requiring a large number of
samples. On top of that, the resulting coefficients vectors are badly affected by redundant
and noisy features of high-dimensional samples. Therefore, we make use of random sub-
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space and solve the l1 norm regularized problem in several random subspaces. Next, we
train a semi-supervised linear classifier on a graph defined by the coefficients sought in each
subspace. Finally, we combine these classifiers into an ensemble classifier via minimizing
a linear regression problem. We call our method as Semi-Supervised Classification based
on Subspace Sparse Representation (hereinafter SSC-SSR). Experimental results on facial
images classification demonstrate the base classifiers of SSC-SSR are not only diverse but
also accurate. And therefore, these classifiers contribute to a competent ensemble classifier.

The rest of this paper is organized as follows. Related work on sparse representation
and graph-based semi-supervised classification are reviewed, and our contributions are high-
lighted in Sect. 2. We introduce subspace sparse representation and SSC-SSR in Sect. 3
and discuss experimental results in Sect. 4. In Sect. 5, we give conclusions and along with
direction for future work.

2 Related work

2.1 Sparse representation

Sparse representation (SR) has its origin in human cognitive system [21]. Olshausen et al. [21]
simulated the sparse coding mechanism of human vision system by a Bayesian framework.
Recently, SR was widely used in face recognition [23,30,32], signal classification [12] and
subspace clustering [8].

Suppose B = [x1, x2, . . . , xN ], B ∈ R
D×N is an over-complete base, x ∈ R

D is a new
sample, N is the number of basic samples, and D is the dimensionality of samples. The
original SR is formed as follows:

â0 = arg min ‖a‖0

s.t. Ba = x, (1)

where ‖a‖0 is the l0 norm, which equals to the number of nonzero entries of a. â0 is the
sparse reconstruction coefficient vector and satisfies:

x = â0,1x1 + â0,2x2 + · · · + â0,N xN . (2)

In pattern recognition domain [9,23,32], â0,i (1 ≤ i ≤ N ) is often used as the similarity
between x and xi .

However, Eq. (1) is NP hard and difficult to approximate. Recent advances in SR [6,30,35]
proved that if â0 is sparse enough, Eq. (1) can be equivalently transformed into an l1 norm
problem:

â1 = arg min ‖a‖1

s.t. Ba = x, (3)

where ‖a‖1 is the l1 norm, which sums the absolute values of a. Because of noise in samples,
the equal constraint in Eq. (3) cannot always hold, Eq. (3) is relaxed as follows:

â1 = arg min ‖a‖1

s.t. |Ba − x‖ ≤ ε, (4)

where ε can be viewed as an error tolerance. The resulting reconstruction coefficient vector â1

is sparse and discriminative [23,30,35], which means the coefficients between x and some of
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samples with the same label as x are nonzeros, while the coefficients between x and samples
that have different labels from x are zeros or close to zeros.

Wright et al. [30] took advantage of these sparse coefficients and introduced a method
coined as sparse representation-based classification (SRC), which achieved superior perfor-
mance in face recognition. Qiao et al. [23,24] used the sparse coefficients to construct a
graph and incorporated this graph in sparsity preserving projections and in sparsity preserv-
ing discriminant analysis. Similarly, Yan et al. [32] constructed an l1 graph based on these
coefficients and then applied this graph into GSSC and dimensionality reduction. As well as
that, Fan et al. [9] studied a penalty term on the l1 graph and introduced an approach called
sparsity regularized least square classification (S-RLSC).

SR is based on the knowledge that there are over-complete basic samples which can
be used to reconstruct a new sample, and it often requires N > D. However, for high-
dimensional samples, it is often D > N , which cannot meet the requirement of SR and
causes the small sample size (SSS) problem [4]. Therefore, Eqs. (1–4) cannot directly apply
on a small number of high-dimensional samples. To address this underdetermined problem,
Yan et al. [32] extended B to B̄ = [B, ID], B̄ ∈ R

D×(N+D), where ID is a D × D identity
matrix. However, this extension takes much more time to solve Eq. (4). For these reasons,
we solve the sparse coefficients in random subspaces whose dimensionality is much smaller
than N . Next, we make use of these coefficients to construct several graphs. And finally, we
combine the classifiers trained on these graphs and propose SSC-SSR.

2.2 Graph optimization-based semi-supervised classification

Recently, researchers recognized the importance of graph in GSSC and introduced several
graph construction methods. Wu et al. [31] incorporated a discriminative regularization term
into manifold regularization [1] and proposed a method called semi-supervised discriminative
regularization (SSDR). Similar to GHFH and LGC, SSDR divides the definition of connec-
tivity and the edge’s weights of a graph into two separate steps. Wang et al. [29] used the
l2 graph [32] and studied a linear neighborhood propagation (LNP) approach. The l2 graph
is constructed by the coefficients computed in a way similar to LLE [26]. Liu et al. [17]
took advantage of iterative nonparametric matrix learning to construct a symmetric adjacent
graph and proposed a method called robust multi-class graph transductive classification. Fan
et al. [9] exploited sparse representation coefficients to construct an l1 graph and introduced
S-RLSC. Instead of taking advantage of a single graph, Yu et al. [36] first executed semi-
supervised dimensionality reduction in random subspaces and then constructed multiple
kNN graphs in these dimensionality reduced subspaces and studied a method called semi-
supervised classification based on random subspace dimensionality reduction (SSC-RSDR).
Yu et al. [37] constructed multiple kNN graphs in randomly partitioned subspaces and pro-
posed semi-supervised ensemble classification (SSEC). LNP and SSDR are derived from a
kNN graph, which is dependent on a meaningful distance metric to define the neighborhood
relationship and similarity among samples. However, it is rather difficult to get a meaningful
distance metric among high-dimensional samples, and the suitable k and σ (Gaussian kernel
width) are rather difficult to choose. Consequently, the performances of these methods are
not prominent in high-dimensional data. In experimental comparison with LNP and SSDR,
SSC-SSR not only has higher accuracy, but also is more robust to parameters selection. In
addition, we also observe that SSC-SSR can achieve better performance than SSEC and two
well-known ensemble classifiers, random forest [2] and rotation forest [25].

Several distinctions between SSC-SSR and other GSSC methods based on graph opti-
mization should be highlighted:
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1. We propose to solve SR in random subspaces and empirically show that solving several
SR problems in random subspaces is more efficient and effective than solving one SR
problem in the original space.

2. Different from LNP [29] that uses a single l2 graph, and the approaches [9,23,32] exploit
a single l1 graph, SSC-SSR takes advantage of several l1 graphs.

3. SSC-RSDR [36] and SSEC [37] use several kNN graphs and majority vote to ensem-
ble base classifiers, whereas SSC-SSR utilizes several l1 graphs and linear regression
to ensemble base classifiers. Our empirical study shows the proposed linear regression
approach is often more effective than the majority vote method.

4. SSC-SSR avoids the model parameters selection problem in most GSSC methods (i.e., k
and σ ) and can be effective in a wide range of input values of parameters.

3 Semi-supervised classification based on subspace sparse representation

SSC-SSR mainly consists of two steps: Subspace Sparse Representation (SSR) and Semi-
Supervised Classification based on SSR (SSC-SSR). The details of each step will be discussed
in the following two subsections.

3.1 Subspace sparse representation

The computation load of Eq. (4) increases sharply as the dimensionality of x increases.
Wright et al. [30] reported that a test image took several seconds to calculate the sparse
coefficients. In this paper, similar to Huang et al. [12], we modify Eq. (4) as:

â1 = arg min ‖Ba − x‖2 + λ‖a‖1

s.t. a ≥ 0, (5)

where λ balances the trade-off between the square reconstruction error and the l1 norm. Since
we want to use â1 as the similarity between x and the basic samples in B, we constrain a ≥ 0.
The motivation to minimize Eq. (5) is twofold: (i) we want â1 as sparse as possible, and (ii)
the reconstruction error is minimized.

Solving Eq. (5) takes less time than solving Eq. (4), but it still costs more than 1 s to
get the sparse representation coefficients for a new sample x (with D = 1,260) based on
N = 1,300 basic samples (the first 1,300 samples of AR face database [20]). We used
the recently issued sparse learning with efficient projections (SLEP) [16] package1 to solve
Eq. (5) and the widely used l1-magic package2 to solve Eq. (4) on AR and CMU PIE [28]
face images databases. For more efficient solvers to l1 norm minimization algorithms, one
can refer to [34] and references therein. The recorded average time costs (on Windows 7 with
Intel Core2 E8400 and 4 GB RAM) are listed in Table 1.

Obviously, reducing the dimensionality of samples can greatly speed up the solutions to
Eqs. (4) and (5). For high-dimensional samples, D is often larger than N . As a result, the
requirement of sufficient basic samples for SR cannot be fulfilled, and the sought coefficients
of SR might not be sparse [32]. To address these issues, we seek the sparse coefficients in the
random subspaces of samples, whose dimensionality is much lower than that of the original
space. A random subspace method (RSM) was first introduced in decision forest [11], in
which multiple decision trees were trained in random subspaces and then combined into an

1 http://www.public.asu.edu/~jye02/Software/SLEP/.
2 http://users.ece.gatech.edu/~justin/l1magic/.
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Table 1 Time costs on different
size of data (s)

Size (N × D) SLEP (λ = 0.05) l1-magic (ε = 0.05)

1,300 × 1,260 1,802.9 12,284.0

1,300 × 100 24.81 6,999.0

1,000 × 4,096 56,551.4 366,892.0

1,000 × 200 36.7 10,480.2

ensemble classifier. Following this work, Breiman [2] studied a method called random forest
and Rodriguez et al. [25] proposed an approach coined as rotation forest. Unlike decision
forest, each tree of random forest makes use of a subset of the samples and features, instead
of all the samples and features. Rotation forest first randomly divides the original features
into K disjoint subsets with equal size and then bootstraps 75 % samples in each subset;
next, it applies principal component analysis (PCA) [7] on each subset and rearranges the
eigenvectors of PCA into a rotation matrix; after that, it trains a decision tree on the training
samples projected by this rotation matrix. By repeating this process T times, rotation forest
gets T decision trees and combines these trees for ensemble classification. As well as that,
RSM was also applied in semi-supervised classification [36,37].

Diversity and accuracy of the base classifiers are two crucial factors in ensemble systems
[3,15,19]. The more accurate are the base classifiers, the more accurate is the ensemble
classifier. The more diverse are the base classifiers, the more accurate is the final combined
classifier. Unfortunately, it is difficult to acquire both highly diverse and accurate base clas-
sifiers [3,15,19]. The reason is that diversity means disagreement among the predictions of
samples, whereas high accuracy indicates large agreement on these predictions. How to find
a compromise between accuracy and diversity to achieve an accurate ensemble classifier? To
reach this target, we make use of SSR to seek accurate base classifiers and random subspaces
to achieve diversity among base classifiers. SSR can be stated in three steps:

1. Randomly generate T binary indicative vectors rt (1 ≤ t ≤ T ), rt is constrained as:

D∑

j=1

rt j = p

s.t. rt j ∈ {0, 1}, (6)

where rt j = 1 denotes the j th feature is chosen in the t th random subspace, and rt j = 0
indicates the j th feature is not selected in that subspace. p(p < D) is used to control how
many features are selected in each subspace, it also can restrict the dimensionality of each
subspace.

2. Generate T subspace sets as follows:

St = X(rt ), (7)

St = [s1
t , s2

t , · · · , sN
t ], si

t ∈ R
p is the i th sample in St , si

t includes the selected features of
xi specified by rt . St can be viewed as the t th random subspace set. Therefore, we get T
random subspace sets S = {S1, S2, . . . , ST }.
3. Compute the sparse representation coefficients on St . Let Zi

t = [s1
t , s2

t , . . . , si−1
t , si+1

t ,

. . . , sN
t ] and then solve the following minimization problem:

âi = arg min
∥∥∥Zi

t a − si
t

∥∥∥
2 + λ‖a‖1

s.t. a ≥ 0. (8)

123



Semi-supervised classification 87

Next, reform âi as:

âi = [
âi,1, âi,2, . . . , âi,i−1, 0, âi,i+1, . . . , âi,N

]
(9)

Finally, set Wt
ij (Wt ∈ R

N×N ) as follows:

Wt
ij = âi, j . (10)

Wt
ij can be viewed as the weight of the edge between si

t and s j
t . By iterating on N projected

samples in St , we can construct a graph (specified by Wt ) in the t th random subspace. Next,
we train a graph-based semi-supervised classifier on this graph. By repeating these steps on
other subspace sets, T classifiers can be trained on T subspace sets of S. These classifiers
will serve as base classifiers of SSC-SSR.

Since the graphs of SSC-SSR are defined in subspaces, they are less affected by redundant
or noisy features, and more faithful to the distribution of samples projected in these subspaces.
According to [8,30], if different objects exist in different subspaces or a union of linear
subspaces, a new sample can be linearly reconstructed by other samples, which have the
same label with this sample. In other words, the weights, between the new sample and
the samples, whose labels are different from this sample, are zeros or nearly zeros. This fact
indicates the graph, defined by sparse representation coefficients, is sparse and discriminative.
Although these requirements of SR might not be fully met in random subspaces, we can
still expect the graphs defined by these coefficients are discriminative in some extent. And
this expectation will be corroborated in our experiments. In the meantime, semi-supervised
classifiers trained on these graphs also hold the diversity across random subspaces. Inspired
by stochastic discrimination theory [14], it is straightforward and promising to combine
these base classifiers into a competent ensemble classifier. In this way, we not only avoid the
huge time cost involving with sparse representation in the original space, but also enhance
the performance of semi-supervised classification. Our empirical study shows the l1 graphs
constructed in subspaces are more discriminative than the l1 graph constructed in the original
space (c.f. Fig. 3 in Sect. 4).

SSR has some intrinsic differences from the methods based on SR in the original space.
Qiao et al. [23,24], Yan et al. [32] and Fan et al. [9] used SR in the original space or PCA
projected subspace to get a weight matrix. In contrast, SSR uses T random subspaces and
gets T weight matrices more efficiently, since p � D. SRC [30] predicts the label of a
test sample as the label of samples, which have least reconstruction error on this sample.
Nevertheless, SRC only makes use of labeled samples. Wright et al. [30] proposed a variant
of SRC by averaging the results of the random projections of original features. But this variant
still cannot use unlabeled samples. On the contrary, the proposed SSR exploits both labeled
and unlabeled samples.

One possible issue of SSR is that the discriminative features may not be included in the
random subspaces. In fact, this issue also exists in RSM [11,36], but it seldom happens in
applying SSC-SSR on high-dimensional data. There are four reasons:

First, suppose d is the number of discriminative features, then the probability that no
discriminative features are selected in T random subspaces is bounded by ((1 − d

D )p)T .
Suppose d = 2

100 D, if p = 50 and T = 10, this probability is smaller than 4.10 × 10−5;
if p = 100 and T = 20 (the setting of our experiments), this probability is smaller than
2.83 × 10−18.

Second, it is proved that an ensemble classifier can achieve the accuracy no worse than
the average accuracy of its base classifiers [3]. In this way, it avoids the risk of choosing a
bad model or selecting less informative important features.
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Third, if some of the discriminative features are excluded in random subspaces, diverse
base classifiers still can be achieved. Although these classifiers are not as accurate as those
trained on the discriminative features, according to stochastic discrimination theory [14],
they still can be combined into a competitive ensemble classifier with good generalization
ability.

Fourth, Wright et al. [30] stated and observed that SRC with random features could
get similar performance as with other dimensionality reduction techniques, as long as the
number of features is sufficient to get sparse coefficients, and this number is often no more
than 100. This statement inspires us to solve sparse coefficients in the subspace, which has
sufficient number of features to get these coefficients. A feature selection method can be
used to generate a feature subset and be viewed as a dimensionality reduction approach. But
the selected features may be biased by the selection criterion and only one l1 graph can be
constructed on the selected feature subset.

For these reasons, we seek sparse representation coefficients in random subspaces and
make use of these coefficients to construct several graphs for SSC-SSR.

3.2 Semi-supervised ensemble classification based on subspace sparse representation

In this subsection, instead of training a semi-supervised classifier on a single graph in the
original space, we train several classifiers on several graphs constructed in random subspaces,
these graphs are constructed with the weight matrices Wt (1 ≤ t ≤ T ) specified in Eq. (10).
Suppose there are N = l + u samples X = [x1, x2, . . . , xN ], xi ∈ R

D , where the first l
samples are labeled and the left are unlabeled, yi is the label of xi and y = [y1, y2, . . . , yN ]T .
Here, we consider a semi-supervised linear classifier (SLC) as the base classifier of SSC-SSR.
The objective function of SLC is to minimize:

Ψ ( f ) = Ω( f, x, y) + α‖ f ‖2
I , (11)

where the first term is the empirical loss on the labeled samples, and the second term is the
regularization on the labeled and unlabeled samples, α balances the importance of two terms.
f (x) is specified as:

f (x) = PT x + b, (12)

where P ∈ R
D×C , b ∈ R

C . To compute the empirical loss on labeled samples, we extend
the label vector y into a label matrix Y ∈ R

N×C as:

Yic =
{

1, if yi = c
0, otherwise

(13)

Then, the defined loss function on l labeled samples is:

Ω( f, X, Y) =
l∑

i=1

∥∥∥PT xi + b − Yi

∥∥∥
2

=
N∑

i=1

((
PT xi + b − Yi

)T
Hii

(
PT xi + b − Yi

))

= tr

((
PT X + b1T − YT

)
H

(
PT X + b1T − YT

)T
)

, (14)
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where tr() means matrix trace operation, 1 ∈ R
N with all elements are ones, and H is a

diagonal matrix with Hii = 1 if i ≤ l, Hii = 0 otherwise. ‖ f ‖2
I can be computed as:

‖ f ‖2
I = 1

2

N∑

i, j=1

‖ f (xi ) − f (x j )‖2Wij

= 1

2

N∑

i, j=1

‖PT xi − PT x j‖2Wij

= tr

⎛

⎝PT
N∑

i=1

(
xi WiixT

i

)
P − PT

N∑

i, j=1

(
xi WijxT

j

)
P

⎞

⎠

= tr
(

PT X(� − W)XT P
)

= tr
(

PT XLXT P
)

, (15)

where � is a diagonal matrix with �ii = ∑N
j=1 Wij, L is a graph Laplacian matrix [5].

Based on Eqs. (14) and (15), the objective function of SLC is rewritten as:

Ψ (X, P, b) = tr

((
PT X + b1T − YT

)
H

(
PT X + b1T − YT

)T
)

+αtr
(

PT XLXT P
)

. (16)

The target of minimizing the first term of Eq. (16) is to seek f (x), whose outputs are similar
to the original labels. The motivation to minimize the second term is that similar samples
should have similar outputs. Put it in another way, if two samples xi and x j are quite similar
to each other, meaning Wij is big, f (xi ) and f (x j ) should have similar outputs; otherwise,
there is a heavy penalty between them and causing a big loss.

Equation (16) can be solved by taking partial derivative of Ψ (X, P, b) with respect to P
and b as:

∂Ψ

∂P
= 2XH

(
XT P + 1bT − Y

)
+ 2αXLXT P (17)

∂Ψ

∂b
= 2

(
PT X + b1T − YT

)
H1. (18)

Let ∂Ψ
∂P = 0 and ∂Ψ

∂b = 0, we get

P =
(

XHcXT + αXLXT
)−1

XHcY (19)

b =
(
YT − PT X

)
H1

N
(20)

where Hc is:

Hc = H −
(
H11T HT

)

N
. (21)

If N < D, a regularization term is added to avoid the singular problem as:

P =
(

XHcXT + αXLXT + βID

)−1
XHcY, (22)

where β > 0 is often set to a small value.
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From Eqs. (19) and (20), we can observe P and b depend on L. L is derived from W,
which is often specified by Gaussian heat kernel similarity with respect to a kNN graph
[1,38,40]. Fan et al. [9] and Yan et al. [32] used sparse representation coefficients in orig-
inal space to specify W. However, the noisy and redundant features of high-dimensional
samples often distort the weight matrix W and result in a unstable and inaccurate solu-
tion. Most GSSC methods perform well on low-dimensional samples, but they do not
perform well on high-dimensional data. For these reasons, based on SSR in Sect. 3.1,
we construct T graphs defined by the coefficients sought by SSR and then train a SLC
on each graph. The next step is how to combine these T classifiers into an ensemble
classifier.

Here we introduce a linear regression model to ensemble these T classifiers:

arg min
ωc

T∑

t=1

l∑

i=1

(ωct ft (xi , c) − yic)
2 + μ‖ωc‖2

= arg min
ωc

‖Flcωc − Ylc‖2 + μ‖ωc‖2, (23)

where ωct is the weight of the t th classifier with respect to the cth label, ft (xi , c) is the cth
entry of ft (xi ).Fc = [f1c, f2c, . . . , fT c]T ∈ RN×T , ftc is the predicted likelihood vector of
ft with respect to the cth label on N samples, and Flc is the first l rows of Fc. Ylc is the first
l rows with respect to the cth column of Y. μ is set to balance the importance of the first
term and the second term. Our motivation in using ωct is that different classifiers may have
different weights on the cth label. The analytical solution of Eq. (23) is:

ωc =
(

FT
lcFlc + μIT

)−1
FT

lcYlc, (24)

where IT is a T ×T identity matrix. Let M = [ω1,ω2, . . . ,ωC ]T ∈ R
T ×C , then the ensemble

predicted likelihood vector is:

f (x) =
T∑

t=1

Mt ◦ ft (x), (25)

where ◦ is the element-wise multiplication operator. We transform the predicted likelihood
vector f (x) into a label as:

l(x) = arg max
1≤c≤C

f (x, c), (26)

where f (x, c) indicates the cth element of f (x). The procedure of SSC-SSR is described in
Algorithm 1.

Although the requirements of SR [8,30] cannot be fully met in the random subspaces
and the coefficients of SSR maybe not as discriminative as in the original space, it is still
able to achieve accurate classifiers in these subspaces. These base classifiers might not be as
accurate as the classifier trained in the original space, but they hold diversity across random
subspaces. From stochastic discrimination theory [14], these T base classifiers ft (x) can be
combined into a more accurate ensemble classifier. This advantage will be confirmed in our
following experiments. From the procedure of SSC-SSR, we can find our SSC-SSR does not
need to specify k and σ in advance. So SSC-SSR, in some extent, mitigates the parameters
selection problem associated with most GSSC methods.
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Algorithm 1 SSC-SSR: Semi-Supervised Classification based on Subspace Sparse Repre-
sentation
Input:

X = [x1, x2, · · · , xN ], y = [y1, y2, · · · , yl ], x, C, p, T
Output:

l(x)

Training:
1: for t = 1 to T do
2: Randomly generate an indicative vector rt using Eq. (6) and project X into St using Eq. (7).
3: Get the sparse representation weight matrix Wt on St using Eqs. (8-10).
4: Construct the graph Laplacian matrix Lt on St using Wt .
5: Solve ft (st ) = PT

t st + bt on St using Eqs. (17-18) with L replaced by Lt .
6: end for
7: Compute M using Eq. (24).

Testing:
8: for t = 1 to T do
9: Project x into the t-th random subspace using indicative vector rt , xt = x(rt )
10: Compute ft (xt ) using Pt and bt .
11: end for
12: Ensemble [ ft (xt )]T

t=1 with M using Eq. (25) and get the final prediction using Eq. (26).

3.3 Complexity analysis

Besides the sought of sparse representation coefficients, the time complexity of SLC and SSC-
SSR are dominated by matrix multiplication and matrix inverse in Eq. (19). The complexity of
matrix multiplication is O(ND2 + N 2 D) and the complexity of matrix inverse is O(D3), so
the time complexity of SLC is O(N 2 D + ND2 + D3). SSC-SSR is based on SLC in T random
subspaces, its time complexity is O(T (N 2 p + Np2 + p3)). Since T p ≈ D and the compu-
tation of sparse representation coefficients in T subspaces often takes much less time than
that in one original space (see Tables 1 and 4), SSC-SSR has less time complexity than SLC.

4 Experiments

4.1 Experiments setup

In this section, we conduct experiments on four public available face databases to experimen-
tally compare the effectiveness of SSC-SSR with other methods. The comparing methods
are LNP [29], SSDR [31], S-RLSC [9], SSEC [37] and two supervised ensemble classifiers
random forest [2] and rotation forest [25]. The first three are semi-supervised classifiers, and
the last three are ensemble approaches. We also report the results of the proposed SLC in
the original space. SSC-RSDR constructs several kNN graphs in the subspaces projected by
semi-supervised dimensionality reduction and integrates semi-supervised nonlinear classi-
fiers trained on these graphs. SSC-SSR and SSEC directly construct graphs in the random
subspaces and ensemble semi-supervised linear classifiers trained on these graphs. Thus, we
do not compare SSC-SSR and SSEC with SSC-RSDR.

The face databases are AR [20], extended Yale B (yaleB) [10], CMU PIE [28] and ORL
[27]. AR face database contains over 4,000 color face images from 126 persons (70 men and
56 women). In the experiments, 2,600 images of 100 persons (50 men and 50 women) were
used. Before the experiments, we aligned and resized these images into 42 × 30 pixels and
then normalized them into 8 bit grayscales; thus, each image is a vector in 1,260-dimensional
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Table 2 Notations used in the
experiments

Notation Means

N Number of training samples

Nt Number of testing samples

C Number of classes

D Dimensionality of original data

T Number of base classifiers

p Dimensionality of random subspace

n Number of labeled images per person

k Neighborhood size

σ Gaussian kernel width

space. Next, we randomly selected 13 images per person as the training set and the rest as
testing set. YaleB contains 21,888 single light source images of 38 individuals each captured
under 576 viewing conditions (9 × 64 illumination conditions). We chose the near frontal
subset for our experiments and resized these images into 32 × 32 pixels, with 256 gray
level per pixel, so each image is a 1,024-dimensional vector. We then randomly selected half
number of images per person as the training set and the rest as testing set. CMU PIE face
database contains 41,368 face images from 68 individuals. The face images were captured
under varying pose, illumination and expression conditions. Before the experiments, we
resized the images to 64 × 64 pixels, and each is an 8 bit gray scale image, so each image
is a point in the 4,096-dimensional space. In the experiments, we selected the Pose27 subset
and then randomly chose half number of images of the same individual as training set and
the remaining as testing set. ORL is consisted of 40 individuals with each person 10 images.
Before the experiments, we aligned and resized these images into 32×32 pixels in grayscale.
And then we selected 6 images per person as training set and the left as testing set. The last
three processed face databases can be downloaded from Deng Cai’s homepage.3 Note, in the
first two datasets, N > D, and in the last two datasets, N < D.

In the following experiments, we use the notations described in Table 2. In these experi-
ments, unless extra specified, T is set to 20, n is set to 10, p is set to 100, k is set to 5, and
σ is set as the average of Euclidean distance of the training samples. This specification of k
and σ is commonly used in other references [17,38]. λ, α and β are all set to 0.05, μ is set as
0.01. γD in SSDR [31] is set to 0.9, we searched the best value of γD between 0 and 1 with
step size 0.1 and observed γD = 0.9 gave the best results. The kernel Gram matrix K used in
S-RLSC and SSDR is specified by a Gaussian heat kernel. The number of disjoint subsets in
rotation forest is equal to 20, and the number of decision trees in rotation forest and random
forest is also equal to T . We use the recently issued SLEP4 to get the sparse representation
coefficients. To reduce the random impact, all the reported results (along with standard devi-
ations) are the average of 20 independent runs. In each run, the training set and testing set
are randomly partitioned and the labeled samples in the training set are randomly selected.

4.2 Recognition accuracy in different data sizes

In order to investigate the performance of SSC-SSR on different values of n, four experiments
are conducted on AR, yaleB, PIE with n increasing from 1 to 10 and on ORL with n increasing

3 http://www.cad.zju.edu.cn/home/dengcai/Data/data.html.
4 http://www.public.asu.edu/~jye02/Software/SLEP/.
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Fig. 1 Accuracy versus n. a AR. b YaleB. c PIE. d ORL

from 1 to 5. Note, the other images in the training set are used as unlabeled samples for semi-
supervised classifiers. The recorded results are plotted in Fig. 1.

In Fig. 1, all the methods have increasing accuracies with n rising, and SSC-SSR achieves
the best performance in most times. S-RLSC takes advantage of SR in the original space and
gets better performance than LNP and SSDR. This observation indicates that the l1 graph
can reflect the similarity relationship between samples much better than the l2 graph or kNN
graph. However, S-RLSC still loses to SSC-SSR. SSC-SSR is also based on SR, but it seeks
the coefficients more efficiently in random subspaces than in the original space. SLC is trained
on the single l1 graph in the original space, it always cannot outperform SSC-SSR. This is
because the sparse coefficients in the original space are badly distorted by the noisy features.
These observations show that SSR is more effective than SR in the original space. The gap
between SSC-SSR and S-RLSC on AR is more obvious than that on other facial databases.
The reason is that there is more noise (or large occlusions) in the images of AR than that of
other facial databases. This fact demonstrates our SSC-SSR is more robust to noisy features
than S-RLSC. Rotation forest and random forest only make use of labeled samples and lose
to SSC-SSR and SSEC in most cases, this fact verifies that unlabeled data can be used to
boost a classifier performance. Both SSC-SSR and SSEC utilize the same number of graphs,
SSC-SSR performs better than SSEC on AR, yaleB and PIE. This observation shows the l1
graphs sought in subspaces are also discriminative. SSC-SSR loses to SSEC on ORL, one
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Table 3 Regression versus majority vote

Dataset Method n = 2 n = 4 n = 6 n = 8 n = 10

AR Regression 63.15 ± 1.36 82.28 ± 1.35 89.84 ± 1.06 92.95 ± 0.76 94.54 ± 0.88

Majority vote 64.15 ± 2.14 81.51 ± 1.54 88.70 ± 0.74 91.81 ± 0.94 93.26 ± 0.85

YaleB Regression 48.39 ± 2.10 66.45 ± 2.11 75.83 ± 1.37 79.74 ± 0.88 82.13 ± 1.61

Majority vote 51.08 ± 2.25 65.78 ± 1.83 74.15 ± 1.21 77.78 ± 1.07 79.86 ± 2.15

The better performance are in bolded (Statistical significance examined via pairwise t test at 95 %)

possible reason is that SR often requires a large number of basic samples and ORL has a
relative small number of training samples. The performance of SLC on PIE and ORL is much
better than that on AR and yaleB. The reason is that, N < D on PIE and ORL, SLC is based
on Eq. (22) and βID has larger effect than αXLXT . This fact also indicates our motivation
to seek sparse representation in random subspaces is rational. These experimental results
demonstrate that SSC-SSR can make use of random subspaces and labeled samples much
better than other comparing methods.

LNP optimizes an objective function (similar to LLE [26]) to capture the local linear struc-
ture among samples, but it loses to other approaches on AR, yaleB and PIE. This indicates
that optimizing a kNN graph might not help to get a competent classifier. SSDR [31] incor-
porates a discriminate term to enhance its discriminate ability. Nevertheless, SSDR needs to
set the trade-off between the discriminative term and other terms in advance. We had tried to
get an optimal solution of SSDR by optimizing this tradeoff, but the experimental results of
SSDR, in most cases, still could not outperform other methods. The reason is that SSDR is
mainly determined by the local smoothness term, this term is defined on a kNN graph, which
is distorted by noisy and redundant features of high-dimensional facial images.

To investigate the difference between regression-based classifier ensemble in Eq. (23) and
majority vote-based classifier ensemble, the latter one is used in SSEC [see Eq. (25) in [37]],
we conduct another two experiments on AR and yaleB. In these experiments, 20 base classifier
SLCs are combined by regression and majority vote, respectively. The recorded results are
reported in Table 3. From this table, we can observe that SSC-SSR based on regression
performs better than the SSC-SSR based on majority vote as the number of labeled samples
increases. The reason is that the regression-based model depends on the labeled samples
to get M in Eq. (25), and more labeled samples help to result in a better estimation of M.
These results demonstrate that the regression-based ensemble approach used in SSC-SSR is
effective and more competent than the majority vote technique.

4.3 Diversity versus accuracy analysis

In this subsection, we conduct experiments to explore the diversity and accuracy of the base
classifiers of SSC-SSR and compare them with the base classifiers of random forest, rotation
forest and SSEC. Here, we adopt the widely used Kappa-error diagram [19,36,37] to visually
analyze the pairwise diversity and accuracy of the base classifiers of an ensemble classifier.
In this diagram, the x-axis denotes the diversity between two base classifiers and the y-axis
represents the average error of these two classifiers.

Let A ∈ R
C×C be a coincidence matrix of two base classifiers fs(x) and ft (x), A(c1, c2)

is the proportion of testing samples that fs(x) predict as c1 and ft (x) predict as c2. So∑C
c=1 A(c, c) is the observed agreements between fs(x) and ft (x), and the diversity between

fs(x) and ft (x) can be computed as:

123



Semi-supervised classification 95

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
AR (N=1300,Nt=1300,D=1260,C=100,n=10,p=100)

Kappa

E
rr

or

Random Forest:40.05%

SSEC:87.32%

SSC−SSR:94.72%

Rotation Forest:49.81%

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1

yaleB (1205,Nt=1204,D=1024,C=38,n=10,p=100)

Kappa

E
rr

or

RotationForest:62.37%

RandomForest:59.17%

SSC−SSR:81.21%

SSEC:68.51%

(a) (b)

Fig. 2 Kappa-error graph. a AR. b YaleB

κst =
∑C

c=1 A(c, c) − ABC

1 − ABC
, (27)

where ABC means ‘agreement-by-chance’ between fs(x) and ft (x). ABC can be calculated
as:

ABC =
C∑

c1=1

⎛

⎝
C∑

c2=1

A(c1, c2)

⎞

⎠

⎛

⎝
C∑

c2=1

A(c2, c1)

⎞

⎠ (28)

The average error est between fs(x) and ft (x) is:

est = es + et

2
, (29)

where es and et are the error rates of fs(x) and ft (x) on the testing samples. Thus, the
pairwise accuracy can be viewed as 1 − est . From the definition of κ and e, we can observe
that small values of κ indicate high diversity between base classifiers, and small values of e
mean high accuracy between base classifiers. With the above preparations, we set T = 20
and n = 10 on AR and yaleB and then record the Kappa values and error rates of these base
classifiers. The results are plotted in Fig. 2.

In Fig. 2, SSC-SSR achieves the highest accuracies, 94.72 % on AR and 81.21 % on yaleB.
The base classifiers of SSC-SSR are not as diverse as those of other ensemble classifiers, but
they are more accurate and hold the diversity across different subspaces, they contribute to a
competent ensemble classifier. The base classifiers of rotation forest have lower accuracies
than the base classifiers of random forest on AR, they have higher diversities than the latter
ones, so rotation forest gain higher accuracy than random forest on AR. For the experiment
on yaleB, the base classifiers of rotation forest and random forest have some overlaps on the
Kappa values, since the base classifiers of rotation forest get higher accuracies than those of
random forest, rotation forest gets higher accuracy than random forest. These facts show that
both the diversity and accuracy of base classifiers should be considered in the design of an
ensemble classifier.

To further investigate SSC-SSR, we record the accuracies of 20 base classifiers of SSC-
SSR and the accuracy of SSC-SSR. The experimental results on AR and yaleB are reported
in Fig. 3. In the figure, the broken lines with a suffix (I) are individual base classifiers of the
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Fig. 3 Accuracy of base classifiers versus ensemble classifier. a AR. b YaleB

corresponding ensemble classifiers (solid lines without such a suffix). We also include the
results of SLC to study the difference between SR in the subspace and SR in the original
space.

In Fig. 3, we can observe SSC-SSR always performs better than any of its base classifiers,
this observation indicates that the regression-based ensemble in Eq. (23) is effective and these
base classifiers hold the diversity across subspaces. The base classifiers of SSEC have lower
accuracies than those of SSC-SSR, so SSEC always loses to SSC-SSR. This phenomenon
shows that the l1 graphs, defined by coefficients sought by SSR, are more discriminative
than kNN graphs. Another conclusion can be made is that with the same diversity across
random subspaces, more accurate base classifiers can result in a more competent ensemble
classifier. The base classifiers of SSC-SSR always have higher accuracies than SLC in the
original space. This fact shows that sparse representation coefficients sought in the random
subspaces are more discriminative than those in the original space. One possible reason is
that these coefficients sought in subspaces are less affected by noisy and redundant features.
This fact also justifies our motivation in using SSR for diverse and accurate base classifiers.
From these results, we can argue that SSC-SSR can find a better tradeoff between diversity
and accuracy than other comparing ensemble classifiers.

4.4 Sensitivity on number of base classifiers

The number of base classifiers is an important parameter of an ensemble classifier. The
required time and space increase as the number of base classifiers rises. To explore the
performance of SSC-SSR under different number of base classifiers, another two experiments
were conducted on AR and yaleB with T rising from 1 to 40. Figure 4 plots the recorded
results.

From Fig. 4, we can observe that SSC-SSR can achieve good and stable performance
when T ≥ 10. Whereas the performance of SSEC downgrades as T increases. The reason is
that the subspaces used in SSEC are randomly partitioned and the dimensionality of random
subspaces is D/T . More base classifiers comes with more subspaces, but the dimensionality
of these subspaces is too small to get accurate base classifiers, so the performance of SSEC
downgrades as T increases. The sensitivity analysis show that SSC-SSR can select an effective
T in a wider range than rotation forest, random forest and SSEC.
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Fig. 4 Accuracy versus number of base classifiers. a AR. b YaleB
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Fig. 5 Accuracy versus dimensionality of subspace. a AR. b YaleB

4.5 Sensitivity on dimensionality of subspace

The dimensionality of random subspace is an important parameter for random subspace
methods. To study the effect of p, two experiments are executed on AR and yaleB with p
varying from 20 to 200. The corresponding experimental results are shown in Fig. 5. Random
forest does not need to specify p in advance, its results are not reported.

It can be found that all the comparing methods rely on the choice of p. Note, for SSEC, p =
D/T . At first, p is too small to learn good coefficient matrices or construct good kNN graphs,
so SSC-SSR and SSEC lose to rotation forest. As p increases, there is sufficient number of
features to get good coefficient matrices, and SSC-SSR gradually outperforms rotation forest.
The performance of rotation forest on AR and yaleB downgrades as the dimensionality of
subspaces increases. The possible reason is that AR and yaleB have many noisy features
and the rotation matrices of rotation forest are badly distorted when the dimensionality of
subspaces is rather large. No matter what p is chosen, SSC-SSR always has higher accuracies
than SSEC. This fact shows that SSC-SSR can select a suitable p easier than SSEC. In Fig. 5,
we can observe that the accuracy of SSC-SSR keeps relative stable as p ≥ 100, for there
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Table 4 Time cost of SR in
T = 20 subspaces versus in one
original space (s)

Dataset(N × D) p = 50 p = 100 p = 200 D

AR (1,300 × 1,260) 293.9 496.2 1,089.1 1,802.9

YaleB (1,205 × 1,024) 328.5 491.7 935.8 1,041.3

PIE (1,631 × 4,096) 528.9 795.6 1,672.5 118,304.4

ORL (240 × 1,024) 11.9 12.7 24.2 210.5

is sufficient number of features to get the sparse representation coefficients when p ≥ 100.
This observation coincides with the observation of Wright et al. [30].

We also record the average run time (on Windows 7 with Intel Core2 E8400 and 4 GB
RAM) of solving SR in 20 subspaces and in the original space, and report them in Table 4.
From this table, we can observe that computing sparse representation coefficients in T = 20
subspaces takes much less time than those in one original space, especially for the datasets
with D > N (i.e., PIE and ORL). Together with the complexity analysis in Sect. 3.3, we
can claim that our motivation in reducing the computation load of sparse representation
and boosting the performance of semi-supervised classification on high-dimensional is
effective.

5 Conclusions and future work

In this paper, to address the drawback of graph-based semi-supervised classification in high-
dimensional data, we put forward an ensemble method called Semi-Supervised Classification
based on Subspace Sparse Representation (SSC-SSR in short). The base classifiers of SSC-
SSR are trained on graphs defined by sparse representation coefficients in random subspaces,
they are diverse and accurate, and contribute to a competent ensemble classifier. Our experi-
mental results show that SSC-SSR not only has better performance but also wider ranges in
choice of effective parameters than other comparing methods.

Although sparse representation coefficients can be solved much more efficiently in the
subspace, there are still several issues for further investigation. Devising efficient l1 norm
regularized solver is still promising and has the potential of wide applications. Our proposed
approach relaxes the required data distribution for sparse representation, but it is still lacking
of theoretic justification. In our future work, we will try to exploit the label information in
solving the sparse representation coefficients.
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