Knowledge-Based Systems 205 (2020) 106280

Contents lists available at ScienceDirect

Knowledge-Based Systems

journal homepage: www.elsevier.com/locate/knosys

Simultaneously learning feature-wise weights and local structures for N

Check for

multi-view subspace clustering
Shi-Xun Lin*'!, Guo Zhong "', Ting Shu ¢

2School of Mathematics and Statistics, Zhaotong University, Zhaotong 657000, China
b Department of Computer and Information Science, University of Macau, Macau, China
¢ Guangdong-Hongkong-Macao Greater Bay Area Weather Research Center for Monitoring Warning and Forecasting, Shenzhen 518000, China

ARTICLE INFO ABSTRACT

Article history:

Received 2 April 2020

Received in revised form 1 June 2020
Accepted 15 July 2020

Available online 24 July 2020

Multi-view clustering integrates multiple feature sets, which usually have a complementary relation-
ship and can reveal distinct insights of data from different angles, to improve clustering performance.
It remains challenging to productively utilize complementary information across multiple views since
there is always noise in real data, and their features are highly redundant. Moreover, most existing
multi-view clustering approaches only aimed at exploring the consistency of all views, but overlooked
the local structure of each view. However, it is necessary to take the local structure of each view
into consideration, because individual views generally present different geometric structures while
admitting the same cluster structure. To ease the above issues, in this paper, a novel multi-view
subspace clustering method is established by concurrently assigning weights for different features and
capturing local information of data in view-specific self-representation feature spaces. In particular, a
common clustering assignment regularization is adopted to explore the consistency among multiple
views. An alternating iteration algorithm based on the augmented Lagrangian multiplier is also
developed for optimizing the associated objective. Experiments conducted on diverse multi-view
datasets manifest that the proposed method achieves state-of-the-art performance. We provide the
Matlab code on https://github.com/Ekin102003/JFLMSC.
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1. Introduction

Clustering aims to organize reasonably unlabeled data to dis-
cover meaningful patterns [1-3]. Clustering has an important
role in many fields, including machine learning [4,5], data min-
ing [6,7], and pattern recognition [8,9]. Clustering methods can be
mainly categorized into two groups [10]: partitioning clustering
and hierarchical clustering. In particular, spectral clustering [11]
is a graph-based algorithm for partitioning arbitrarily shaped
data structure into disjoint clusters. Numerous spectral clustering
methods and their variants have been proposed, such as Ratio
Cut [12], K-way Ratio Cut [13], Min Cut [14], Normalized Cut
(NCut) [15], and Spectral Embedded Clustering [16]. The clus-
tering performance of all of these methods is largely dependent
on the quality of the so-called similarity graph, which is learned
according to the similarities between the corresponding data
points.

Recent works [17-19] on spectral clustering-based subspace
clustering have attracted considerable attention due to the
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promising performance in data clustering. Subspace clustering
works on the assumption that data are drawn from a union
of low-dimensional subspaces, i.e., every subspace is equivalent
to a cluster. According to the self-expression of data [17,20]
and by imposing a properly chosen constraint on the repre-
sentation coefficients, a representation matrix uncovering the
intrinsic subspace structure of data can be obtained. For example,
Elhamifar and Vida [17] proposed sparse subspace clustering
(SSC), which learns a graph by adaptively and flexibly selecting
data points. Liu et al. [21] imposed a low-rank constraint on the
representation matrix to capture the global structure of data.
Dornaika and Weng [22] incorporated a manifold regularization
term into SSC to capture the manifold structure. More recently,
Peng et al. [23] proposed a new deep model—Structured autoEn-
coder by preserving the global and local structure of subspace for
clustering. Nevertheless, these approaches are mostly applied to
group single-view data.

In the era of Big Data, various data sources are represented by
multiple distinct feature sets [24]. For instance, one can describe
an image via LBP, SIFT, HOG, CENTRIST, and GIST features. Each
kind of feature is a particular view that describes different aspects
of data. Traditional clustering methods can be used to group
multi-view data by simply concatenating all views into a mono-
lithic one. However, compatible and complementary information
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across all views can be typically under-utilized. Recently, nu-
merous multi-view clustering approaches [25-32] have become
available. Bickel and Scheffer [33] generalized the conventional
K-means and expectation-maximization clustering methods to
the multi-view case. However, these methods are directly con-
ducted in the original feature space, and then they fail to discover
the geometric structures existing in each feature space. Canonical
correlation analysis [34] is a prominent statistical approach for
learning from multiple views, but is restricted to linear trans-
formation for each view. Liu et al. [35] proposed a multi-view
non-negative matrix factorization algorithm for clustering that
learns a common representation of all views and then feeds it
into K-means clustering. Such a common coefficient matrix does
not consider the flexible structures of different feature spaces be-
cause of the heterogeneity of different views. Assuming that each
sample should share the same cluster in all views, co-regularized
spectral clustering (CRMSC) [36] proposed two co-regularization
terms to force the consistency of clustering labels criss-crossing
different views. The Laplacian matrix used in CRMSC is learned
from the original data, and then the obtained low-dimensional
representation of the data is used to perform clustering. The qual-
ity of the Laplacian matrix may not be good enough because of
the influence of noise. As a result, the clustering performance may
be seriously affected. To construct a reliable similarity graph from
different views, a low-rank and sparse decomposition technique
is adopted to improve the robustness of multi-view spectral clus-
tering [37]. However, the above methods ignore the importance
of different views, i.e., treating all of the features equally.

Recently, several multiple-graph learning-based clustering
methods [26,29,38-41] have been established to identify clus-
tering ability of different views. Auto-weighted multiple-graph
learning [29] simultaneously learns an optimal weight for each
Laplacian matrix and conducts spectral clustering. Multi-view
learning with adaptive neighbors [26] can automatically learn
the weights of all views during each iteration. Simultaneously,
the local manifold structure of multi-view data is captured. The
above methods achieve better performances compared to those
methods that do not consider the weights of views. To learn a
better graph from multiple views, Liang et al. [42] proposed to
simultaneously explore the consistency and inconsistency across
different views. However, the similarity graph is usually learned
in the original feature space. Such a graph might be severely
damaged, and the true similarities among samples cannot be
guaranteed due to the influence of noise and redundancy.

The above-mentioned work assumes that data lie in a single
subspace. This assumption contradicts the observation, i.e., in
many problems, data in a cluster often lie in a low-dimensional
subspace of the high-dimensional ambient space [43]. Recent
studies [27,30,44-47] have focused on developing multi-view
subspace clustering methods. For example, Gao et al. [44] unified
classic spectral clustering and self-representation learning into
a framework. Brbi¢ and Kopriva [47] introduced simultaneous
sparsity and low-rankness constraints on the coefficient matrix
to extract underlying structure in multi-view data. Luo et al. [27]
jointly exploited consistency and specificity for subspace repre-
sentation learning by using a set of specific representations and
a shared consistent representation. The above methods mainly
treat all of the features of each view as a whole to learn a single
representation or common representation of all views. However,
features of real data may exhibit a high degree of redundancy, and
hence unrelated information can be introduced to degrade clus-
tering performance. Although various feature-selection methods
have been proposed, conducting feature selection and clustering
in two separate steps may not obtain the optimal clustering
results [48].

Despite the recent progress within multi-view clustering, most
existing methods ignore the feature-level relationship or the local

structure of multi-view data. Taking Fig. 1 as an example, five
independent subspaces are constructed and then 20 vectors from
each subspace are sampled. Fig. 1(a) shows an affinity matrix
in which all of the vectors of the same subspace are connected,
while those vectors belonging to other subspaces are not con-
nected. Fig. 1(b) and (c) show the affinity matrices learned by
LSR [49,50] and SSC [17], respectively. Compared to LSR and SSC,
which capture the global and local structure of data, respectively,
and ignore the feature-level relationship of data, the affinity
matrix in Fig. 1(d) provided by the proposed method much better
approximates the ideal affinity matrix. To ease the above limita-
tions, a novel multi-view subspace clustering method is proposed
based on data self-representation, which simultaneously weights
features and learns the local structure of each view. By weighting
the original features, the effective and robust features can be
extracted, thus alleviating the influence of redundancy. Moreover,
data self-representation and local structure learning are inte-
grated into a unified framework such that the inherent difference
in each view can be captured via simultaneously exploiting the
global and local information of each view. In particular, a common
cluster structure regularization is used to capture consistency
across different views.
The significant contributions in this paper are the following.

1. A new multi-view subspace clustering method is proposed
that captures view-specific information by simultaneously
exploiting the underlying global representation informa-
tion and local distance information from each view, while
exploring the consistency of all views by spectral embed-
ding. In particular, an adaptive distance regularization is
integrated into the self-representation framework to ex-
plore the intrinsic structure of each view instead of using
a predefined similarity matrix of each view as in previous
methods.

2. View-specific weight vectors for each type of feature are
learned so that the influence of redundancy and noise can
be alleviated, and the similarities between samples can be
accurately obtained to form a high-quality similarity graph.

3. A new augmented Lagrangian alternating direction method
for solving the associated optimization problem is devel-
oped. Numerous experimental results on diverse multi-
view datasets show the effectiveness of the proposed
method.

The rest of this paper is organized as follows. First, a brief
review of relevant work is given in Section 2. Next, in Section 3,
the proposed method is described in detail. In Section 4, an
optimization algorithm for solving the minimization problem is
presented. In Section 5, the proposed method is verified through
extensive experiments. The paper is concluded in Section 6.

2. Related work

For convenience, X is used to denote the sample matrix,
i.e., each column of X denotes a sample, and the normal italic
upper-case letters denote matrices. Symbols are summarized
in Table 1. In this section, brief reviews of the related work,
i.e., spectral clustering and spectral-clustering-based multi-view
subspace clustering methods, are given.

2.1. Spectral clustering

Assuming that X = [xq, ..., X,] € R¥" is a given data matrix
consisting of n samples, one can represent the relationships be-
tween samples by forming a similarity graph G = (V, E), where
E is a set of edges and V a set of vertices. Each vertex of G
represents a sample and each edge has a weight reflecting the
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Fig. 1. Data consisting of five independent subspaces. Some data vectors are randomly chosen to corrupt by adding Gaussian noise with variance 0.1.

Table 1
Symbols used in this paper.
Symbols Description
n Number of samples
c Number of clusters
n, Number of views
d, Dimension of views v
I Unit matrix
X>0 Non-negative matrix
Xi ith column of a matrix X
X jth row of X
Xij ijth entry of X
Column vector of ones
0 Column vector of zeros
IX 1l IXIF = /3, %
X® Data matrix of vth view
X1l X1 = 35 Iyl
[1x]2 2-norm of a vector x
X' Transpose of X
Tr(X) Trace of X
diag(u) Square diagonal matrix with elements of vector u on main
diagonal
diag(X) Column vector of main diagonal elements of X

similarity between two connected samples. Spectral clustering
aims at partitioning the similarity graph such that the edges
between different groups have very low weights and those within
a group have high weights [11]. For this purpose, the objective of

the Ratio Cut spectral clustering method is stated as:

min Tr(Q'LQ), (1)
QTQ:I.QGR"XC
where the optimal solution Q* of this problem consists of the
first ¢ eigenvectors of L. L = D — S is the graph Laplacian, where
S € R™" is the similarity graph and the diagonal elements of D
can be computed by dj = Y !, s; ie, D = diag(dis, ..., dm).

The spectral embedding matrix Q* is regarded as a clustering
assignment.

To more effectively group multi-view data, a number of multi-
view spectral clustering methods have been advanced [29,36,40,
51,52]. Most of them learn a shared Laplacian matrix by unifying
different views, while neglecting to learn high-quality similarity
graphs to improve clustering performance further.

2.2. Multi-view subspace clustering

Assuming that X is a sample matrix, in which each sample
is drawn from a union of subspaces, subspace clustering groups
X1, ..., X, according to their subspaces.

Spectral-clustering-based subspace clustering methods first
learn a representation matrix from the self-representation learn-
ing framework, and then utilize the learned representation matrix
to form a Laplacian matrix for spectral clustering. In general, its
model can be formulated as:

min  R(X, XZ) + A¥(2), )
ZGRHXH
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where Z = [z1, 23, ..., z;] € R™" is a self-representation matrix.
Every column z; of Z is considered as a new representation of the
sample x; in terms of other samples in X. Ideally, those nonzero
elements z; in Z mean that samples x; and x; are from the same
cluster. A > 0 is used to balance the regularization term ¥(-)
and the reconstruction error term R(-,-). By solving problem
(2) to obtain the representation matrix Z, one easily builds the
similarity graph S = 'Z'giT' Finally, S is fed into a spectral
clustering algorithm, such as [13],% to obtain the clustering result.

Recently, multi-view subspace clustering methods have been
designed to fuse complementary and compatible information
from multiple views. Cao et al. [53] proposed utilizing the Hilbert
Schmidt Independence Criterion as a diversity term with which
to explore the complementarity of multi-view representations.
Wang et al. [54] explored the complementary information be-
tween different representations by introducing a novel position-
aware exclusivity term. State-of-the-art consistent and specific
multi-view subspace clustering [27] simultaneously learns a
view-consistent representation and a set of view-specific repre-
sentations for multi-view subspace clustering. The general for-
mulation of multi-view subspace clustering can be written as the
following form:

min Z[R (xW, x

AN A) ! (3)
z(v) grnxn

By solving problem (3) to obtain Z®,v = 1,...,n,, the fi-
nal clustering results can be obtained by performing spectral
clustering [13] on the similarity graph

2] + 12|
S = _ 4
- Z 5 (4)

v=1

3. Methodology

In this section, to explore better representation capacity of
data and more flexible local manifold structures of different
views, the proposed method, which unifies the featurewise
weight learning and adaptive local structure learning into a
framework, is derived.

Previous works [55-57] demonstrate the importance of local
structure learning in subspace clustering. Most of them mainly
utilized a pre-computed graph regularizer to capture local mani-
fold structure of data, i.e.,

1
min 5 Y 1z = 230y = Tr(Z"Ls2) 5)
Lj

where Lp is a Laplacian matrix and B a pre-computed similarity
matrix. By integrating Eq. (5) into the self-representation learn-
ing framework Eq. (2), the learned representations can preserve
the local geometry structure embedded in a high-dimensional
ambient space. However, b; must be pre-computed; that is, to
capture the local structure in self-representation learning frame-
work, a two-stage process is adopted, which can result in infor-
mation loss. We will integrate self-representation learning and
local structure learning into a unified framework. However, the
non-negativity is more consistent with the biological modeling
of visual data and often leads to better performance for data
representation [58]. Moreover, each view should share a consen-
sus clustering assignment. As a result, by Eq. (1), the following
objective is proposed first:

mm Z Z Z llx; ©) _

v)2('
min 152§ (6)
ZE v=1 i=1 j=1

2 The code is available at http://www.cis.upenn.edu/~jshi/software/.

ny

+ Z[xzusmlh + 2aTr(Q Lyw Q).
v=1
sit. X0 = xiz) L g@) 70) > g 7)1 = 1

dlag(Z(”)) =0,Q'Q=

where Q € R™¢ is the consensus clustering assignment across all
views. L) = D) — & is the Laplacian matrix, where D®) =

dlag(wl) Aisa posmve penalty parameter. Owing to the
non-negative constraint, each entry z;; of ZW can directly expose

the similarity between x ) and x](") Concretely, the first term of
Eq. (6) guides the representatlon coefficients to capture the local
structure. In practical applications, data may be contaminated
by noise. Thus, a sparse error term ||[E®)||; is introduced. Close
samples should possess a high similar degree and distant samples
should possess a low or even zero similar degree. Specifically,
ZM1 = 1 is further constrained from the point of view of
probability, i.e, 0 < z; < 1.

To capture the global structure, following [59], a 2-norm con-
straint is added onto the representation matrix instead of a low-
rank constraint since one may obtain bad representations when
the dimension of a certain view is far smaller than the number of
samples [44]. Thus, one has the following minimization problem:

min Z[Z ||X(U)

Z(L
u v=1 ij

K122 + M Tr(Q L Q)]

+ Z[)»zHZ(v)llz + A3 [EC ], (7)
v=1

sit. XW =xWz0) 4 @) 700 >,

diag(z")=0,Q"Q =1,ZV1=1,

where [|Z")||, is the maximum singular value of Z®. 14, X,, and
A3 are positive penalty parameters.

Note that the first term of Eq. (7) uses Euclidean distance
computed on the original data to guide the local structure learn-
ing. Doing this may not reflect the true closeness between x;
and x; due to the sensitivity of Euclidean distance to noise and
redundancy. To alleviate this problem, the importance of different
features is learned. Consequently, the final multi-view subspace
clustering framework is stated as follows:

ma 3533 W) ©

z(v),
E(V)A% v=1 i=1 j=1

+ ZU»ZHZ(U)HZ + 23lEP Nl 4 20 Tr(Q L Q)]
v=1
s.t. XW = xWzW 4 @) 70 > 0
diag(zZ")=0,Q"Q =1,ZM1 =1,

W) = diag(w™), w® > 0, w™1 =1,

where w® e R™®% js the self-weighted vector for feature of
the vth view. w™) adaptively learns the importance of different
features in the vth view.

One can see that the objective function in Eq. (8) simulta-
neously takes into consideration the global and local structures
of each view. Specifically, the local structure is learned through
more discriminative features instead of pre-computing a locality
constraint on the original feature space. Furthermore, the consis-
tency interweaving in different views according to the clustering
assignment matrix Q shared by all views is captured, since each
view should have a different representation matrix resulting from
the heterogeneity of features from different views, but they have
the same clustering structure. The proposed method is referred to
as Joint Featurewise Weighting and Local Structure Learning for
Multi-view Subspace Clustering (JFLMSC).
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4. Optimization algorithm

The augmented Lagrange multiplier (ALM) method is used to
solve the challenging problem (8). Specifically, the problem (8)
can be optimized alternatively. Auxiliary variables, i.e., Z(") = AV
and ZM = U™ v € {1,...,n,)}, are introduced. Problem (8) is
converted to the following optimization problem:

z(v) E L)A(v) Z Z Z ”W(U)X

U(")Qw(v) v=1 i=1 j=1

wx|3a” (9)

ny

+ ) 220U + 23 IEV + 224 Tr(Q L ),
v=1

s.t.XW) = xiz(w) 4 g0) 7)) — y) z@) = A©)
AY) > 0, diag(AV) = 0,A"1=1,Q"Q =1,
W = diag(w™), w® > 0, w¥1 = 1.

The augmented Lagrangian function of Eq. (9) is

(Z(U) (v) ,Q, A(UJ U(v) (v)) (10)
ny n

=33 DO - W)
v=1 i=1 j=1

ny
+ > 20Ul + 23 lEVly + 224 Tr(Q Ly Q)]
v=1

ny
n Z<A(1v)’X(v) _ xwz) _ E(v))
v=1
ny
" Z(<A(2v)’z(v) _ U(v)>+ (Ag“),z(“ —A(”)>)
v=1
ny

n ,
+ Z EHX(“) — xWz) _ E(’L)”)ZT

v=1
ny

K70
+ DSz

v=1

UD 2 4 120 — A2y,

where A(]"),A(zv), and Ag”) are Lagrangian multipliers, pu is a
positive penalty scalar, and (-, -) denotes the matrix inner prod-
uct. Now, Eq. (10) can be solved by alternately optimizing each
variable with the other variables fixed. It can be seen that Eq. (10)
is reduced to six sub-problems. The optimization for each sub-
problem is as follows:

4.0.1. Z"W-subproblem
When fixing other variables except Z, Eq. (10) becomes

(v)

£(Z0) = X0 — xWiz) o) ¢ A1
n
A(v)
+ 1z - U™ + =22 (11)
w
(v)
A3
12 =AY =

It suffices to take the derivative of £(Z®) w.r.t. Z®) and set it to
zero. The closed-form solution of Eq. (11) is

70 = (x0T x®) 4 21)_1(X(")TV1 +Vy + V), (12)

(v)

A
where V; = X — ”)+ Vz =U®—-22 and V3 = AV — A73

4.0.2. A®)-subproblem
By ignoring the irrelevant terms of Eq. (1
by minimizing

0), one can obtain A®™

mlnz Z ”W(u (U (U)”Z (U) (13)

i=1 j=1

(v)
A

+ 2 Tr(Q Ly Q) + 120 — AV + “E IR,

sit. AW >0, diag(A")) = 0, A1 = 1.
Note that
_l n
5 2 lld = dl3ey” = Tr(Q Ly Q). (14)

ij=1

To simplify the notations, the view index is tentatively ignored.
Eq. (13) can be immediately decoupled into rows, and then the
following problem is solved to obtain the ith row of A:

mmZ 1Wx; — W;li3a; + A1llg' — ¢'l13ay) (15)

j=1
n

“w
+2 (54 -
j=1

st. a>0,a;=0,d1=1,

naihy),

where hy; is the (i, j)th element of H =Z + % Letting

dyj = [|Wx; — Wx;lI5 + Allg" — @115 — phy (16)

be the jth element of d; € R'™*", it is easy to verify that Eq. (15)
can be transformed into:
. d;
min la" + — I|2 (17)

ai>0,a;=0,a1=1

The Lagrangian function of Eq. (17) is:
: .o d; : :
£a.n. )= lla'+ 27l (1 —a't) + pT(—a). (18)

where 1 and § > 0 are the Lagrangian multipliers. It follows from
the Karush-Kuhn-Tucker (KKT) conditions [60] that the optimal
solution da' is:

. d;

d=(—=+n1"),, (19)
"

where (-); = max(-, 0).

4.0.3. Q-subproblem
Treating other variables as constants, Eq. (10) transforms into
the following problem:

min  Tr(Q( Z Law) (20)

QeRNXC, QT _1
To solve problem (20), it suffices to calculate the eigen-

decomposition of Zg;l Lyw). The optimal solution Q* consists of
the c eigenvectors of 23;1 Lyw w.r.t. the c smallest eigenvalues.

4.0.4. U -subproblem
Fixing all variables except U®), the following problem is
solved:
(v)
. , A
min o [UV] + 51200 — U 4 222, (21)
uv) 2 uw

which can be solved by Proposition 4 [59].
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4.0.5. E™-subproblem
All variables except E(*) are fixed to solve the following prob-
lem:

(v)

A
min s |[EV; + & x®) — x0z0) _ p) ¢ Z1 2 (22)
E( 2 %

Following [61], one can obtain:

AW
EW = 25, (X — x0z0) 4 21y, (23)
W Iz

where §2 denotes the shrinkage operator.

4.0.6. w™-subproblem
When fixing the other variables, the problem (10) is equivalent
to the following problem:

min » WO — WK | 2al (24)
L

w®)
s.t. WO = digg(w™), w® > 0, w1 = 1.
According to Eq. (14), problem (24) is rewritten as follows:

min  Tr(WWXVL,,XxOTw ) (25)

w®)

s.t. WO = diag(w™), w® > 0, w1 = 1.
The problem (25) can be further transformed into:

min Tr(W®yw®) (26)

w(v)
sit. W = digg(w™), w® > 0, w1 = 1,
where Y = X("L,,)X™)T, Eq. (26) is simplified as:

min  wyw®’ (27)

w(®)
st w®>0w"1=1,
The Lagrangian function of Eq. (27) is:
(™, n) = wyw" — (w1 -1), (28)

where y = diag(y11, - .., Yd,4,) and 7 is the Lagrangian multiplier.
By taking the derivative of Eq. (28) w.r.t. w® and setting it to
zero, the closed-form solution of Eq. (24) is obtained as follows:

1 1
dy 1777 dy 1
Yn Zj:l Vij ydvdv Zj:] Yii

where the constraint w1 = 1 is used.

w® = ( ), (29)

4.0.7. Multiplier:
w, AV, AV and AL are updated as follows:

U= min(pu, Umay),
A(]v) _ A(]U) + M(X(v) _ xWz) _ E(U))’
A =AY + p(z™ - u),
A(3v) _ A(3u) + u(z® — sy,

where p controls the rate of convergence, jtmqx and p are pre-set
constants.

(30)

4.1. Computation complexity

An augmented Lagrange multiplier with an alternating direc-
tion minimizing (ALM-ADM) algorithm has been derived for the
proposed JFLMSC. For clarity, the optimization algorithm is sum-
marized in Algorithm 1. The computational complexity is compa-
rable with many state-of-the-art multi-view subspace clustering
methods [27,30,47,62]. In particular, the highest computational

Algorithm 1 Solving Problem (8) via ALM-ADM Algorithm

Input: Multi-view data: XV e RG*n  X(m) ¢ Rdwxn gpnd
regularization parameters A1, Az, and As.
Output: Q,Z™ UW) E® AW ™ vy =1,... n,.

1: initialization: u > 0, p > 1, A(lv) =0, A(zv) = Ag”) =0,z =
AWy = 7z E®) = @ and Z™ is an affinity matrix based
on kth nearest-neighbor graph.

2: repeat

3 while v < n, do

4: Update Z® using Eq. (12).

5: Update A™) line by line using Eq. (19).
6:
7
8
9

Update U™ by solving problem (21).
Update E) using Eq. (23).
Update w® using Eq. (29).
: Update A(f), A(Zv), and A(;) using Eq. (30).

10: end while

11: Update Q by solving problem (20).

12: Update u using Eq. (30).

13: until convergence

costs in 1 are incurred in Steps 1, 3, and 4. The complexity for
updating Z) in Step 1 is O(n®). The Woodbury formula [63] is
utilized to compute the inversion in Eq. (12). Then, the complexity
in Step 1 is reduced to O(d,n?). One only needs to compute
the inversion once since it is not updated during the iterations.
The complexity for updating F is O(nd,c) by using the partial
singular value decomposition (SVD). Generally, Step 4 takes O(n®)
due to the full SVD. One can utilize the partial SVD to improve
the efficiency of Step 4. The complexity for updating U(”)(i)s
reduced to O(r,n?), where r, is the rank of Z®) — y® 4 “2_
and the rank prediction strategy [64] is used. Therefore, the total
time complexity of Algorithm 1 is O(n,(d,n? + tr,n?)), where
t is the iteration number. Moreover, one may exploit a more
efficient approach motivated by the recent studies [65,66] on
large-scale clustering. Theoretically proving the convergence of
the ALM-ADM algorithm is difficult [27,30,45-47]. As in previous
work [27,46,47], the convergence in the experiment is empirically
verified. However, under mild conditions, one can show that any
limit point of the iteration sequence generated by Algorithm 1
is a stationary point that satisfies the KKT conditions. Detailed
convergence analysis can be found in [67].

5. Experiments

In this section, experiments with five public datasets are per-
formed to evaluate the clustering performance of the proposed
JFLMSC. Benchmarking clustering is generally difficult [27]. Fol-
lowing previous work [40], five evaluation metrics, i.e., ACC (Clus-
tering Accuracy), NMI (Normalized Mutual Information), Preci-
sion, F-score, and ARI (Adjusted Rand Index), are adopted.

5.1. Datasets

In the experiments, a diversity of five datasets, i.e., 100leaves,
MSRC-v1, ORL, BBCSport, and Outdoor Scene, was collected to
confirm that the proposed JFLMSC is effective.

1. MSRC-v1 dataset [68] is from Microsoft Research in Cam-
bridge and includes 210 images and nine object classes.
Following [69], GIST is extracted with dimension 512, HOG
with dimension 100, LBP with dimension 256, SIFT with
dimension 210, color moment with dimension 48, and
CENTRIST with dimension 1302 visual features from each
image.
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Table 2 Table 3
Descriptions of datasets. Clustering results on MSRC-v1 dataset.
Datasets 100leaves MSRC-vl ORL Outdoor Scene BBCSport Methods Metrics
Number of samples 1600 210 400 2688 544 ACC (%) NMI (%) ARI (%) Precision (%) F-score (%)
Number of clusters 100 7 40 8 2 NCut [15] 63.81 51.00 2081  47.16 29.14
#d, 64 254 4096 432 3183 CRMSC [36] 78.10 66.77 60.59 65.12 66.15
#d, 64 24 3304 256 3203 MCAN [26] 88.10 77.74 74.25 80.36 77.86
#ds 64 512 6750 512 - AMGL [29] 80.00 73.94 65.44 75.04 70.15
#d, - 576 - 48 - LMSC [30] 78.57 69.69 61.82 66.18 67.20
#ds - 256 - - - SWMC [39] 78.10 73.75 67.23 78.29 72.03
CSMSC [27] 84.76 75.02 69.96 73.39 74.17
MLRSSC [72] 82.71 74.22 68.49 74.83 72.98
NESE [40] 82.38 73.28 68.52 71.47 72.65
2. ORL dataset [70] is a database of faces from AT&T Laborato- JFLMSC 9143  82.30 8106  83.54 83.69

ries Cambridge, which contains 10 different images of each
of 40 distinct subjects. For ORL, three types of features are
extracted, i.e., the intensity with dimension 4096, LBP with
dimension 3304, and Gabor with dimension 6750.

3. Outdoor Scene [40] is commonly used for evaluating the
performance of full-scene segmentation. For each image,
GIST is extracted with dimension 512, color moment with
dimension 432, HOG with dimension 256, and LBP with
dimension 48.

4. BBCSport [42] consists of 544 documents from the BBC
sports website, including sports news articles in five hot
areas from 2004 to 2005.

5. One-hundred plant species leaves dataset (100leaves) [71]
consists of 1600 samples from each of 100 plant species.
For each sample, texture histogram, fine-scale margin, and
shape descriptor are given.

The datasets used are summarized in Table 2, in which d,
denotes the dimension of features in view v.

5.2. Compared methods

The proposed JFLMSC method was compared with the follow-
ing baseline methods, including several closely related state-of-
the-art approaches.

1. Normalized Cut (NCut) [15] is a traditional spectral cluster-
ing approach for clustering single-view data. The features
of each view of multi-view data are concatenated in a
column-wise manner to feed into NCut.

2. Co-regularized Multi-view Spectral Clustering (CRMSC)
[36]° is a spectral clustering framework that achieves ex-
ploiting information from multiple views by co-regularizing
the consistency across the views.

3. Multi-View Clustering with Adaptive Neighbors (MCAN)
[26]* is a novel multi-view learning model that performs
clustering and local structure learning simultaneously.
Moreover, MCAN can allocate an ideal weight for each view
automatically.

4. Auto-Weighted Multiple Graph Learning (AMGL) [29]° is
a novel framework obtained by the reformulation of the
standard spectral learning model, which can learn an opti-
mal weight for each graph automatically.

5. Self-weighted Multi-view Clustering with Multiple Graphs
(SWMC) [39]° explores a Laplacian rank-constrained graph,
which can be approximated as the centroid of the built
graph for each view with different confidences.

3 The code is available at http://users.umiacs.umd.edu/~abhishek/papers.
html.

4 The code is available at http://www.escience.cn/people/fpnie/index.html.
5 The code is available at http://[www.escience.cn/people/fpnie/index.html.
6 The code is available at http://www.escience.cn/people/fpnie/index.html.

6. Latent Multi-view Subspace Clustering (LMSC) [30]” clus-
ters data points with latent representation and simulta-
neously explores underlying complementary information
from multiple views.

7. Consistent and Specific Multi-View Subspace Clustering
(CSMSC) [27]® is a novel multi-view subspace cluster-
ing method, where consistency and specificity are jointly
exploited for subspace representation learning.

8. Multi-view Low-rank Sparse Subspace Clustering (MLRSSC)
[72]° learns a joint subspace representation by construct-
ing affinity matrix shared among all views.

9. Multi-view Spectral Clustering via Integrating Non-negative
Embedding and Spectral Embedding (NESE) [40]'° inherits
the advantages of both graph-based and matrix factoriza-
tion methods.

5.3. Experimental settings

In this work, the cluster number was set to just the true
number of classes, which can be estimated by existing algorithms.
All views of multi-view datasets were concatenated to form a
new single-view dataset for NCut. NCut, CRMSC, AMGL, and NESE
constructed the affinity matrix by the Gaussian kernel, in which
the constant 1 was used as the Gauss kernel parameter. The
parameter A in CRMSC was chosen from 0.01 to 0.05 with a step
0.01. The kth-nearest-neighbor graph was constructed for MCAN
and SWMC. k was selected from 3 to 15. For the state-of-the-art
multi-view subspace clustering methods MLRSSC, LMSC, CSMSC,
and the proposed JFLMSC, the parameter values were chosen from
the set {0.00001, 0.0001, 0.001, 0.01, 0.1, 1, 10, 100}. To guarantee
convergence of algorithms, the maximum number of iterations
was set to 200. Each algorithm was run 20 times, and then their
best performances are recorded.

5.4. Clustering results

The proposed JFLMSC was compared with the competing
methods in terms of ACC, NMI, ARI, F-score, and Precision. Ta-
bles 3-7 present the clustering results on the five public datasets,
and the best results are highlighted in bold and the second-
best are underlined for each metric. A larger value implies bet-
ter clustering performance for all five metrics. In the major-
ity of cases, the proposed JFLMSC method achieves the best
performance compared to the other state-of-the-art multi-view
clustering methods. Additional important findings follow.

7 The code is available at http://cic.tju.edu.cn/faculty/zhangchangqing/code.
html.

8 The code is available at https://github.com/XIAOCHUN-CAS/Consistent-and-
Specific-Multi-View-Subspace-Clustering.

9 The code is available at https://github.com/mbrbic/Multi-view-LRSSC.

10 The code is available at https://github.com/sudalvxin/SMSC.git.
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Table 4 Table 8
Clustering results on 100leaves dataset. Clustering results on contaminated data.
Methods Metrics Methods Metrics
ACC (%) NMI (%) ARI (%) Precision (%) F-score (%) ACC (%) NMI (%) ARI (%) Precision (%) F-score (%)
NCut [15] 67.19 83.76 56.48 51.61 56.93 CRMSC [36]  28.48 16.07 8.17 19.13 24.17
CRMSC [36]  80.06 92.12 75.55 71.01 76.56 MCAN [26] 72.86 65.33 56.39 68.08 62.78
MCAN [26] 89.95 94.78 83.30 87.89 83.46 AMGL [29] 70.95 65.70 5477 55.73 61.72
AMGL [29] 82.06 90.64 60.34 83.93 62.42 LMSC [30] 55.24 45.65 3431 43.09 43.68
LMSC [30] 77.44 88.33 65.15 65.70 68.60 SWMC [39] 8143 70.56 62.76 7136 68.16
SWMC [39] 9125 95.35 78.44 92.16 78.67 CSMSC [27]  64.29 53.11 48.17 48.87 56.48
CSMSC [27]  79.19 89.93 72.41 69.22 72.69 MLRSSC [72] 5476 4243 3040 4332 40.16
MLRSSC [72]  70.94 85.30 60.45 64.25 60.84 NESE [40] 75.71 67.32 58.93 63.18 64.80
NESE [40] 90.69 94.25 85.15 84.45 84.80 JFLMSC 83.33 69.73 65.41 69.64 70.25
JFLMSC 95.44 97.83 9346  92.22 93.53
Table 5 data, while concatenating all views of multi-view datasets
Clustering results on Outdoor Scene dataset. . . . .
- cannot effectively leverage information from multiple data
Methods Metrics sources
ACC (%) NMI (%) ARI (%) Precision (%) F- % ) - . .
(%) (%) (%) _ Precision (%) score (%) 2. Compared to multi-view spectral clustering methods, i.e.,
ng‘\jltslcﬂﬁl 0% I 198 265 pred CRMSC, NESE, and AMGL, the proposed JFLMSC method
MCAN [26] 62.17 52.06 41.19 33.00 50.07 also shows the best results on five databases. For example,
AMGL [29] 60.49 54.97 42.52 44.28 51.09 on the MSRC-v1 dataset, it outperforms the state-of-the-
g\//lvsl\g CB[;)]Q] gg'g 2;4112 ig'é; gg'gi g}g; art for NESE by a more than 10% improvement in terms
CSMSC [27] 73:48 57:96 52:]9 56:51 58:47 of ACC, ARI, Precision, and F-score. This validates the ef-
MLRSSC [72]  69.20 54,52 47.54 56.35 54.42 fectiveness of the proposed method, which can learn a
prop
NESE [40] 7147 54.95 4558 5232 5452 higher-quality similarity graph by exploring the global and
JFLMSC 72.58 61.08 5495  57.13 6147 A
local structures of data simultaneously.
3. The state-of-the-art multi-view subspace clustering meth-
g‘b'e‘? s on ORL d ods MLRSSC, LMSC, and CSMSC show better performance
ustering results on - ataset. on the ORL, BBCSport, and Outdoor Scene datasets com-
Methods Metrics .
- - - — - pared to non-subspace clustering methods. For example,
ACC(%) NMI(%) ARI(%) Precision (%) F-score (%) CSMSC shows the best result in terms of ACC on the
NCut [15] 65.75 79.07 50.71 50.06 51.90 _
CRMSC [36] 7378 86.93 25.89 241 26,65 Outdoor Scene dataset. However, LMSC shows lower per
MCAN [26] 72.75 83.84 4946  75.89 50.97 formance on the MSRC-v1 dataset compared to the other
AMGL [29] 74.00 85.20 56.95 48.86 58.15 multi-view clustering methods. CSMSC lags behind JFLMSC
E%SI\EC[?;)]Q] % % % ;g;g % on the 100leaves dataset. This is because LMSC and CSMSC
CSMSC [27] 8300  90.05 7502 7125 75.62 completely ignore the local structure of data. MLRSSC also
MLRSSC [72] 7875 87.89 68.73 74.61 69.47 shows competitive performance compared to CRMSC,
NESE [40] 77.00 88.14 70.11 64.19 70.85 AMGL, and SWMC. This is because MLRSSC integrates low-
JFLMSC 84.75 93.31 81.39  77.38 81.83 . L
rank representation and sparse representation into a frame-
work while ignoring the manifold structure of the data.
T?ble 7 | . JFLMSC outperforms MLRSSC on all datasets in all metrics
C;S“:":lg results '3[“ BBCSport dataset. due to adaptive distance regularization.
ethods etrics — 4, The proposed JFLMSC method consistently outperforms
ACC(%) NMI(%) ARI(%) Precision (%) F-score (%) all competitors in terms of NMI, ARI, and F-score on all
NCut [15] 6085 3357 3108 40.25 5254 five datasets. This fact indicates that simultaneously unify-
CRMSC [36]  65.74 54.39 42.90 55.97 62.59 . . .
MCAN [26] 72.43 70.98 60.65 96.27 7237 ing the global representation learning and local structure
AMGL [29] 7151 67.42 57.45 55.64 70.26 learning enables it to learn the optimal graph for clus-
LMSC [30] 88.97 71.40 7222 80.14 78.74 tering. Specifically, the JFLMSC method learns weights for
SWMC [39] - 73.16 65.68 25.23 o181 6861 different features, which can further improve clusterin,
CSMSC [27] 9626  88.09 90.18  92.79 93.15 ! ures, whi u mprove clustering
MLRSSC [72]  96.69 89.38 91.59 92.43 93.56 performance.
NESE [40] 92.83 83.57 84.04 83.69 88.04
JFLMSC 96.88 89.92 92.18  94.05 94.03
5.5. Robustness study
1. Compared to the single view spectral clustering method Following [73], the robustness of the proposed JFLMSC method

NCut, all of the multi-view clustering methods gain better
results. For example, CRMSC outperforms NCut by nearly
20% in terms of ARI on the MSRC-v1 dataset. In particular,
the improvement of the proposed JFLMSC method with
respect to NCut is approximately 28%, 31%, 41%, 36%, and
34% on ACC, NMI, ARI, Precision, and F-score, respectively.
This phenomenon demonstrates that multi-view clustering
methods can better mine the latent clustering structure of

was examined by adding commonly seen Gaussian noise. Specif-
ically, views 3, 4, and 5 of the MSRC-v1 dataset were chosen to
form a new multi-view dataset. Several samples of each view of
the dataset were randomly corrupted with Gaussian noise with
different variances, i.e., 0.01, 0.03, and 0.05. As shown in Table 8,
the proposed method exhibits the best performance compared to
other compared multi-view clustering methods in terms of ACC,
ARI, and F-score.



S.-X. Lin, G. Zhong and T. Shu / Knowledge-Based Systems 205 (2020) 106280 9

100leaves
1y Y N z
L —p >
081
0.6
&)
Q
<
04
0.2r
0 .
6 -5 -4 -3 -2
Iog)\1
ORL
1 .
0.8. P '>\>/—">
0.6
&)
Q
<
04
0.2
0 . . .
7 6 5 -4 -3

Fig. 2. ACC of JFLMSC method vs. different values of parameter A;.

] MSRCv1
B [ B | .
 am L —
08 1
06 1
o
(&)
<
04 1
0.2 1
0 . . .
-7 -6 -5 -4 -3
Iog)\1
Outdoor Scene
0.8 :
0.77 : ®
06
051
3 04
g0
031 1
0.2 1
0.1 1
0 . . .
-6 -5 -4 3 -2
Iog>\1
Table 9
Ablation study of proposed method.
Methods Metrics
ACC (%) NMI (%) ARI (%) Precision (%) F-score (%)
MSRC-v1
Eq. (6) 80.95 73.67 69.08 70.29 73.64
Eq. (7) 83.26 76.91 70.76 70.64 75.18
JFLMSC 9143 82.30 81.06 83.54 83.69
100leaves
Eq. (6) 85.88 92.87 80.37 76.47 80.57
Eq. (7) 94.00 97.33 92.04 90.56 92.11
JFLMSC 95.44 97.83 93.46 92.22 93.53
Outdoor Scene
Eq. (6) 69.53 56.77 48.11 54.22 54.84
Eq. (7) 72.32 61.07 54.71 56.55 61.27
JFLMSC 72.58 61.08 54.95 57.13 61.47
ORL
Eq. (6) 79.75 89.02 72.73 68.77 73.39
Eq. (7) 84.50 91.79 78.20 74.89 78.72
JFLMSC 84.75 93.31 81.39 77.38 81.83

5.6. Ablation study

An ablation study of the proposed method was conducted;
that is, results only capturing local structure and results without

considering featurewise weight learning were analyzed sepa-
rately. Table 9 reports the clustering results on the four datasets.

Eq. (6) was used to adaptively learn the local structure of
each view, while Eq. (7) simultaneously learns the global and
local structure of each view. Table 9 demonstrates that the im-
provement of Eq. (7) is significant compared to that of Eq. (6).
The clustering ACC of Eq. (7) on the 100leaves dataset achieves
an improvement of more than 9% in comparison with Eq. (6).
Similarly, Eq. (7) outperforms Eq. (6) by nearly 7% on the Outdoor
Scene dataset in terms of F-score.

Furthermore, one can see that the proposed JFLMSC method
achieves the best clustering results. In particular, on the MSRC-
v1 dataset JFLMSC achieves more than 10% of ARI and Precision
compared to the second-best method. In conclusion, the proposed
JFLMSC method effectively captures the global and local structure
of multi-view data, and if the original data are noisy JFLMSC
can adaptively assign small weights for noisy features and large
weights for discriminative features. Thus JFLMSC outperforms
Egs. (6) and (7).

5.7. Computational speed, parameter, and convergence analysis

The clustering times of the proposed JFLMSC method on five
multi-view datasets, as well as a comparison between it and
CRMSC, MCAN, AMGL, LMSC, SWMC, CSMSC, and NESE, are re-
ported in Table 10. All of the methods are implemented on a
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Table 10
Runtime (in s) comparison on five multi-view datasets.
Datasets Methods
CRMSC MCAN AMGL LMSC SWMC CSMSC NESE MLRSSC JFLMSC
100leaves 2273 3.45 12.98 159.70 8.47 7.96 7.36 62.96 105.21
MSRC-v1 2.37 0.39 0.60 2.49 0.86 1.48 0.37 6.14 2.42
ORL 6.42 0.96 1.04 23.80 0.90 6.41 1.15 5.64 16.46
Outdoor Scene 47.43 21.74 64.59 655.71 47.45 157.75 13.81 599.94 326.72
BBCSport 3.74 1.16 1.02 18.56 1.84 5.11 36.91 428 14.18

computer with a 3.3-GHz Intel 19-9940X CPU and 64 GB of RAM
running MatLab version R2018a (MathWorks, USA). The methods
were run 10 times and the average running times recorded.
As shown in Table 10, one can see that although the proposed
JFLMSC is not the most efficient, its runtime is at the same level
as the state-of-the-art LMSC and MLRSSC methods.

For the proposed JFLMSC method, three parameters in Eq. (8)
balance the importance of the 2-norm constraint term, error term,
and consistency term of all views. How the clustering ACC varies
with the change of these three parameters was investigated. To
deeply study the influence of parameters on clustering perfor-
mance, parameter values from {le—7, 1le—6, le—5, ..., le—1, 1}
were selected.

First, the parameters A, and A3 were fixed, and then the
proposed JFLMSC method performed with different values of 1,

to observe the influence of A, on the clustering ACC. From Fig. 2,
it can be seen that ACC is insensitive to A; when A; < le—4.
Notably, when A; > 1le—4, ACC drops sharply on the Outdoor
Scene dataset. This is because the consistency term may destroy
the diversity learning of each view if A; is too large.

Fig. 3 shows ACC versus different values of A, and A3 with
fixed A1. It is observed that ACC of the proposed JFLMSC method is
sensitive to A, and As. Different datasets need different parameter
combinations to achieve the best performance. In reality, one can
first fix parameter A; since it is not sensitive to the clustering
performance, and then use cross-validation to find the optimal
Ao and A3.

Fig. 4 exhibits the trend of the objective value computed by
the proposed Algorithm 1 regarding the number of iterations



S.-X. Lin, G. Zhong and T. Shu / Knowledge-Based Systems 205 (2020) 106280 11

MSRCv1

087
0.6
047

0.27

Objective Function Value

0 I I
0 20 40 60

Number of iterations
Outdoor Scene

0.2

0.15¢

0.17

0.05¢

Objective Function Value

0 1 n
0 20 40 60

Number of iterations

«10% 100leaves

o5 T

)

©

=>4t

[

ie)

©3r

C

L

© 2

=

81|

2,

Oo - - -
0 10 20 30 40

Number of iterations

«10* ORL

q) T

2537

(]

>

[

Ke)

B 2]

[

>

L

21

©

()

2,

Oo - - s
0 5 10 15 20

Number of iterations

Fig. 4. Convergence analysis of proposed method.

on four datasets separately. The result empirically confirms the
convergence behavior of Algorithm 1.

6. Conclusions

In this paper, a novel multi-view subspace clustering method
named Joint Featurewise Weighting and Lobal Structure Learn-
ing for Multi-view Subspace Clustering (JFLMSC) is presented.
Specifically, adaptive local learning, self-representation learning,
and weight learning for features are seamlessly integrated into a
unified framework to exploit the global and local structures of
each view for multi-view subspace clustering. In the proposed
method, discriminative features are assigned high weights, while
noisy features have low weights. As a result, one can obtain
a high-quality similarity graph for each view, which also ex-
tracts the consistency information across different views using
the consensus clustering assignment matrix. Extensive experi-
mental analysis was carried out on five benchmark multi-view
datasets in terms of performance comparison, robustness study,
ablation study, sensitivity analysis, and convergence analysis, the
results of which demonstrate the superiority of the proposed
method. The complexity of the proposed method is largely de-
termined by the size of samples, which may restrict its usage
to small- to middle-sized datasets. In planned future research,
the landmark-based strategy [74] may be utilized to improve
the scalability of JFLMSC such that it can apply to large-scale
multi-view subspace clustering.
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