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1. Introduction

Clustering plays a fundamental role in various research areas,
such as data engineering, pattern analysis, and machine intelli-
gence. In practice, although empirical data is diverse, complicated,
and of large-scale, a linear model is usually assumed for the con-
sideration of simplicity and efficiency. Mixture of subspaces is one
of the most popular models used to represent empirical data. In
this paradigm, the data is assumed to reside in a union of low-
dimensional subspaces, which are observed in a high-dimensional
space with corruptions and noise contamination. As a result, sub-
space clustering [1,2] (also known as subspace segmentation) has
received much attention in recent years. The theoretical analysis
of subspace clustering is studied in [3]. Practically, subspace clus-
tering has been extensively applied to various problems, such as
machine learning [4] and computer vision [5], and achieved im-
pressive results.

Subspace clustering focuses on solving the following problem:
Given a collection of data samples drawn from a union of indepen-
dent subspaces, cluster all data samples into their respective sub-
spaces in a high-dimensional observation space. Recent years have
witnessed a great success in developing subspace clustering algo-
rithms, such as generalized principal component analysis (GPCA)
[6], random sample consensus (RANSAC) [7], matrix factorization

* Corresponding author.
E-mail address: suiyao@gmail.com (Y. Sui).

https://doi.org/10.1016/j.patcog.2019.06.019
0031-3203/© 2019 Elsevier Ltd. All rights reserved.

based approaches [8], dynamic graph construction [9], and local
adaptive learning [10]. Most recently, there is a significant inter-
est in structured representation based methods [11-22]. In these
methods, the data samples are represented in a self-expressive form
with specific structure constraints, like sparsity [23] and low-rank
[24]. The structured representations describe the relationship be-
tween pairwise data samples. It has been theoretically demon-
strated that the representations respectively with sparsity [11] and
low-rank [12] structures correspond to the clustering structures of
data samples. Such exciting results motivate us to exploit more ad-
vantages of the structured representations for subspace clustering.

The first issue to be addressed is what relationship among
the data samples should be exploited. Sparse representation based
methods [11,13] can capture the neighborhood structure of the data
samples. Such a structure has the desirable property and is promis-
ing to subspace clustering. However, although the sparsity con-
straint can embody the relations between pairwise samples inde-
pendently, it fails to reflect the global structure in all data sam-
ples. For this reason, low-rank representation is adopted to exploit
the global relationship [12,14,16]. With the low-rank constraint, the
correlations between data samples are strengthened within clus-
ters, but weakened between clusters. However, in practice, the
low-rank representation may fail to be of a block-diagonal matrix
form, which reveals the membership of data samples. Furthermore,
the low-rank representation does not leverage the neighboring in-
formation that is critical to subspace clustering. To this end, we are
encouraged to exploit both the neighborhood and the global struc-
tures.
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Second, it is unknown so far that how to exploit the rela-
tionship between data samples. Several studies have considered
both the neighborhood and the global structures via various in-
tegration strategies [15,18]. In these methods, a subspace trans-
form is learned from data samples, and simultaneously, the struc-
tured representations, such as sparse [15], low-rank [18], and low-
rank sparse [18] representations, are evaluated over the trans-
formed samples obtained by projecting original data samples onto
the learned subspace. These methods are also considered as an ef-
fective approach to dimensionality reduction [25]. Although these
approaches achieve the state-of-the-art results in various sub-
space clustering applications, like face and handwritten digit im-
ages clustering, a major concern on these methods is the repre-
sentation capability of one single subspace (i.e., the latently learned
subspace) to the data samples that actually reside in a union of
subspaces. Moreover, these methods are evaluated only by empir-
ical results. There is no theoretical evidence to support that the
structured representations used in these methods explicitly corre-
spond to the true clustering structure. In addition, subspace learn-
ing has been shown to be very sensitive to outliers. However, due
to the model complexity and computational efficiency, the robust-
ness against outliers in data samples has not been taken into con-
sideration in these methods. To this end, we need both a theoreti-
cal support and a practical strategy to find an effective integration
approach for the neighborhood and the global structures.

Inspired by the previous success, we prove in this work that,
by propagating a low-rank structure, the sparsity of the represen-
tations of data samples can be promoted, leading to a more ro-
bust description for the clustering structure. The low-rank struc-
ture exploits the global information of the data samples, while the
sparsity captures the neighborhood structures of the data samples.
In this work, we first propose a theoretical support for this ob-
servation and design a novel algorithm for structured representa-
tion based subspace clustering. Two cascade self-expressions are
employed to implement the propagation. The first one leads to a
low-rank representation of the data samples; whereas the second
results in a sparse representation of the former low-rank represen-
tation. With the sparse representation, we define an affinity matrix
and submit it to a spectral clustering algorithm to obtain the fi-
nal clustering results. Extensive experimental results on both syn-
thetic and real data demonstrate that our approach outperforms
most of the state-of-the-art counterparts. In addition, the proposed
approach is further analyzed from both a geometric and a physi-
cal viewpoint, respectively. We show that our approach, by jointly
exploiting the global structure of all data samples under a dis-
tance metric, promotes the membership of data samples through
the sparsity promotion.

The rest of this paper is organized as follows: the most related
works on subspace clustering are reviewed in Section 2; the pro-
posed approach and theoretical analysis are presented in Section 3;
the detailed interpretations are discussed in Section 4 from both
geometric and physical perspectives; the experimental results on
both synthetic and real data sets are reported in Section 5; and
this work is concluded in Section 6.

2. Background
2.1. Self-expression for subspace clustering

Self-expression [23,26] is a formulation where a data sample
is represented as a linear combination of all the data samples. It
leads to a set of representations that describe the relationship be-
tween pairwise data samples. Specifically, given the data matrix
y € R9" of which each column denotes a data sample, the self-
expression of the data samples is

y=yX, (1)

where X e R™*" denotes the representations of the data samples
y. In the self-expression, x; can be considered as certain relation-
ship, such as similarity and correlation, between the i-th and the
j-th samples. Thus, the representation X can reveal the structure
of the data samples in the sense of the relationship. For subspace
clustering, the structure of X is expected to be consistent with the
membership of the data samples, i.e., with strong relations within
clusters and weak relations between clusters. Note that X is not
a balanced description for the data samples because x; may not
be equal to x;;. For this reason, the non-negative and symmetric
representation A = |X| + |XT|, called the affinity, is often employed,
where |-| computes element-wise absolute values of a matrix.

To obtain accurate clustering results, the affinity A usually in-
corporates with a spectral clustering algorithm, such as normal-
ized cuts [27] and Ng et al.’s method [28]. Specifically, a undirected
graph G = (V,E) can be defined via the affinity A, where the ver-
tex set V contains all the data samples, and there is an edge v;<v;
in the edge set E if a;; #0. Taking the graph G as the input of the
spectral clustering algorithm, we obtain the final clustering results.

2.2. Structures in self-expression

Suppose that we have sufficient amount of data samples, such
that their number n is much greater than their dimension d. In
practical, most empirical data meets this assumption. In this case,
the self-expression in (1) may have infinitely many solutions be-
cause it represents an under-determined system (n>>d). As a re-
sult, certain extra constraints on the representation X are required
to ensure that the self-expression has a unique solution. In sub-
space clustering, the extra constraints are often implemented by
some structures, like sparsity and low-rank, which can reveal the
membership of data samples.

Sparsity Structure. By imposing sparsity structure on the rep-
resentation X of the data samples y, a sparse subspace clustering
(SSC) algorithm is achieved in [11], which is expressed as the fol-
lowing optimization problem.

, y=yX
min [1X1lo S't'{diag(X) o, (2)
where the ¢p-norm || - || counts the non-zeros of a matrix, and the
second constraint on the diagonal elements prevents X from being
a trivial solution, i.e., an identity matrix. Through the minimization,
the sparsity structure of X is exploited, which corresponds to the
neighborhood structure of the data samples y.

Low-Rank Structure. By enforcing X to be of low-rank, the
low-rank representation based subspace clustering (LRR) algorithm
[12] is achieved as follows.

rr}(in rank(X), s.t.y=yX, 3)
where the rank(-) returns the rank value of a matrix. Through the
rank-minimization, the low-rank structure of X is exploited, which
corresponds to the global correlation structure of the data sam-
ples y. [29] extended the LRR structure to a idempotent matrix
form, where the low-rank representation matrix X is constrained
by X = X? to enhance the low-rank structure. Li and Fu [22] pro-
posed a discriminative subspace method via low-rank constraint. Li
et al. [30] proposed a rank-constrained clustering approach with a
flexible embedding.

Low-Rank and Sparse Structures. The data representations can
be low-rank and sparse simultaneously.

rr}(inrank(X) +AlX]lp, st y=yX (4)
Several methods utilize the above formulation and its variants to

achieve state-of-the-art subspace clustering algorithms. A sparsity
structure on a latent subspace representation of the data samples
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is exploited in [15]. Based on the latent subspace method [15], a
low-rank and sparse structure is adopted in [18]. A subspace struc-
tured ¢;-norm is proposed in [19], resulting in impressive cluster-
ing results. In [14], a low-rank structure is imposed on the data
reconstructed over a noiseless subspace that latently learned from
the original data samples (i.e., robust PCA [31] with a sparse cod-
ing), leading to a closed-form solution of subspace clustering.

Although our approach also employs low-rank and sparse con-
straints on the data representation, the low-rankness and the spar-
sity are leveraged in a cascaded way, compared to the parallel
representation in previous methods under the formulation in (4).
Briefly, previous methods impose both the low-rank and the sparse
constraints on the data representation X, while our approach intro-
duces a middle layer representation X with low-rank structure for
the actual data representation Z with sparsity structure (see the
details below).

3. Proposed approach
3.1. Problem statement and formulation

As the clustering has the subspace property, a low-rank rep-
resentation could be leveraged to reveal the subspace structure
among the data samples, which exploits the global information of
the cluster membership. Meanwhile, it has been demonstrated that
the neighborhood structure of the data samples is crucial to dis-
cover the clusters through a sparse graph based on sparse rep-
resentation, as shown in recent study [11,13,16]. To this end, a
sparse representation is constructed over the low-rank representa-
tion, where the neighborhood structure is exploited over the sub-
space structure, leading to a cascaded representation scheme.

Let y € RY*" denote the data samples drawn from a union of
k independent subspaces. To capture the global structure, we im-
pose a low-rank constraint on the self-expression of the data sam-
ples y, leading to a low-rank representation X. On the other hand,
we propagate the low-rank constraint to the sparsity structure of
the data samples. As a result, a sparsity constraint is enforced on
the self-expression of the low-rank representation X, leading to a
sparse representation Z. Mathematically, the above presentation is
formulated by

r;(lizn rank(X) + A||Z||,

y=yX,
st. X=Xz, (5)
diag(Z) =0,

where A >0 is a weight parameter, and the third constraint on
the diagonal elements of Z prevents it from being an identity ma-
trix that is trivial to the representation. Note that the rank func-
tion rank(-) and the ¢y3-norm || -||o are non-convex and have been
demonstrated to be NP-hard on their minimizations. In practice,
their convex conjugates, the trace-norm | - |« and the ¢;-norm
Il -1, are used as the effective approximations, respectively. To this
end, (5) is approximated by

in || X AZ
min [X|, + 22,

y=yX
st X=Xz, (6)
diag(Z) = 0,

where the trace-norm ||X||, = >;|s;|, with s; being the singular
values of the matrix X. Note that the sparse representation Z is
encoded with both the global and the neighborhood structures via
the low-rank structure propagation, which are desirable to sub-
space clustering. In the following, we propose a theoretical evi-
dence for the fact that the optimal solution (X, Z) to (6) reveals
the true clustering structure of the data samples y.

Theorem 1. Assume that y is a data sample matrix, of which the
columns are drawn from a union of k independent subspaces. There
exists an optimal solution (X, Z) to the problem in (6) with X and Z
being respectively block-diagonal under a permutation matrix I, spec-
ifying the membership of the data samples

X;, 0 0 ... O
0 X3 0 ... O
X= . T,
L 0 0 Xy
2, 0 O 0
0 2z, O 0
Z= r
L0 0 0 ... Z
where X; and Z; are of size n; x n; for i=1,2,...,k, and n; denotes

the number of the data samples drawn from the i-th subspace.

Proof. Let (X, Z) be an optimal solution to (6). Construct two
block-diagonal matrices P and Q with

_Jxij yieScand yje S,
bij = 0, otherwise,

_ )z, yieSiandyje S,
bij = {0, otherwise, 7)

for any subspace S;. Let U=X—P, then, for any sample y; € S,
we have [yP]; € S, [yX]; € S¢, and [yU]; = [yX]; — [yP]; € Se. Ac-
cording to the construction in (7), [yU]; ¢ S¢. and thus, [yU]; = 0.
Due to the arbitrariness of y;, we have yU =0, ie,,

y=yX=yP. (8)

Moreover, let V=2 -Q=V,+V;, where V, and V; denote the
components of the errors V whose corresponding samples belong
to S, and not, respectively. Because [yPZ]; = [yXZ]; € S,, [yPQ]; €
S; and [yPV,]; € S;, we have [yPVZ]j = [yPZ]; - [yPQ]; - [yPV,]; €
S;. However, according to the construction of Vg, it is evident that
[yPVz]j ¢ S,. Hence, we have [yPV?]j = 0. This leads to yPV; =0,

ie.,

y=YyXZ=yP(Q+V,). (9)
From (8) and (9), we have found a feasible solution (P,Q+V,) to
(6).

Next, we will show that (P,Q+V,) is also an optimal so-
lution to (6). Now, we have Z=Q+V,+V; and expect V; =0.
Considering contradiction, we assume that V; # 0. Since the sup-
port sets satisfy supp(V.) Nsupp(V;) = ¢, we have [|Q+V,|; <
||Q+ V, +VZH1 =||Z];. Meanwhile, we have [P« <|X]« from
Lemma 3.1 of the work [12]. Thus, the objective value

[Pl +AIQ+ Vel < IX]l, +AlZ]l,, A >0.

Since (X, Z) is the optimal solution, the above inequation cannot
hold. As a result, the assumption of V; # 0 fails, i.e., V; = 0. It in-
dicates that

- Jaij+ vy, vieS andyje S,
Zij = {O, ' otherwise. (10)

let T be a permutation matrix that satisfies y=
[V1.¥2,--.,¥x]T, where y; denotes the n; samples drawn from
the i-th subspace. Thus, ZI'"! is block-diagonal and each diagonal
block is of size n; x n;. Similarly, we can easily show that XI'"! is
block-diagonal and each diagonal block is of size n; xn;. O

Note that the optimal solution to (6) may not be unique. For
this reason, Theorem 1 dose not guarantee that an arbitrary opti-
mal X is block-diagonal under T'. Similar results are also shown in
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[12]. However, Theorem 1 guarantees that any optimal Z is block-
diagonal under T. This is one of the reasons that we choose Z,
rather than X or XZ, to construct the affinity matrix. Further dis-
cussions are addressed in Section 4.

A similar representation method is proposed in [29], where
a cascaded constraint is applied on the low-rank representation
by means of idempotent matrix form to emphasize the low-rank
structure:

y=yX
minrank(X), s.t. {X=X?,
X 1,X =1,.

The first constraint results in a low-rank self-expression for the
original data samples y. The second constraint promotes the low-
rank structure by the self-representation (i.e., the idempotent ma-
trix). The last constraint is applied to ensure the solution is non-
trivial (i.e., prevents the solution from a zero or identity matrix).
Although the cascaded representation is leveraged in both [29] and
the proposed approach, the representation behind the constraints
leads to different motivations and explanations. The proposed ap-
proach propagates a low-rank structure from the data samples, de-
scribed by X, to a sparse representation Z that is constructed from
X jointly. The resultant representation Z is promoted in terms of
the sparsity that is demonstrated to be critical to the clustering
performance. In contrast, Wei et al. [29] did not consider the spar-
sity structure for the data representation. The additional cascaded
representation is used to enhance the low-rank property among
the original data samples y. The representation in [29] is in fact
not a real cascaded representation form like the one in the pro-
posed approach. It adds another constraint on the representation X
that reflects the structures of the original data samples y directly,
while the proposed representation discovers the sparsity from the
low-rank structure of the data samples. Specifically, the low-rank
representation X in the proposed algorithm captures the cluster
membership through the global structure of the data samples, and
then the sparse representation Z combines the global structure to
exploit the neighborhood structure between the data samples.

Another similar work is presented in [18]. A subspace transform
and a sparse representation for the subspace projections are jointly
learned from the data samples in that work. From the perspec-
tive of transform/projection, Patel et al. [18] finds a set of orthog-
onal basis vectors and at the same time enforces that the projec-
tions onto these bases have a sparse representation to exploit the
neighborhood structure in the transformed space. In contrast, the
proposed approach creates a redundant subspace using the data
samples themselves and enforces the projections have implicitly
orthogonal property via the low-rank constraint, and simultane-
ously constructs a sparse representation for these projections to
reveal the neighborhood structure. In brief, both methods leverage
a latent space to exploit the neighborhood structure. Patel et al.
[18] constructs an orthogonal space and constrains the projections
uncorrelated, whereas the proposed method uses the data samples
themselves and makes the projections implicitly orthogonal.

3.2. Robustness against corruptions and outliers

In practical applications, the data set usually contains some ab-
normal samples that are fully or partially corrupted by noise. For
example, within a certain time period, some sensors used for data
collection may perform abnormally, or all the sensors may be in-
fluenced by the workplace condition, such as temperature, humid-
ity, and air pressure. This results in noise-contaminated samples
and outliers. To this end, we introduce an additive error term N to
the first self-expression and enforce it to be sparse to compensate
corruptions and outliers. The sparsity of the error indicates that
some samples are outliers and some features of the samples are

abnormally observed. Meanwhile, to penalize the error of the low-
rank structure propagation, we also introduce a sparse additive er-
ror term E to the second self-expression. As a result, the objective
function is formulated as

_— \ , ]
i X[, + NIl + BIZI, + ¥ [l

y=yX+N,
st. { X=XZ+E, (11)
diag(Z) = 0,

where @ >0, 8 >0, and y > 0 are the weight parameters.

3.3. Optimization

The problem addressed in (11) is non-convex with respect to
the joint variables (X, Z, N, E). In fact, it is a combinatorial opti-
mization problem involving rank- and ¢;-minimizations simultane-
ously, which have been demonstrated to be NP-hard [31,32]. Fortu-
nately, note that (11) is convex with respect to any single variable
out of X, Z, N, and E. As a result, an iterative algorithm can be de-
veloped to approximate the optimal solution to (11). The basic idea
is to alternately optimize one variable while fixing others until the
objective function converges.

Note that the variables X and Z are coupled by the matrix mul-
tiplications in the two constraints, respectively. This makes the op-
timization very inefficient. We introduce two other variables, P and
Q, to relax the optimization. Furthermore, X is also coupled by the
left and right matrix multiplications in the two constraints. We fur-
ther introduce another variable M to relax it. As a result, (11) is
equivalently written as

i P N E
xomin P+ oI+ BlQL + v,
st y=yX+N, X=P, P=M, (12)
"IM=MZ+E, Z=Q, diag(Z) =0.

We implement the iterative algorithm within an augmented La-
grange multiplier (ALM) framework, which is considered as a very
efficient framework to solve the joint rank- and ¢;-minimizations
[32]. The ALM formulation of (12) is formulated as

min P o||N E
o P+ @N] +BlQL + v [EL,

+<ley_yx_N)+<JZwX_P>

+{J3.P—M)+ (Ju, M—MZ —E) + (J5.Z — Q)
n

+ 5 (IX = PI[E + [ly - yX = N||7 + [P — M|z

+ [M—MZ - E||} + [|Z-Q||}).
s.t. diag(Z) =0, (13)

where J; denotes the Lagrange multiplier for i=1,2,...,5, u>0
is a penalty parameter, (A, B) = tr(ATB) denotes the inner-product
of two matrices A and B, and || - || denotes Frobenius-norm.

Note that, in (13), the problems with respect to every sin-
gle variable can be respectively classified into three types: least
squares, trace-norm-regularized least squares, and ¢;-regularized
least squares problems. The latter two problems can be solved us-
ing the singular value shrinkage thresholding algorithm [33] and
the iterative shrinkage thresholding algorithm [34], respectively.
First, we introduce the definition of a shrinkage operator é for the
thresholding.

8o (x) = sign(x)max (0,

x| —0), o>0. (14)

According to the following two lemmas, the variables in (13) can
be evaluated in each iteration.
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Lemma 1 (Singular Value Shrinkage Thresholding [33]). Let M =
USVT denote a given matrix, and T denote a positive number, the fol-
lowing minimization

. 1
minz X, + 51X — M| (15)

has a globally optimal solution in a closed-form with the shrinkage
operator &

X =US,(S)V'. (16)

Lemma 2 (Iterative Shrinkage Thresholding [34]). Let M denote a
given matrix, and T denote a positive number, the following mini-
mization

. 1
minT X[, + 5 X - M|} (17)

has a globally optimal solution in a closed-form with the shrinkage
operator &

X =45:(M). (18)

In the iterative algorithm, the variables are initialized as fol-
lows: X=P=M=0,Z=Q=0,N=E=0, J;.5 =0, and x = 105,
In each iteration, u is updated to = min (1.1, 10'%). We test the
value of every Frobenius-norm in (13) in each iteration. When all
the values of these Frobenius-norms are smaller than a very small
positive number (we use 10~8 in the experiments), the residual er-
rors are considered to be converged. The iterative algorithm nor-
mally converges within 300 iterations from the empirical results.
Note that the objective function shown in (13) is convex with re-
spect to every single variable due to the fact that only ¢;-, ¢5-, and
trace-norms are involved. As a result, the iterative algorithm can
be ensured to get converged by alternately optimizing the objec-
tive function with every single variable.

3.4. Clustering algorithm

Given the data samples y to be clustered, we solve the optimal
solution (X, Z, N, E) to (11) by using the iterative algorithm. We
construct the affinity

A=Z|+|Z7| (19)

and derive a undirected graph G through A. Then, we input the
graph G to a spectral clustering algorithm to obtain the final clus-
tering results.

4. Discussions

In this section, we make further discussions on the proposed
approach from both a geometric and a physical perspective.

4.1. Geometric perspective

Theorem 1 shows that the optimal solution (X, Z) to (6) are
two block-diagonal matrices under the permutation matrix I', and
their diagonal blocks correspond to the membership of the data
samples. It indicates that either X or Z can be used to construct
the affinity matrix. We choose Z in this work since, intuitively, Z
encodes both the global and the local structures of the data sam-
ples via the low-rank structure propagation. Below is a geometric
analysis on the advantages of choosing Z over X.

Proposition 1. The two affinity matrices, denoted by Ay and A4, con-
structed from the optimal solution (X, Z) to (11), define two distance
metrics, the semi-metrics', between the i-th and the j-th samples y;

T A semi-metric [35] on X is a function d : X x X +> R that satisfies the following
axioms: 1) positivity d(x, y) > 0; 2) positive definiteness d(x,y) =0 if and only if x =y,
and 3) symmetry d(x,y) = d(y,X).

and y;, and the i-th and the j-th columns of X, respectively

dx(i.y)) = {Si(p (—ax,), zjizj
dz (X, X;) = {SXP (=az,). o) (20)

The affinity matrices Ax and A; can be considered as the dis-
tance metrics within the semi-metric [35] definition. Thus, X di-
rectly reflects the distances between the pairwise data samples via
its affinity Ay, which can be viewed as the similarity between the
pairwise data samples. It also interprets why the sparse [11] and
low-rank [12] representations based methods perform successfully.
However, these methods exploit the relationship between pairwise
data samples independently in the sense of the distance, i.e., either
only one of the two distances is considered, or the two distances
are separately considered. In contrast, by propagating the low-rank
structure, Z integrates more information of the data samples, as
shown below.

Proposition 2. As the optimal solution (X, Z) to (11), Z jointly ex-
ploits the relationship of the data samples, ie., dy(-, -) and dy(-,
-), via the low-rank structure propagation, in the sense of the distance
defined through the affinity matrices Ay and Ag.

With the distance functions in (20), Z can be represented as
z;j = g(az,)

fodg vy [fodx (vi-va
fody (i ¥2) fodg'(y;.¥2
= god,! : : : (21)

fody'¥i¥n) | | fody (V). ¥n)

where f and g denote two nonlinear functions with respect to ax;;
and Oz respectively, which are related to the affinity construction

“wn

shown in (19), --1 denotes inverse function, and the operator “o
denotes the compound of functions. From the above equation, it is
evident that z; considers the distance between the i-th and the j-
th data samples by introducing the third-party reference samples
yi for k=1,2,...,n. It indicates that z; takes account of the dis-
tances between the i-th samples and every other samples, and the
distances between the j-th samples and every other samples, re-
spectively. As a result, Z jointly exploits the relationship of the data
samples (y;, ;) in the sense of the distances dy(-, -) and dg(-, -).

4.2. Physical perspective

The problem in (6) can also be interpreted from a physical per-
spective as follows. The data samples can be viewed as a set of
over-complete basis vectors. These vectors span a redundant sub-
space. Because of the redundancy, there may be infinitely many
methods that project data samples onto this redundant subspace.
We constrain the projection coefficients X to be of low-rank. It
indicates that the correlations are strengthened within the clus-
ters while weakened between the clusters. Thus, such a property
should be more obvious on X than on y, ie., X augments the cor-
relations of the data samples. Furthermore, since X is of low-rank,
the columns of X are again viewed as a set of over-complete ba-
sis vectors. These vectors correspondingly span a redundant space.
We project X onto this subspace and constrain the projection co-
efficients, i.e., Z, to be of sparse. The low-rank structure is prop-
agated to the sparsity structure, and simultaneously, the sparsity
also reflects the neighborhood of the projection coefficients. Note
that the augmented correlations in X lead to the fact that, com-
pared to the independently evaluated sparse coefficients [11,13,16],
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Table 1
Clustering accuracy (%) with respect to different numbers of subjects on the Extended Yale B database. The best results are highlighted in bold-face font.
Methods RANSAC LSA SSC LRR LLRR  LRSC  LSR CASS BDLRR S3C SSC-OMP  A¢y-SSC  DSSC  SC-LASG ~ SC-LALRG  Ours
[71 (38]  [13]  [12]  [39] [14]  [40] [41] = [42] (191 [20] [21] [43]  [44] [45]
2 subjects 53.13 68.36 99.22 9531 9746 96.85 9328 89.05 96.05 9873 99.18 - 9339 - - 99.42
3 subjects 39.06 53.82 96.87 79.56 9579 9529 90.75 86.06 89.98 9729 - - 98.75 - - 99.12
5 subjects 36.25 4344 9375 70.78 93.10 8694 86.13 7875 87.03 9659 - - 97.20 94.38 97.19 98.75
10 subjects  26.09 3844 8781 69.61 77.08 6411 71.67 6792 69.16 9484 86.09 84.06 95.16  92.19 96.88 96.88
20 subjects  21.48 3250 7422 6523 - - - - - - 81.55 82.73 - - - 84.61
25 — 6 25
‘ ..... = T T = B = —=c
4 © © ©
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% §10’ §4.5 §10’
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(a) (b) (c) (d)

Fig. 1. Comparisons on (a) correlation ratios of our three representations, (b) sparsity ratios of our three representations, (c) sparsity ratios of X and LRR [12], and (d)

sparsity ratios of Z and SSC [11,13].

Accuracy (%)

40 [e RR
—-SSC
——Ours’ 1
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Percentatge of Corruption (%) Percentatge of Corruption (%)

(2) (®)

Fig. 2. Clustering accuracy (%) on synthetic data with respect to different percent-
ages of (a) randomly corrupted samples, and (b) randomly corrupted features.

the coefficients Z are sparser, i.e., the low-rank structure propaga-
tion promotes the sparsity of Z.

To measure the correlations augmentation, referring to the
intra-cluster covariance ratio addressed in [36], we define a crite-
rion, the correlation ratio, for the i-th cluster C; as

avg_corr(C;)

cr(€i) = avg_corr(U;. Cj)

(22)

where the avg _corr(C;) computes the average correlations between
all the pairs of the samples in C;. The numerator evaluates the cor-

Table 2
Clustering accuracy (%) on the ORL faces database. The best results are highlighted
in bold-face font.

Methods SSC LRR SC-LASG ~ SC-LALRG ~ SCMV-3DT  Ours
[13] [12] [44] [45] [46]
Accuracy (%) 7050 7425 69.25 70.25 79.47 80.50

relations of the i-th cluster, while the denominator evaluates the
correlations of the rest clusters. We expect the correlations of the
i-th cluster (within the i-th cluster) as high as possible, whereas
the correlations of the rest clusters (out of the i-th cluster) as low
as possible. Thus, higher value of (22) indicates stronger correla-
tions. Meanwhile, to measure the sparsity promotion, we define a
criterion, the sparsity ratio, for the i-th cluster C;

1 1
n Yy ﬁy||y||1
1 1 1
=1 Zj;éi n; Zyecj Fy||Y||1

where k denotes the number of clusters, n; denotes the number of
the samples in the i-th cluster, and Ny denotes the non-zeros of
a sample y. Higher sparsity ratio indicates stronger promotion on
sparsity, leading to an improved membership of the data samples.

To demonstrate the above analysis, we present an example on
the face images from 10 clusters, which are generated by randomly

sT(Cy) = (23)

(b) (c)

Fig. 3. (a) Some data samples from the Extended Yale B database. (b) The low-rank representation X, and (c) the sparse representation Z in one trial of clustering on 5
subjects, where the colder colors indicates the smaller values, and the orders of the representations are rearranged according to their true clustering membership.
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Fig. 4. (a) Original 64 face images of one subject. Reconstructed 64 face images through (b) the low-rank representation X, and (c) the sparse representation Z.

selecting 10 subjects from the Extended Yale B database [37]. We
evaluate the low-rank representation X and the sparse representa-
tion Z on these face images. Fig. 1(a) shows the correlation ratios
of the 10 clusters on y, X, and Z. It is evident that X augments
the correlations of y and Z further augments the correlations of
X. Fig. 1(b) shows the sparsity ratios of the 10 clusters on X, XZ,
and Z. It can be seen that Z obtains significantly stronger spar-
sity promotion than X and XZ. As shown in Fig. 1(c) and (d), we
also compare the correlation augmentations of the 10 clusters on
X and LRR [12], and the sparsity promotions of the 10 clusters on
Z and SSC [11,13], respectively. The results demonstrate that X and
Z have stronger representation capability than the independently
evaluated low-rank and sparse representations, respectively.

5. Evaluation results

The proposed approach is extensively evaluated on both syn-
thetic and real datasets. The comparative results on one synthetic
dataset, two face images datasets, and three handwritten digit im-
ages datasets are reported below.

5.1. Synthetic data

We construct 10 independent subspace {5;}/%; c R'%°, of which
the basis vectors U; 1 = TU; for 1 <i<9 with U; being a random
orthogonal matrix of size 100 x4 and T being a random rotation

matrix. We draw 20 data samples from S; according to y; = U;Q;
for Q; ~ N (0,1) of size 4 x 20. Then, with the 200 data samples
drawn from the 10 independent subspaces, we generate two sets
of corrupted data samples: 1) we randomly select % data sam-
ples for 6 = {10:10: 90} and randomly corrupt 50% features by
adding Gaussian noise to yield i.i.d. A'(0,0.5]y||); 2) we randomly
select 50% data samples and randomly corrupt 8% features for & =
{30: 10 : 90} by adding Gaussian noise to yield ii.d. A’(0,0.5]y]).

We compared our approach with SSC [11,13] and LRR [12] on
the above two data sets. The clustering accuracy is shown in Fig. 2.
It can be seen that our approach obtains the best results on the
two data sets. Because LRR leverages ¢,;-norm to deal with cor-
ruptions, it performs unstably on the two data sets where the cor-
ruptions are independently sparse. More importantly, through the
comparisons to the SSC which adopts the independently evalu-
ated sparse representation, it is evident that the low-rank struc-
ture propagation in our approach, which promotes the sparsity of
the representation, leads to a much better clustering performance.
As a result, the above experimental results demonstrate the effec-
tiveness and robustness of the proposed structured representation.

5.2. Face images

Two face image databases are adopted in this work to evalu-
ate the proposed approach: the Extended Yale B [37] and the ORL
faces database [47]. In each face image database, different num-

(b) (©)

Fig. 5. (a) Some data samples from the ORL faces database. (b) The low-rank representation X, and (c) the sparse representation Z in one trial of clustering on 40 subjects,
where the colder colors indicates the smaller values, and the orders of the representations are rearranged according to their true clustering membership.
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Table 3
Clustering accuracy (%) on the rotated MNIST database. The best results are highlighted in bold-face font.
Methods SSC LRR LS*C NLS?C  LSLRR  NLSLRR  LSLRSSC ~ NLSLRSSC  Ours
[13] [12] [15] [15] [18] [18] [18] [18]
mnist-rot 3225 2452 3238 3351 3244  31.21 33.10 31.67 40.50
mnist-rot-back 25.69 1994 2570 27.62 24.17 25.10 36.52 26.52 31.38
mnist-back-rand ~ 41.41 2225 4132  45.37 19.64  33.90 37.27 43.77 48.12

Fig. 6. (a) Original 10 face images of one subject. Reconstructed 10 face images through (b) the low-rank representation X, and (c) the sparse representation Z.

bers of subjects are randomly selected, and these face images are
clustered into their respective subjects. The processes are repeated
for 20 times and the average results are reported as the accuracy
performance of the proposed and the competing algorithms.

The Extended Yale B database contains the face images from
38 subjects. There are 64 face images with different illumination
conditions for each subjects. Some representative face images are
shown in Fig. 3(a). We down-sample these face images to 48 x 42
pixels and stack them into 2,016-dimensional column vectors, re-
spectively, in the experiments. We randomly select n subjects for
ne{2, 3, 5, 10, 20} as the data samples and cluster these data sam-
ples into their respective subjects.

We compared our approach to other 12 state-of-the-art meth-
ods: RANSAC [7], LSA [38], SSC [13], LRR [12], LLRR [39], LRSC [14],
LSR [40], CASS [41], BDLRR [42], S3C [19],SSC-OMP [20], A¢y-SSC
[21], SC-LASG [44], SC-LALRG [45], and SCMV-3DT [46]. The clus-
tering results of ours and the 12 competing methods are reported
in Table 1 and Fig. 7(a). It is evident that the proposed approach
outperforms the 12 competing methods on the Extended Yale B
database. We also show the low-rank representation X and the
sparse representation Z in one trial of clustering on 5 subjects in
Figs. 3(b) and 3(c), respectively. It can be seen that X and Z are
obviously of block-diagonal. Due to the approximation error form
the iterative algorithm, X has a few non-zeros in its non-diagonal
blocks. However, most of those non-zeros entries are cleared in
Z, leading to the improved membership structure of the face im-
ages. In addition, we show the representation capability of X and
Z in Fig. 4. We choose one subject and show his 64 face images
in Fig. 4(a). The reconstructed face images through the low-rank
representation X and the sparse representation Z are shown in

>
oy
g ~
5
3
8
<

°

a

: 4
1
1
1
]
+
]

Accuracy (%)
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~>-SSC
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Number of Subjects Number of Subjects
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Fig. 7. Clustering accuracy of the proposed and the competing algorithms on (a)
the Extended Yale B and (b) the ORL faces databases.

Fig. 4(b) and (c), respectively. It is evident that the face images re-
constructed through Z are better than those through X.

The ORL faces database includes 40 subjects and each subject
has 10 face images with different facial expressions. The face im-
ages are of size 32 x 32 pixels. Each face image is stacked into a
column vector of 1024 dimension as a data sample for the clus-
tering experiments. Some representative face images from the 40
subjects are shown in Fig. 5(a). We select n subjects for n < {10, 20,
30, 40} as the data samples in the clustering experiments.

The SSC [13], LRR [32], DSSC [43], SC-LASG [44], SC-LALRG
[45] algorithms are adopted as the baseline methods in this
database. The clustering results are reported in Fig. 7(b) and
Table 2 in terms of the clustering accuracy. It can be seen that
the proposed approach outperforms its baseline counterparts in
this database in all experiments with different numbers of sub-
jects. Fig. 5(b) and (c) show the low-rank representation X and the
sparse representation Z in one trial of clustering on 40 subjects, re-
spectively. It is evident that both representations capture the mem-
bership structure of the clusters, as the block diagonal elements
are much larger than the non-block diagonal ones. It can be also
seen that the proposed approach produces a very sparse represen-
tation Z, which results in more obvious cluster structure for the
40 subjects. Fig. 6(a) shows the 10 face images of one representa-
tive subject, where we can see that the subject closes his eyes in
some images. The reconstructed face images over the representa-
tion X for this subject are shown in Fig. 6(b). It can be seen that
these face images are reconstructed well and in particular the eyes
of this subject are estimated for the open status. However, the face
images are blurry and some structures on expression are missing.
Note that the low-rank representation X exploits the global struc-
ture of the data samples for the clustering. The global structure
tends to produce a maximum likelihood estimation that works like
a mean over the data samples, leading to the blurry results. In con-
trast, as shown in Fig. 6(c), the reconstructed face images of this
subject over the sparse representation Z have more details of fa-

Fig. 8. Some representative samples from the USPS dataset.

| RI 4S5 678930

Fig. 9. Some representative samples from the MNIST dataset.
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Fig. 10. Some representative samples from the databases of (a) mnist-rot, (b) mnist-rot-back, and (c) mnist-back-rand.
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Fig. 11. Clustering accuracy of the proposed and the competing algorithms on (a) USPS, (b) MNIST, and (c) rotated MNIST datasets.

cial expression and the blurring is eliminated to some degree. This
is attributed to that the sparse representation X over the low-rank
representation X leverages the neighboring structure between the
clusters. This structure introduces better robustness to the cluster-
ing and performs like a median estimation, resulting in the better
reconstruction results.

In summary, the above experimental results on the two
databases demonstrate that our approach outperforms most state-
of-the-art counterparts on the significantly corrupted data samples.

5.3. Handwritten digit images

Three handwritten digit image databases are adopted to eval-
uate the proposed algorithm: the USPS database [48], the MNIST
database [49], and the rotated MNIST database[50]. The USPS
database is derived from a project on recognizing the handwrit-
ten digits on envelopes with the United States Postal Services. The
MNIST database is a subset of a larger dataset National Institute of
Standards and Technology (NIST). The rotated MNISt database has
three subsets: 1) mnist-rot, generated by rotating the original hand-
written digits from MNIST database with random angles; 2) mnist-
rot-back, created by inserting random images to the background
of the digit images from mnist-rot; and 3) mnist-back-rand, con-
structed by adding random background noise in the original hand-
written digit images.

The USPS database contains the handwritten digit images from
0 to 9. We create a subset of the USPS database for the cluster-
ing experiments by randomly selecting 100 images from each digit
group, i.e., 1000 samples belonging to 10 clusters are employed.
These images are normalized to the size of 16 x 16 pixels in gray
scale values, and stacked into 256-dimensional column vectors, re-
spectively, for the clustering experiments. Fig. 8 shows some repre-
sentative images from the subset we created for the clustering. We
compare the proposed approach to the SSC and the LRR algorithms
on this dataset. The evaluation results in terms of the clustering ac-
curacy are shown in Fig. 11(a). It can be seen that the proposed ap-
proach outperforms its two competing counterparts on this dataset
for the clustering task.

The MNIST database the handwritten digit images from O to 9.
A subset of the MNIST database is created for the clustering experi-
ments by selecting 100 images at random from each digit class, i.e.,
1000 samples from 10 clusters are used. The images are normal-
ized to the same size of 28 x 28 pixels in gray scale values. Each

normalized image is stacked into a 784-dimensional column vector
for the clustering experiments. Some representative images form
this dataset are shown in Fig. 9. In the clustering experiments, two
baseline methods are adopted: the SSC and the LRR algorithms.
The evaluation results in terms of clustering accuracy are shown
in Fig. 11(b). It is evident from the results that the proposed algo-
rithm outperforms the two baseline methods in this dataset.

The rotated MNIST database contains the handwritten digit im-
ages of size 28 x 28 pixels with different transformations. We use
three sets of these images. Fig. 10 shows some representative sam-
ples from the three data sets. In the experiments, we follow the
protocol in [18]: we use the subsets for training and validation of
the three data sets, which contain 12,000 samples, respectively. we
randomly select 10 samples per digit for one trial of the cluster-
ing. We repeat the process 120 times and report the average re-
sults. We compare our approach to other 8 state-of-the-art meth-
ods: SSC [13], LRR [12], LS3C [15], NLS3C [15], LSLRR [18], NL-
SLRR [18], LSLRSSC [18], and NLSLRSSC [18]. The clustering accu-
racy of the proposed and the 8 competing methods are reported
in Table. 3 and Fig. 11(c). It is evident that our approach outper-
forms the 8 competing methods on the rotated MNIST database
even on the deformed, corrupted, and noise contaminated data
samples.

In summary, the above experimental results demonstrate that
the proposed approach performs competitively against the state-
of-the-art methods on three popular handwritten digit image
databases, owing to the sparsity promotion of the representation
via the low-rank structure propagation.

g g
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30 60
2 3 5 10 20 2 3 5 10 20
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Fig. 12. Clustering accuracy on the Extended Yale B database. (a) Investigation on
structures of the representations; (b) Analysis on cascaded representation.
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5.4. Ablation studies

Two ablation studies are conducted on the Extended Yale B
database. The first is to investigate the effects of the low-rank
structure and the sparsity structure in the cascaded representation.
The second is to analyze the improvement from the cascaded ar-
chitecture of the proposed representation.

5.4.1. Structures of the representations

In the ablation, we implement other two representations in the
cascaded form. One is with low-rank structures in both X and Z,
denoted by LRR?, and the other is with sparsity structures in both
X and Z, denoted by SSCZ. Fig. 12(a) shows the comparison re-
sults on the Extended Yale B database. It can be seen that the two
baselines significantly underperform the proposed approach. It in-
dicates that propagating the same the structure in a cascaded rep-
resentation leads to degraded performance.

5.4.2. Cascaded architecture of the representations

The superiority of the cascaded representation over its paral-
lel counterpart is investigated in this ablation. We adopt the LRSC
[14] method as the parallel peer, where a low-rank and a sparsity
constraint is combined by adding the two corresponding terms.
Fig. 12(b) shows the comparison results on the Extended Yale B
database. It is evident that the cascaded architecture of the repre-
sentations significantly improves the clustering accuracy compared
to the parallel architecture counterpart.

5.5. Parameters investigations

We investigate how the three parameters in (11) influence the
clustering accuracy. We employ the synthetic data sets used above
to investigate the parameters. The initial results show that the
three parameters tend to be set to small values. We therefore se-
lect a range of [0.0001, 0.5] for the investigations. To shrink the
search space for the three parameters, we first let @ =y and
search for the best 8, and then we fixed 8 at its best value and
investigate o and y. According to the empirical results presented
in Fig. 13, we find that a higher accuracy is achieved when the
three parameters are set at around 0.005. As a result, we choose
0.005 for the three parameters for simplicity.

6. Conclusion

In this paper, we have formulated the subspace clustering as a
problem of structured representation learning. It has been proved

that the sparsity of the data representation is significantly pro-
moted by propagating a low-rank structure, leading to a more ro-
bust description of the clustering structure, which can reveal the
membership of the data samples. Based on a theoretical proof to
support this observation, a novel subspace clustering algorithm has
been proposed with the structured representation. We have been
leveraged two cascade self-expressions to implement the propa-
gation: a low-rank representation of the data samples has been
utilized to exploit the global structure, and a sparse representa-
tion of the former low-rank representation has been constructed to
capture the neighborhood structure. The proposed representation
strategy has been further investigated from both a geometric and
a physical perspective. Extensive evaluations on both synthetic and
real datasets have been conducted. These evaluation results have
demonstrated that, 1) the proposed approach outperforms state-
of-the-art methods; 2) the clustering benefits from the cascaded
architecture of the two self-expressions; and 3) propagating the
low-rank structure in the cascaded self-expressions improves the
accuracy of subspace clustering.

The proposed approach has been solved by an iterative algo-
rithm with an augmented Lagrange multiplier framework. The al-
gorithm typically converges in a few hundreds iterations. At each
iteration, the main computational cost comes from the singular
value decomposition (SVD) algorithm for the low-rank minimiza-
tion, which takes cubic order ((9(n3)) computational complexity.
Therefore, the current solution to the proposed approach is not
suitable to time-sensitive applications, such as real time video seg-
mentation. In the future work, we would like to study fast algo-
rithm to solve the proposed approach, in order to adapt various
clustering tasks using the proposed approach.

Two self-expressions have been leveraged in the proposed ap-
proach in a cascaded architecture, where two structures (low-rank
and sparsity) have been imposed on the two self-expressions re-
spectively. We have demonstrated that both the two cascaded self-
expressions and the structures improves clustering. In fact, the pro-
posed representation architecture is equivalent to an auto-encoder
network with three hidden layers. The major difference is that
the proposed architecture has structured outputs at each layer
in the encoding phase. As a result, the proposed approach pro-
duces a non-linear, high-dimensional representation for the data
samples being clustered, which is able to reveal the member-
ship of these data samples. In the future work, we shall exploit
more structures to further improve clustering. We shall also study
deeper architectures of structured cascaded self-expressions for
clustering.
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