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In this paper, we propose a structured general and specific multi-view subspace clustering method for 

image clustering. Unlike most existing multi-view subspace clustering methods which harness the shared 

cluster structure to preserve the consistence between different views or utilize the diversity regularization 

to exploit the complementary information from different views, our method learns the structured general 

and specific representation matrices to obtain the common and specific characteristics of different views 

with structure consistence and diversity regularization. The general representation matrix guarantees the 

consistence between different views and the specific representation matrices indicate the diversity among 

different views. Hence, our method can well exploit the common structure and diversity information 

of multi-view data. Specifically, the proposed framework can be applied into many existing multi-view 

subspace clustering methods. Moreover, we develop an efficient and effective optimization approach to 

solve the objective function of which the time and convergence analyses are also provided. Experimental 

results on four benchmark datasets are presented to show the effectiveness of proposed method. 

© 2019 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Subspace clustering has been an important topic in computer

vision for many years due to the extensive growth of applications

such as image and motion segmentation [1,2] , face clustering [3,4] ,

and image representation [5,6] . Generally, the objective of sub-

space clustering is to segment data points drawn from multiple

low-dimensional subspaces into different clusters [7] . Numerous

subspace clustering methods have been proposed in recent years

such as sparse subspace clustering (SSC) [1] , low-rank represen-

tation (LRR) [8] , least squares regression (LSR) [2] , and structured

sparse subspace clustering (S3C) [9] . While these subspace clus-

tering methods have achieved encouraging performance on single-

view data, it remains a challenge to deal with multi-view data as

both specific and generic information coexists in multi-view data. 

In computer vision, the requirement to exploit the comprehen-

sive information from multiple distinct features arises as the fea-

ture descriptors are easy to obtain and various multi-view datasets

are created. Motivated by this, several multi-view subspace clus-

tering methods have been proposed in recent years [10,11] . Es-

sentially, multi-view subspace clustering methods exploit intrin-
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ic properties, i.e., complementarity and consistency, among dif-

erent views to jointly enhance the generalization ability of learn-

ng models. Representative algorithms in multi-view subspace

earning include multi-view low-rank sparse subspace clustering

MLRSSC) [12] , diversity-induced multi-view subspace clustering

DiMSC) [13] , exclusivity-consistency regularized multi-view sub-

pace clustering (ECMSC) [3] , and consistent and specific multi-

iew subspace clustering (CSMSC) [14] . These multi-view meth-

ds have greatly improved performance than single-view methods.

owever, the consistency based methods fail to utilize the diver-

ity among different views and the complementary based methods

nsufficiently preserve the common cluster structure by enforcing

he affinity matrices to be different. Hence, these methods cannot

ell utilize the consistency and diversity characteristics among dif-

erent views. 

We propose a novel structured multi-view subspace clustering

pproach to learn the general and specific self-representation ma-

rices for image clustering in this paper. Fig. 1 illustrates the basic

dea of our proposed approach. The general self-representation ma-

rix Z 0 is a matrix shared by affinity matrices D i , which follows the

onsistence principle to maintain the general property that when

ata points are close in original feature space, their correspond-

ng representations in a new embedding space should be close.

hile the specific representation matrices Z i hold specific prop-

rty that the matrices Z i are different to each other and comple-

entary to the general self-representation matrix for representing

https://doi.org/10.1016/j.patcog.2019.05.005
http://www.ScienceDirect.com
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Fig. 1. The basic idea of our proposed multi-view subspace clustering approach. For the i th view data matrix X i , i.e., i = 1 , . . . , v , the affinity matrix D i is obtained by 

subspace self-representation. Then, the general representation matrix Z 0 and specific representation matrices Z i are learned from the affinity matrices D i = Z 0 + Z i with 

the consistence and diversity constraints. The general representation matrix Z 0 preserves the original similarity of data and the specific representation matrices Z i hold the 

diversity of data. Respectively, we apply the structure consistence on general representation matrix and diversity constraints on specific representation matrices. As shown 

in the orange square boxes, the connections between different Z i and Z 0 are weakened. 
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heir specific similarities of corresponding spaces. Fig. 1 shows that

 1 and D v share Z 0 , Z 1 and Z v are complementary to Z 0 to build

 1 and D v . Generally, the data point can be approximatively re-

onstructed by the weighted sum of neighboring points, and the

eights which are invariant to linear transformation of data reflect

he inherent geometric and similarity properties. Particularly, the

ame weights are preserved in different embedding spaces [15] .

hus, the weight matrices or similarity matrices in different fea-

ure spaces share the intrinsic and common similarity which is en-

itled as general representation matrix in this paper. And the learnt

eneral representation matrix also keeps the similarity relation-

hip of the original multi-view data. Subspace self-representation

uilds the affinity matrix to measure the similarity between data

oints when the sparse or low-rank constraint is imposed on regu-

arization term [1,8] . For multi-view subspace self-representations,

hey have the structural shared and general property and also the

pecific relationship with the diversity information. Motivated by

hese findings, our proposed method learns the structured general

nd specific representation matrices to represent the intrinsic sim-

larity relationship and explore the diversity of different views si-

ultaneously. Experimental results are presented to demonstrate

he effectiveness of our proposed method. 

The contributions of our proposed approach are summarized as

ollows: 

1. We propose a structured multi-view subspace clustering ap-

proach to learn the structural general representation matrix and

specific representation matrices. 

2. The general representation matrix keeps the similarity relation-

ship of data and the specific representation matrices hold di-

versity between different matrices. 

3. We present an effective optimization algorithm to solve the

proposed objective function. 

4. We conduct experiments on four benchmark datasets and the

experimental results demonstrate the effectiveness of our pro-

posed method. 

. Related work 

In this section, we briefly review two related works: 1) multi-

iew learning, and 2) subspace clustering. 
.1. Multi-view learning 

Existing multi-view learning methods [16,17] can be mainly

ategorized into three classes: co-training based, co-regularization

ased, and margin-consistency based [18] . The co-training meth-

ds alternately update the parameters of models on different views

nd classify the unlabeled data with confident labeled ones. One

f the most representative algorithm is the co-training multi-view

pectral clustering method [19] . Unlike co-training methods which

ave independent parameters for each views, co-regularization

ethods impose the same regularization term on different models.

ypical method in this category is co-regularized multi-view spec-

ral clustering [20] . Margin-consistency methods learn the margin

ariables of each view to fulfill the consistence principle. For exam-

le, RMSC [21] pursues a shared low-rank transition matrix which

s incorporated into the standard Markov method. FOLS [22] seeks

hared and private factorization when the data are transformed

nto a latent space while finds the dimensionality of this latent

pace together. However, FLOS is formulated as a complicated and

on-convex problem. LRCS [23] obtains a common mapping for dif-

erent views from view-specific projections, but whether the map-

ing can be factorized needs to be considered further. Otherwise,

RCS needs the dimensions of views to be equal. These methods

earn the shared and private latent representations or projections,

espectively. However, they fail to uncover the subspace structure

f different views. Our proposed method exploits subspace self-

epresentations to pursue the general and specific structures of dif-

erent views and the structured general and specific representation

atrices can be obtained. 

.2. Subspace clustering 

Subspace clustering has attracted much attention in recent

ears [24–26] , because subspace clustering methods can obtain

deal affinity matrices of which the elements from different sub-

paces are zero. Such affinity matrices are informative for spec-

ral clustering. SSC [1] exploits the sparsity among data points in

he same subspace. However, SSC has difficulties in segmenting

ata when the sparse constraint is too severe [2] . Low-Rank Rep-

esentation (LRR) [8] pursues the low-rank representation instead
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of sparse representation with the goal of clustering samples into

respective subspaces and removing outlines. 

Least squares regression (LSR) [2] finds that the affine ma-

trix can be block diagonal without sparse or low-rank constraint

and obtains affine matrix via least squares regression. However,

LSR is sensitive to noise. S3C [9] formulates the sparse subspace

learning and spectral clustering into a unified framework to learn

the affinity matrix and coefficient matrix together. However, S3C

is hard to approach to a point and needs more iterations. To

deal with the multi-view data, Many multi-view subspace cluster-

ing methods have been developed. MLRSSC [12] conducts sparse

and low-rank subspace clustering on each view and then incorpo-

rates the affinity matrices together to obtain the common cluster.

DiMSC [13] and ECMSC [3] utilize the diversity between different

views and pursue the cluster structure with complementarity in-

formation. CSMSC [14] exploits the consistent and specific informa-

tion of multi-view affinity matrices. However, the constraints have

little meaning because CSMSC cannot guarantee that the learned

matrix holds the consistent principle and preserves the similarity

information of original data as well as the diversity of specific ma-

trices. These multi-view clustering methods all have achieved good

performance. But they cannot exploit the intrinsic characteristics

because the affinity matrices have structural general and specific

properties. 

3. Proposed approach 

In this section, we elaborate the details of our proposed ap-

proach. The notations are summarized in Table 1 . 

As shown in Fig. 1 , we propose a structured general and specific

multi-view subspace clustering method. First, we learned the affin-

ity matrices D i in the subspace self-representation stage by using

low-rank subspace clustering (LRR). The affinity matrices capture

the low-rank structure of each view. Then, we obtained the gen-

eral representation matrix Z 0 and specific representation matrices

Z i with the consistence and diversity constraints. Finally, we con-

ducted the spectral clustering [27] by using Z = 

∑ 

i ( Z i + Z 0 ) . 

3.1. Multi-view subspace clustering 

Let X = [ x 1 , . . . , x n ] ∈ R 

d×n be the data matrix, where d and n

are the dimensionality of the feature space and the number of

data points respectively. Subspace clustering aims to obtain a self-

representation matrix to better reconstruct the data points them-

selves and can be formulated as the following problem: 

min 

D , E 
‖ 

E ‖ l + λ‖ 

D ‖ k s.t. X = XD + E , (1)

where ‖ · ‖ l and ‖ · ‖ k are two norms, D ∈ R 

n ×n and E ∈ R 

d×n are

the self-representation and reconstruction error matrices. Due to
Table 1 

The notations of variables used in this paper. 

Notations Explanation 

X i ∈ R d i ×n Data matrix for i th view 

E i ∈ R d i ×n Reconstruction error matrix for i th view 

D i ∈ R n ×n Self-representation matrix for i th view 

Z i ∈ R n ×n Specific representation matrix for i th view 

Z 0 ∈ R n ×n General representation matrix 

Y i ∈ R d i ×n the Lagrange multipliers for i th view 

H i , G i ∈ R n ×n the Lagrange multipliers for i th view 

J i ∈ R n ×n Relaxation variables for i th view 

L ∈ R n ×n Laplacian matrix 

[ A ] :, k k th column of matrix A 

‖ · ‖ ∗ , tr ( ·) Nuclear norm and Trace operator 

n, v Number of samples and views 

d i Dimension of i th view data matrix 

e  

H  

t

3

 

s  

d  

c

 

s  

i  

p  

z  

s

he outliers and sample-specific corruptions among data, the fol-

owing robust learning model is selected, 

in 

D , E 
‖ 

E ‖ 2 , 1 + λ‖ 

D ‖ ∗ s.t. X = XD + E , (2)

here � 2,1 -norm is denoted as ‖ A ‖ 2 , 1 = 

∑ 

i || [ A ] : ,i | | 2 . It can be in-

erred that the columns of matrix tend to be zero when � 2,1 -norm

s minimized. The above optimization problem in (2) is a modified

ersion of LRR and the theoretical and experimental results have

een given to guarantee the robustness to outliers and sample-

pecific corruptions in [8] . 

Having solved (2) , we obtain the affinity matrix S =
| D | + 

∣∣D 

T 
∣∣)/ 2 on which the spectral clustering is to be con-

ucted. 

in 

F 
t r 

(
F T (O − S ) F 

)
s.t . F T F = I , (3)

here F is a cluster structure matrix and O is a diagonal matrix

ith the elements o ii = 

∑ 

j s i j . By solving the minimization prob-

em (3) , we obtain the result of spectral clustering eventually. 

Naturally, the extension of single-view subspace clustering to

he multi-view case arrives at the following problem: 

in 

D i , E i 

v ∑ 

i =1 

‖ 

E i ‖ 2 , 1 + λ1 

v ∑ 

i =1 

‖ 

D i ‖ ∗ s.t. X i = X i D i + E i , i = 1 , . . . , v . 
(4)

pecially, the subspace self-representation matrices hold the com-

on cluster structure and we utilize the general matrix Z 0 to im-

lement the structure consistence across different views. Simulta-

eously, the subspace self-representation matrices also contain the

ndividual information expressed as the specific matrices Z i to in-

icate diversity of each view. We exploit the constraint D i = Z 0 + Z i 

o model the connection between each view. Considering that the

ifferences of similarity relationships between different views ex-

st but are not extensive, we impose the � 1 -norm on Z i . As we

now, the � 1 -norm tends to force the elements of matrix to be

ero. Hence, a few elements of Z i are nonzero with specific infor-

ation. The constraints lead to the problem: 

min 

D i , E i , Z i , Z 0 

v ∑ 

i =1 

‖ 

E i ‖ 2 , 1 + λ1 

v ∑ 

i =1 

( ‖ 

D i ‖ ∗ + ‖ 

Z i ‖ 1 ) 

s.t. X i = X i D i + E i , D i = Z 0 + Z i , i = 1 , . . . , v . 

(5)

he performance of our model largely hinges on the learnt gen-

ral representation matrix Z 0 as well as the specific matrices Z i .

he model in (5) has two drawbacks: one is that the model uses

he element-wise loss with no structural loss incorporated. As we

now the general representation matrix also follows the consis-

ence principle and holds similar relationships in original data. The

ther is that the specific representation matrices should be differ-

nt as far as possible to represent the peculiarity of each view.

ence, we introduce two constraints including structure consis-

ence and diversity regularization in our model. 

.2. Structure consistence 

In multi-view learning, the assumption that different views

hare the intrinsic property to guarantee the consistence has been

emonstrated in many literatures [28,29] . As for our model, the

onsistence is ensured via the general representation matrix Z 0 . 

Following the definition in [30] , the close data in the feature

pace have close representations in the representation space that

s 
∥∥x i − x j 

∥∥
2 

→ 0 ⇒ 

∥∥z i − z j 
∥∥

2 
→ 0 where x i and x j are the data

oints in the feature space with the corresponding representations

 i and z j . The general matrix Z 0 preserves the consistence and

hould conform to the definition. 
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Suppose that W ∈ R 

n ×n measures the similarity of data points.

 i and z j are i th and j th columns in general representation matrix

 0 , we fromulate the definition as: 

( Z 0 ) = 

1 

2 

n ∑ 

i =1 

n ∑ 

j=1 

w i j 

∥∥z i − z j 
∥∥2 

2 
= tr 

(
Z 0 L Z 0 

T 
)
, (6) 

here L = R − W is a Laplacian matrix, R is a diagonal matrix with

he elements r ii = 

∑ 

j w i j . When �( Z 0 ) is minimized, the large w ij 

eads to the close representations of z i and z j . The equation in

6) implies that the learnt general representation matrix Z 0 accords

ith the similarity relationship in original feature space. 

Define the weight vector q = 

[
q 1 , . . . , q i , . . . , q v 

]
∈ R 

v where v is

he total number of views and q i reflects the positive weight of

 

i . We use the constraint 
∑ 

i q 
i = 1 to limit the weight vector. The

atrix W can be built via the weighted sum of similarity matrices

 

i . Hence, we construct the similarity matrix W by W = 

∑ 

i q 
i W 

i 

here the similarity matrix W 

i is computed using kernel function

ike gaussian kernel function. If there is no prior information about

he weight vector, each view is of equal weight and we simply set

 = [ 1 / v , . . . , 1 / v ] . 
The structure consistence constraint on the general representa-

ion matrix guarantees the learned matrix preserves similarity in-

ormation of each original feature space. 

.3. Diversity regularization 

Multi-view data maintain the respective and exclusive proper-

ies which are expressed as specific matrices other than shared and

ommon information. Obviously, the specific representation ma-

rices should be different with each other to highlight the diver-

ity. Moreover, the constraint D i = Z 0 + Z i indicates that Z 0 and Z i 

hould be different and complementary. Otherwise, a more better

 0 can be learned to decrease the value of ‖ Z i ‖ 1 . 
To implement that each specific representation has weak con-

ection with each other as well as the general representation, we

mploy a diversity regularization. For matrices Z u and Z v , the di-

ersity regularization is formulated as: 

( Z u , Z v ) = tr 
(
Z u 

T Z v 
)

= 

n ∑ 

i =1 

n ∑ 

j=1 

( Z u ) i j ( Z v ) i j , (7) 

here ( Z v ) ij is the element of Z v . From the equation in (7) , we can

educe that a large value of ( Z v ) ij results in a small value of ( Z u ) ij 
hen �( Z u , Z v ) is minimized. Hence, we can use the regularization

o evaluate the diversity of different matrices. We formulate the

iversity regularization in our model as 

v 
 

i =1 

�( Z i , Z 0 ) + 

v ∑ 

i =1 

∑ 

i � = j 
�

(
Z i , Z j 

)
= 

v ∑ 

i =1 

tr 
(
Z i 

T Z 0 

)
+ 

v ∑ 

i =1 

∑ 

i � = j 
tr 

(
Z i 

T Z j 

)
.

(8) 

o enhance the consistency and diversity of subspace self-

epresentation matrices, we integrate the terms together and ob-

ain the final objective function: 

min 

 i , D i , Z i , Z 0 

v ∑ 

i =1 

‖ 

E i ‖ 2 , 1 + λ1 

v ∑ 

i =1 

( ‖ 

D i ‖ ∗ + ‖ 

Z i ‖ 1 ) + λ2 tr 
(
Z 0 L Z 0 

T 
)

+ λ3 

v ∑ 

i =1 

tr 
(
Z i 

T Z 0 

)
+ λ3 

v ∑ 

i =1 

∑ 

i � = j 
tr 

(
Z i 

T Z j 

)
s.t. E i = X i − X i D i , D i = Z i + Z 0 , i = 1 , . . . , v 

(9) 

here λ1 , λ2 and λ3 are the positive parameters which balance the

ormalization term, structure consistence term and diversity term.
. Optimization 

We propose an optimization method to approximatively solve

he objective function in (9) and apply the Augmented Lagrange

ultiplier (ALM) [31,32] to iteratively update all the variables D i ,

 i , E i and Z 0 , i = 1 , 2 , . . . , v . We also study the model complexity

ollowing the optimization approach. 

.1. Proposed approach 

First, we introduce auxiliary variables D i = J i to make the objec-

ive function become separable and can be easily solved. Then, we

se the Augmented Lagrange Multiplier (ALM) [31] to obtain the

ollowing augmented Lagrangian function: 

min 

 i , D i , Z i , Z 0 , J i 

v ∑ 

i =1 

‖ 

E i ‖ 2 , 1 + λ1 

v ∑ 

i =1 

( ‖ 

J i ‖ ∗ + ‖ 

Z i ‖ 1 ) + λ2 tr 
(
Z 0 L Z 0 

T 
)

+ λ3 

v ∑ 

i =1 

∑ 

i � = j 
tr 

(
Z i 

T Z j 

)
+ λ3 

v ∑ 

i =1 

tr 
(
Z i 

T Z 0 

)
+ 

v ∑ 

i =1 

�( G i , D i − J i ) 

+ 

v ∑ 

i =1 

�( Y i , X i − X i D i − E i ) + 

v ∑ 

i =1 

�( H i , Z i + Z 0 − D i ) , (10) 

here �( H, D ) is deemed as μ
2 ‖ D ‖ 2 F + 〈 H , D 〉 , μ is a penalty pa-

ameter, and Y i , G i and H i are lagrange multipliers. The objective

unction in (10) is hard to solve and we iteratively update one vari-

ble with the other variables fixed. The detailed procedure is de-

cribed as follows. 

1. J i -subproblem : We update the variable J i by fixing the other

ariables and dropping the unconcerned terms. Then, we have the

ollowing subproblem with respect to the variable J i : 

in 

J i 
λ1 ‖ 

J i ‖ ∗ + �( G i , D i − J i ) 

= λ1 ‖ 

J i ‖ ∗ + 

μ
2 ‖ 

J i − D i − G i /μ‖ 

2 
F . 

(11) 

e solve the subproblem in (11) by using the Singular Value

hresholding (SVT) [33,34] and get the closed-form solution as 

 i = S λ1 /μ[ D i + G i /μ] , (12) 

here S τ [ ·] is the shrinkage thresholding operator [35] which is

efined by 

 μ[ M ] = U H μ[ �] V 

T 

 μ[ �] = max ( 0 , � − μ) + min ( 0 , � + μ) , 
(13) 

 = U�V 

T is the Singular Value Decomposition of M . 

2. E i -subproblem : Similar to the subproblem J i , the subprob-

em E i is settled by keeping the variables D i and Y i unchanged

nd omitting the unrelated ones. The optimization problem with

espect to E i is formulated as: 

in 

E i 
‖ 

E i ‖ 2 , 1 + �( Y i , X i − X i D i − E i ) 

= ‖ 

E i ‖ 2 , 1 + μ/ 2 ‖ 

E i − X i + X i D i − Y i /μ‖ 

2 
F . 

(14) 

efering to the Lemma 3.3 in [36] , we have the optimal solution

f (14) : 

 

E i ] : ,k = 

{ ‖ 

[ Q i ] : ,k ‖ 

2 
−1 /μ

‖ 

[ Q i ] : ,k ‖ 

2 

[ Q i ] : ,k i f 
∥∥[ Q i ] : ,k 

∥∥
2 

> 1 /μ

0 , else. 
(15) 

 i = X i − X i D i + Y i /μ and [ Q i ] :, k is the k th column of Q i . The proof

f (14) can be found in [8,37] . 

3. D i -subproblem : By ignoring the irrelevant items and fixing

he other variables, the optimization problem concerned with D i 

an be rewritten as: 

in 

D i 
�( G i , D i − J i ) + �( H i , Z i + Z 0 − D i ) 

+ �( Y i , X i − X i D i − E i ) . 
(16) 
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Algorithm 1: SMSC. 

Input : The multi-view matrices X = { X 2 , . . . , X v } , parameters 

λ1 , λ2 , λ3 

Initialize: Set D i = 0 , J i = 0 , Z i = 0 , Z 0 = 0 , μ = 0 . 01 , 

ρ = 1 . 2 , max μ = 10 8 and Initialize E i with a sparse matrix. 

Normalize the data matrix X . 

Compute the Laplacian matrix L . 

while not converge do 

Update J i by (12); 

Update E i by (15); 

Update D i by (17); 

Update Z i by (21); 

Update Z 0 by (23); 

Update the multipliers and μ by (24); 

Output : The matrices J i , E i , D i , Z i and Z 0 ; 
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The subproblem in (16) has the closed-form solution. We set the

derivative of (16) with respect to D i to zero and obtain the follow-

ing solution: 

D i = 

(
X i 

T X i + 2 I 
)−1 

{
X i 

T 
( X i + Y i /μ − E i ) + Z i 

+ Z 0 + H i /μ + J i − G i /μ

}
. (17)

4. Z i -subproblem : According to the above subproblems, we can

rewrite the optimization problem about Z i as: 

min 

Z i 
λ1 ‖ 

Z i ‖ 1 + �( H i , Z i + Z 0 − D i ) 

+ λ3 t r 
(
Z i 

T Z 0 

)
+ λ3 

∑ 

i � = j 
t r 

(
Z i 

T Z j 

)
. (18)

To be simple, (18) is equivalently reduced to the following prob-

lem: 

min 

Z i 
λ1 ‖ 

Z i ‖ 1 + μ/ 2 ‖ 

Z i ‖ 

2 
F + tr 

(
Z i 

T C 

)
, (19)

where C = λ3 

(
Z 0 + 

∑ 

i � = j Z j 

)
+ μ( Z 0 + H i /μ − D i ) . The optimization

problem in (19) can be independently solved via Singular Value

Thresholding (SVT) [33,34] . Define z = [ Z i ] kl as the element of Z i .

The optimization problem in (19) is divided into the following

problem: 

min 

z 
λ1 | z | + μz 2 / 2 + c i j z, (20)

the solution in (20) is z = H λ1 /μ

(
−c i j /μ

)
. Hence, we obtain the

closed-form solution of (18) as: 

Z i = H λ1 /μ( −C /μ) . (21)

5. Z 0 -subproblem : Fixing the other variables and removing the

irrelevant terms, we renew the Z 0 by dealing with the problem: 

min 

Z 0 
λ2 t r 

(
Z 0 L Z 0 

T 
)

+ λ3 

v ∑ 

i =1 

t r 
(
Z i 

T Z 0 

)
+ 

v ∑ 

i =1 

�( H i , Z i + Z 0 − D i ) . 

(22)

Similar to the subproblem D i , we set the derivative concerned with

Z 0 to zero and obtain the closed-form solution to Z 0 as follows: 

Z 0 = 

( 

μ
v ∑ 

i =1 

( D i − H i / μ − Z i ) − λ3 

v ∑ 

i =1 

Z i 

) 

/ ( 2 λ2 L + μv I ) , (23)

where L is the Laplican matrix defined in (6) and I is the identity

matrix. 

6. Update the multipliers and μ: Finally, we need update the

multipliers and μ to satisfy the equality constraints. ⎧ ⎪ ⎨ 

⎪ ⎩ 

Y i = Y i + μ( X i − X i D i − E i ) 
H i = H i + μ( Z i + Z 0 − D i ) 
G i = G i + μ( D i − J i ) 
μ = min (max μ, ρμ) , 

(24)

μ and ρ are the penalty variable and the step size respectively,

max μ is the maximum value of the parameter μ. 

We settle the optimization problem in (10) by iteratively up-

dating J i , E i , D i , Z i and Z 0 until the change rate of the objective

function is less than a threshold. To present the detailed proce-

dure of our optimization problem, we summary the algorithm in

Algorithm 1 . 

4.2. Model complexity 

In this subsection, we analyze the complexity of our proposed

method. There are six subproblems shown in Algorithm 1 . The

time complexities of subproblems Z i and the updated process of

the multipliers and μ can be omitted in comparison with the
ther subproblems. Since the subproblem J i utilizes the shrinkage

hresholding operator [33] , the time complexity for updating J i is

 ( n 3 ). For subproblem E i , the time complexity is O ( n 2 d i ). The sub-

roblems D i and Z 0 need matrix inversion, the time complexities

f these two subproblems are O (n 2 d i + n 3 ) and O ( n 3 ) respectively.

or v different views, the total complexity of our method in each

teration is O (n 2 d + n 3 ) , where d = d 1 + , . . . , + d v . 

. Experiments and results 

First, we describe the experimental settings including datasets,

omparison methods, evaluation metrics and parameter settings.

econd, we show experimental results and analyses on benchmark

atasets. 

.1. Experimental settings 

.1.1. Datasets 

We conducted experiments to evaluate our multi-view subspace

lustering method on four widely used datasets. 

The Yale dataset contains 165 gray-scale images from 15 per-

ons with different facial expressions and configurations. We ex-

racted three features including intensity, LBP and Gabor on Yale.

he dimensions of these three features are 4096, 3304 and 6750

espectively. The LBP and Gabor features were normalized to

nit [13] . The MSRCV1 dataset contains 240 images and 8 classes,

mong which 7 classes and 210 images were selected including

ree, building, airplane, cow, face, car and bicycle. The CENTRIST,

MT, HOG, LBP and SIFT features were extracted [10] . The ORL

ataset contains 400 images and 40 different subjects. For each

ubject, there are 10 images with variations in lightings, expres-

ions and facial details. The same as the Yale dataset, the intensity,

BP and Gabor features were used [13] . The Still-DB dataset is an

ction image dataset which contains 467 images and 6 classes. The

eatures extracted are Sift Bow, Color Sift Bow and Shape context

ow [38] . 

.1.2. Comparison methods 

We compared our approach with five single-view and seven

ulti-view state-of-the-art clustering methods. SPC [39] , SSC [1] ,

RR [8] , LSR [2] , S3C [9] are single-view methods and ConcatePCA

13] , Co-Reg SPC [20] , DiMSC [13] , ECMSC [3] , MLRSSC [12] ,

SMSC [14] , RMSC [21] are multi-view methods. We obtained the

ublicly available source codes provided by authors. For single-

iew methods, we evaluated each feature independently and rep-

esented the best results as SPC best , SSC best , LRR best , LSR best and

3C . 
best 
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Next, we elaborate the comparison methods: SPC [39] is the

tandard method to perform spectral clustering. SSC [1] is an im-

ortant sparse subspace clustering method for single-view data

nd the affinity matrix tends to be block diagonal when the

ubspaces are independent. LRR [8] is a low-rank representa-

ion method in comparison with SSC. LSR [2] learns the compact

epresentation instead of the sparse or low-rank representation.

3C [9] combines the learning of cluster structure and sparse rep-

esentation into a unified framework. ConcatePCA [13] marked as

CA multi is a baseline method which concatenates all the features

ogether. We conducted PCA to reduce the dimension of concate-

ated feature to 300. SPC co−reg [20] is a multi-view subspace clus-

ering method which assumes that the multi-view data have the

ommon underlying clustering structure. SPC co−reg learns the clus-

er structure with the consistency across the views. DiMSC [13] is

lso a multi-view subspace clustering method which exploits

he diversity between different views. DiMSC is a representative

ulti-view subspace clustering method and achieves excellent

lustering results. ECMSC [3] can be deemed as a multi-view ex-

ension of S3C and also uses the complementary information be-

ween different views. MLRSSC [12] learns the low-rank and sparse

ubspace self-representations with the common cluster structure.

SMSC [14] only pursues the shared and individual representation

atrices with no structure information. RMSC [21] constructs a

hared low-rank matrix which is used as the input of the standard

arkov chain. 

.1.3. Evaluation metrics 

We adopted five widely used evaluation metrics to evaluate the

erformance of different subspace clustering methods for quantita-

ive comparison. The metrics contain Normalized Mutual Informa-

ion (NMI), Accuracy (ACC), Adjusted Rand index (AR), F-score and

recision. For all clustering methods, the larger values of metrics

re expected to achieve the better performance [10,13] . 
Table 2 

Experimental results (mean ± standard deviation) on the Yale datas

Method NMI ACC 

Single SPC best 0.654 ± 0.006 0.628 ± 0.009 

SSC best 0.705 ± 0.012 0.681 ± 0.010 

LRR best 0.722 ± 0.010 0.706 ± 0.015 

LSR best 0.742 ± 0.013 0.728 ± 0.018 

S3C best 0.707 ± 0.004 0.679 ± 0.002 

Multiple PCA multi 0.641 ± 0.006 0.544 ± 0.038 

SPC co−reg 0.664 ± 0.005 0.625 ± 0.007 

MLRSSC 0.678 ± 0.003 0.644 ± 0.003 

RMSC 0.674 ± 0.006 0.640 ± 0.009 

DiMSC 0.758 ± 0.011 0.751 ± 0.018 

ECMSC 0.721 ± 0.024 0.711 ± 0.019 

CSMSC 0.767 ± 0.002 0.734 ± 0.011 

Ours SMSC 0.792 ± 00.025 0.765 ± 00.035 

Table 3 

Experimental results (mean ± standard deviation) on the M

Method NMI ACC 

Single SPC best 0.605 ± 0.011 0.688 ± 0.014 

SSC best 0.625 ± 0.002 0.761 ± 0.002 

LRR best 0.580 ± 0.021 0.664 ± 0.018 

LSR best 0.656 ± 0.003 0.693 ± 0.024 

S3C best 0.626 ± 0.0 0 0 0.714 ± 0.0 0 0 

Multiple PCA multi 0.465 ± 0.005 0.602 ± 0.009 

SPC co−reg 0.741 ± 0.019 0.808 ± 0.027 

MLRSSC 0.704 ± 0.006 0.803 ± 0.007 

RMSC 0.570 ± 0.005 0.689 ± 0.009 

DiMSC 0.718 ± 0.008 0.844 ± 0.005 

ECMSC 0.758 ± 0.022 0.855 ± 0.008 

CSMSC 0.228 ± 0.001 0.333 ± 0.0 0 0 

Ours SMSC 0.788 ± 0.002 0.876 ± 0.001 
.1.4. Parameter settings 

For our multi-view subspace clustering method, we learned the

tructural general and specific representation matrices with the

egularization item, consistence item and diversity term, where the

radeoff parameters λ1 , λ2 and λ3 balance corresponding terms. 

or fair comparisons with different subspace clustering methods,

e followed the experimental settings of corresponding papers

nd empirically tuned the parameters from the range {0.001, 0.01,

.1, 1, 10, 100, 1000} by using the grid-search strategy. The best

esults were reported [3,12,13] . In our experiments, the parameter

is a Lagrangian penalty variable. Referring to [3,16,31] , we ini- 

ialized μ by 0.01 and set its maximum value as 10 8 . For the pa-

ameter ρ , we set its value as 1.2. We initialized all the matrices

ith a zero matrix except E i with a sparse matrix and applied PCA

n the concatenated feature to reduce its dimension to 300. In our

earning model, we utilized no prior information about different

iews and set all weights as 1/ v . For computing similarity matri-

es, we chose the linear kernel. Moreover, we iterated all subspace

lustering methods for 30 times and recorded the mean values

nd standard deviations of experimental results. The while loop in

lgorithm 1 ends when the f-norm of matrix differences between

ariable states and updated variable states is less than 10 −4 . The

xperiments ran on MATLAB R2015b with a computer having In-

el(R) Core(TM) i5-6500 CPU with 3.2GHZ and 32.0GB RAM. 

.2. Results and analysis 

.2.1. Comparisons with state-of-the-arts 

Tables 2–5 show the experimental results on the Yale, MSRCV1,

RL and Still-DB datasets, respectively. These tables show that

ur proposed method SMSC achieves the superior performance

nd outperforms all the other methods by five evaluation metrics

n the Yale, MSRCV1, ORL datasets. On the Still-DB dataset, our
et. 

AR F-score Precision 

0.441 ± 0.009 0.472 ± 0.008 0.460 ± 0.008 

0.478 ± 0.014 0.511 ± 0.013 0.487 ± 0.014 

0.540 ± 0.017 0.569 ± 0.016 0.557 ± 0.017 

0.551 ± 0.013 0.579 ± 0.012 0.561 ± 0.011 

0.490 ± 0.005 0.522 ± 0.004 0.496 ± 0.007 

0.392 ± 0.009 0.431 ± 0.008 0.415 ± 0.007 

0.459 ± 0.007 0.494 ± 0.006 0.476 ± 0.006 

0.475 ± 0.005 0.508 ± 0.005 0.487 ± 0.004 

0.468 ± 0.009 0.502 ± 0.009 0.482 ± 0.009 

0.586 ± 0.017 0.612 ± 0.016 0.596 ± 0.017 

0.491 ± 0.003 0.525 ± 0.003 0.487 ± 0.003 

0.589 ± 0.001 0.615 ± 0.001 0.591 ± 0.0 0 0 

0.640 ± 00.036 0.663 ± 00.034 0.639 ± 00.032 

SRCV1 dataset. 

AR F-score Precision 

0.507 ± 0.013 0.576 ± 0.011 0.570 ± 0.011 

0.534 ± 0.003 0.600 ± 0.003 0.585 ± 0.003 

0.456 ± 0.026 0.533 ± 0.022 0.519 ± 0.020 

0.562 ± 0.010 0.624 ± 0.008 0.611 ± 0.008 

0.542 ± 0.0 0 0 0.609 ± 0.0 0 0 0.582 ± 0.0 0 0 

0.347 ± 0.005 0.438 ± 0.005 0.434 ± 0.004 

0.658 ± 0.028 0.707 ± 0.024 0.691 ± 0.027 

0.612 ± 0.009 0.667 ± 0.008 0.652 ± 0.009 

0.481 ± 0.007 0.554 ± 0.006 0.548 ± 0.007 

0.668 ± 0.010 0.714 ± 0.009 0.705 ± 0.010 

0.711 ± 0.011 0.752 ± 0.010 0.749 ± 0.008 

0.076 ± 0.0 0 0 0.268 ± 0.0 0 0 0.180 ± 0.0 0 0 

0.738 ± 0.001 0.775 ± 0.001 0.762 ± 0.0 0 0 
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Table 4 

Experimental results (mean ± standard deviation) on the ORL dataset. 

Method NMI ACC AR F-score Precision 

Single SPC best 0.908 ± 0.003 0.782 ± 0.009 0.721 ± 0.009 0.728 ± 0.009 0.683 ± 0.011 

SSC best 0.852 ± 0.011 0.688 ± 0.039 0.578 ± 0.033 0.589 ± 0.032 0.526 ± 0.042 

LRR best 0.928 ± 0.005 0.831 ± 0.016 0.776 ± 0.017 0.782 ± 0.017 0.742 ± 0.021 

LSR best 0.947 ± 0.007 0.870 ± 0.015 0.827 ± 0.018 0.831 ± 0.018 0.796 ± 0.020 

S3C best 0.927 ± 0.009 0.828 ± 0.023 0.770 ± 0.029 0.775 ± 0.028 0.735 ± 0.033 

Multiple PCA multi 0.807 ± 0.015 0.647 ± 0.027 0.519 ± 0.029 0.531 ± 0.029 0.497 ± 0.029 

SPC co−reg 0.870 ± 0.004 0.725 ± 0.007 0.639 ± 0.010 0.648 ± 0.010 0.602 ± 0.011 

MLRSSC 0.908 ± 0.001 0.789 ± 0.004 0.731 ± 0.004 0.737 ± 0.004 0.697 ± 0.005 

RMSC 0.925 ± 0.004 0.813 ± 0.011 0.767 ± 0.012 0.772 ± 0.012 0.731 ± 0.013 

DiMSC 0.940 ± 0.006 0.863 ± 0.013 0.815 ± 0.018 0.819 ± 0.017 0.787 ± 0.020 

ECMSC 0.947 ± 0.009 0.854 ± 0.011 0.810 ± 0.012 0.821 ± 0.015 0.783 ± 0.008 

CSMSC 0.931 ± 0.005 0.839 ± 0.010 0.787 ± 0.012 0.792 ± 0.013 0.751 ± 0.013 

Ours SMSC 0.957 ± 0.006 0.889 ± 0.015 0.855 ± 0.017 0.859 ± 0.017 0.827 ± 0.020 

Table 5 

Experimental results (mean ± standard deviation) on the Still-DB dataset. 

Method NMI ACC AR F-score Precision 

Single SPC best 0.108 ± 0.002 0.299 ± 0.002 0.063 ± 0.001 0.226 ± 0.001 0.232 ± 0.001 

SSC best 0.117 ± 0.0 0 0 0.326 ± 0.0 0 0 0.075 ± 0.0 0 0 0.291 ± 0.0 0 0 0.228 ± 0.0 0 0 

LRR best 0.113 ± 0.002 0.298 ± 0.004 0.068 ± 0.001 0.226 ± 0.001 0.228 ± 0.001 

LSR best 0.117 ± 0.004 0.314 ± 0.005 0.070 ± 0.002 0.232 ± 0.002 0.228 ± 0.001 

S3C best 0.127 ± 0.009 0.338 ± 0.0 0 0 0.083 ± 0.003 0.293 ± 0.006 0.234 ± 0.0 0 0 

Multiple PCA multi 0.105 ± 0.002 0.289 ± 0.002 0.056 ± 0.001 0.232 ± 0.0 0 0 0.214 ± 0.001 

SPC co−reg 0.120 ± 0.004 0.322 ± 0.004 0.082 ± 0.003 0.245 ± 0.004 0.236 ± 0.002 

MLRSSC 0.104 ± 0.001 0.315 ± 0.0 0 0 0.069 ± 0.001 0.250 ± 0.003 0.226 ± 0.0 0 0 

RMSC 0.115 ± 0.001 0.331 ± 0.002 0.085 ± 0.002 0.252 ± 0.003 0.236 ± 0.003 

DiMSC 0.136 ± 0.003 0.344 ± 0.003 0.093 ± 0.002 0.258 ± 0.002 0.245 ± 0.002 

ECMSC 0.117 ± 0.001 0.340 ± 0.002 0.088 ± 0.0 0 0 0.259 ± 0.001 0.240 ± 0.0 0 0 

CSMSC 0.128 ± 0.0 0 0 0.315 ± 0.0 0 0 0.081 ± 0.001 0.253 ± 0.001 0.232 ± 0.0 0 0 

Ours SMSC 0.140 ± 0.002 0.345 ± 0.003 0.089 ± 0.002 0.259 ± 0.002 0.248 ± 0.002 
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a  
method obtains comparable results to the other multi-view sub-

space clustering methods. 

Table 2 shows the experimental results on the Yale dataset. Our

method outperforms all the other methods on NMI, ACC, AR, F-

score, Precision and improvs the baseline SPC best and PCA multi more

than 10%. PCA multi is the worst method because the features are

simply concatenated together and more noise will be introduced.

While S3C integrates sparse subspace learning and spectral clus-

tering into a unified framework to pursue a better cluster indi-

cator, the method is very time-consuming and hard to converge.

Thus, S3C has poor performance than LRR and LSR. SPC co−reg and

MLRSCC both assume that the multi-view data have the shared

affinity matrix by all views. Hence, these two methods have the

comparable performances. But, SPC co−reg and MLRSSC have the

worse results than the other single-view methods because they

hardly consider the specific information. DiMSC and ECMSC ex-

ploit the complementary information among different views and

the performance is better than SPC co−reg and MLRSSC. ECMSC al-

ternatively learns the exclusive representations and the consis-

tent indicator. However, iteratively pursuing the consistent indi-

cator by spectral clustering is time-consuming and we show the

average computational time of ECMSC in time analysis subsection.

CSMSC pursues the shared and individual self-representation ma-

trices. Due to no structure information and diversity regularization

exploited in CSMSC, the learnt matrices have little clear meaning. 

Our method improves the performance of CSMSC by 2.5%. RMSC

first constructs the similarity matrices for each view and then

pursues the shared low-rank transition matrix incorporated into

the standard Markov process. However, RMSC uses little specific

information between different views. The performance of RMSC

is comparable to these methods utilizing the common informa-

tion. Our method learns the structural general and specific rep-

resentation matrices ensuring the consistency and diversity be-

tween different views. Additionally, our method is more efficient
han ECMSC and can achieve a better performance compared with

iMSC. 

Table 3 presents the experimental results on the MSRCV1

ataset. Our method also works well on this dataset evaluated by

ve evaluation metrics and improves the performance of PCA multi 

ore than 20%. For single-view methods, SSC and LSR have higher

erformance. Generally, the performance of multi-view methods

s better than single-view ones. The MSRCV1 dataset holds more

hared information and the complementary information has little

ffect on the results. Thus, multi-view methods pursuing common

luster structure work better compared with diversity methods. 

Table 4 describes the experimental results on the ORL dataset.

ur method outperforms all the other methods on five evaluation

etrics and improves PCA multi more than 10%. LSR has the best re-

ult than the other comparison methods except SMSC. DiMSC and

CMSC obtain the comparable performance while SPC co−reg and

LRSCC are worse than most single-view methods. 

Table 5 shows the experimental results on the Still-DB dataset.

ur method outperforms all the other methods on three evaluation

etrics. For F-score metric, the single-view method S3C achieves

he best result and we can deduce that there exits a good feature.

hus, the multi-view methods SPC co−reg and MLRSSC pursuing the

ommon structure obtain poor performance. 

For single-view subspace clustering methods, they can pro-

ide the quality information about each view as every single

iew is assessed independently. A good result for a single-view

ethod suggests that good features exist. Form the tables, we

an deduce that the ORL and Still-DB datasets have good features.

3C is very time-consuming and hard to converge to a good lo-

al point due to the joint learning of the cluster indicator ma-

rix and affinity matrix. Hence, S3C always has the poor perfor-

ance than single-view methods in Tables 2–4 . For the Still-DB

ataset, S3C may arrive at a good local point. SSC and LRR have

 bad performance in Table 2–4 , because these methods build the
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ssumption that data lie on a sparse or low-rank subspace. How-

ver, the data matrix may be not sparse or low-rank. LSR assumes

hat the data matrix has compact representations instead and this

ethod achieves better results than most single-view methods on

our datasets. 

For multi-view data sharing more information between differ-

nt views, our method obtains a general representation matrix

hich reflects the strong connections between data. While the

ulti-view data share little information, the better specific rep-

esentation matrices can be constructed to represent the indi-

idual characteristics. Our model learns more individual informa-

ion in such case. Hence, unlike other multi-view methods, our

roposed method can handle different types of multi-view data

nd has good generalization capability. Generally speaking, Multi-

iew methods utilize multi-view information and achieve the bet-

er results. PCA multi has the worst performance for all datasets. In

able 4 , there exist good features and LSR outperforms MLRSSC

nd SPC co−reg in which the common affinity matrix is pursued.

LRSSC and SPC co−reg achieve good improvements on the Yale,

SRCV1 and Still-DB datasets which have more shared informa-

ion. DiMSC and ECMSC exploit the complementary information

mong different views and they work better than MLRSSC and

PC co−reg indicating that the complementary information is bene- 

cial to multi-view subspace clustering. 

DiMSC outperforms ECMSC on the Yale and Still-DB datasets.

CMSC jointly learns sparse representation and indicator matrix

nd outperforms DiMSC on the MSRCV1 dataset. However, ECMSC
Fig. 2. The results of NMI, ACC on the Yale, ORL datase
s not efficient and difficult to approach to convergence. CSMSC

acks the structural constraints which has worse performance than

ur method. 

.2.2. Comparisons with different parameters 

We investigated different variations of our proposed method to

how the importances of the parameters λ1 , λ2 and λ3 . The three

arameters balance the normalization term, structure consistence

erm and diversity term respectively. In Table 6 , the experimental

esults on the Yale dataset with different parameter settings are

hown. λ1 only is a variation of our method with λ2 = 0 , λ3 = 0

nd the connection between each view is not considered. Thus,

ur model degenerates to the multi-view version of LRR and the

erformance of this setting is poor. λ2 only is another variation

xploiting the common cluster structure between each view. The

erformance of this setting is comparable to those methods pur-

uing the shared information. λ1 = 0 with λ2 , λ3 � = 0 leads to a

odel similar to DiMSC and its performance is close to the result

rom Table 2 on the Yale dataset. If λ2 = 0 or λ3 = 0 with λ2 � = 0,

ur model has little meaning. From the table, we can validate that

oth structure consistence term and diversity regularization term

re important for our proposed model. 

.2.3. Parameter analysis 

We analyzed the sensitivity of parameters in Figs. 2 and 3 (the

ase of logarithm is 10). In Fig. 2 , we show the NMI and ACC re-

ults on the Yale and ORL datasets. The subfigures (a) and (b) are
ts with different parameters when we set λ3 = 1 . 
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Table 6 

Experimental results (mean ± standard deviation) on the Yale dataset. 

Parameters NMI ACC AR F-score Precision 

λ1 only 0.421 ± 0.006 0.383 ± 0.006 0.117 ± 0.005 0.185 ± 0.004 0.147 ± 0.004 

λ2 only 0.763 ± 0.015 0.732 ± 0.022 0.588 ± 0.024 0.614 ± 0.022 0.594 ± 0.025 

λ3 only 0.767 ± 0.019 0.745 ± 0.028 0.601 ± 0.028 0.626 ± 0.027 0.610 ± 0.027 

λ1 , λ2 0.389 ± 0.011 0.352 ± 0.011 0.081 ± 0.009 0.161 ± 0.006 0.113 ± 0.008 

λ1 , λ3 0.209 ± 0.005 0.207 ± 0.004 0.004 ± 0.002 0.095 ± 0.003 0.064 ± 0.001 

λ2 , λ3 0.756 ± 0.003 0.720 ± 0.005 0.569 ± 0.008 0.597 ± 0.007 0.567 ± 0.011 

λ1 , λ2 , λ3 0.792 ± 0.025 0.765 ± 0.035 0.640 ± 0.036 0.663 ± 0.034 0.639 ± 0.032 

Fig. 3. The results of four metrics on the ORL dataset with different parameters when we set λ2 = 1 . 
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the results on the Yale dataset while the subfigures (c) and (d) are

the results on the ORL dataset. We see that the performances of

SMSC are almost equal with different parameters λ1 and λ2 on

the Yale and ORL datasets. Hence, we can simply set λ1 = λ2 to

tune parameters for convenience. In Fig. 3 , we present the NMI,

ACC, AR and F-score results on the ORL dataset. Fig. 3 shows that

our method is not sensitive to λ3 when λ1 is fixed. We can also

observe that λ1 plays an important role in improving the perfor-

mance on the Yale dataset. In our model, the parameter λ1 con-

trols the learning of low-rank affinity matrix D i . Hence, a suitable

λ1 tends to achieve a better performance which gives a good ex-

planation for Fig. 3 . 

5.2.4. Visualization 

Fig. 4 visualizes some clustering results on the Yale dataset. We

selected 12 individuals and each individual has 8 images. Specifi-
ally, each row is supposed to present 16 images for two persons

f which the first 8 images belong to a person and the remaining 8

mages are from another. The red rectangles show the wrong clus-

ering results. From Fig. 4 , we observe that our method can well

luster the face images except the confusing ones. 

Fig. 5 presents the matrices Z 0 , Z and the visualizations of these

wo matrices with t -SNE [40] on the ORL dataset (we randomly se-

ected 10 classes). The first row shows the matrices Z 0 and Z while

he second row shows the clustering results with t -SNE by using

 0 and Z . In Fig. 5 , different geometric figures belong to different

ategories and the clustering results are good when the same cat-

gories are close to each other. We observe that Z has more dis-

riminative power than Z 0 because each category in Z is more scat-

ered from the visualizations. The specific representation matrices

ontain the individual information within each view and are ben-

ficial to subspace clustering. The structural general representation
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Fig. 4. Visual presentation of the clustering results on the Yale dataset using our proposed method. We select 12 individuals and the red rectangles mark the wrong clustering 

results. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 5. The representation matrices of Z 0 , Z and the visualizations of these two matrices with t -SNE on the ORL dataset. 
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Table 7 

Average computational time (seconds) of different multi-view subspace cluster- 

ing methods. 

MVLRSSC SPC co−reg DiMSC ECMSC CSMSC SMSC 

Yale 1.68 3.12 3.09 80.50 10.17 9.05 

MSRCV1 3.36 2.27 6.69 12.56 9.59 3.91 

ORL 6.51 15.84 17.20 147.00 65.68 39.28 

Still-DB 7.11 3.65 11.96 12.50 53.73 9.49 

m  

u  

f

b

atrix can preserve the intrinsic similarity of data which is also

mportant to group data. 

.2.5. Time analysis 

Table 7 shows the average computational time of different

ulti-view subspace clustering methods. From Tables 2–5 , we ob-

erve that SMSC and ECMSC have good performance on benchmark

atasets. However, ECMSC costs too much time. MVLRSSC requires

he least computational time on the Yale and ORL datasets, but

he performance of MVLRSSC is poor compared with multi-view

ethods. SPC co−reg has low time complexity on the MSRCV1 and

till-DB datasets. CSMSC solves the shared and individual matrices.

owever, no structural information is used to restrain the learnt
atrices. Moreover, CSMSC has a high computational cost. DiMSC

tilizes the diversity among each view and has few requirements

or calculation. In general, our method achieves a good trade-off

etween the performance and speed. 
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Fig. 6. The convergence curves on benchmark datasets with λ1 = 0.001, λ2 = 0.001 and λ3 = 0.001. The X -axis and Y -axis represent the number of iterations and the value 

of our objective function respectively. 
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5.2.6. Convergence analysis 

We used the Augmented Lagrange Multiplier (ALM) method

[31] to iteratively update all the pending matrices in our optimiza-

tion problem and the convexity of the Lagrange function guaran-

tees the effectiveness of our proposed method in some degree [14] .

Fig. 6 shows the objective function values on the Yale, MSRCV1,

ORL and Still-DB four datasets. We observe that the values of our

objective function on four datasets decrease quickly in each itera-

tion and approach to a point. 

6. Conclusion 

In this paper, we have presented a multi-view subspace clus-

tering method. Our proposed method models the common and

complementary information among each view via the general and

specific representation matrices. The general representation matrix

holds the similarity relationship between the feature space and

representation space while the specific representation matrices fol-

low the diversity constraint. Due to this, our method is quite dif-

ferent from most existing multi-view subspace clustering methods

which embed different views into a common space. Importantly,

an effective algorithm is designed to handle the proposed opti-

mization problem and the loss of our objective function is proved

to decrease. We conduct experiments on four popular datasets and

give detailed analyses about the experimental results. Experimen-

tal results clearly demonstrate that our method can outperform the

compared single and multiple view subspace clustering methods. 

Our method can exploit the general and specific information

between different views. However, many issues exist to be ad-

dressed. Our method focuses on linear transformations among each

view and nonlinear relationship can not be exploited. Otherwise,

the prior information about the weight vector is not considered.
or future work, we are interested in extending our method into

 deep framework to exploit nonlinear information to further im-

rove the performance of our method. Moreover, how to discover

he prior information about the quality of each view seems to be

nother interesting future direction. 
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