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Abstract

To improve the performance of the subspace classi®er, it is e�ective to reduce the dimensionality of the intersections

between subspaces. For this purpose, the feature space is mapped implicitly to the in®nite dimensional Hilbert space

and the subspace classi®er is applied in the Hilbert space. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The subspace classi®er is the pattern recogni-
tion method that uses a linear subspace for de-
scribing a class (Oja, 1983). In training, a subspace
is ®t to training samples so that the sum of the
squared distances between the samples and the
subspace is minimized. In classifying an unlabeled
sample, the sample is classi®ed to the class whose
subspace is the nearest. The subspace classi®er was
developed in the early days of pattern recognition
study, but nowadays it is still in focus (Deshuang,
1996; Prakesh and Murty, 1996, 1997).

It is known that the performance of the sub-
space classi®er is a�ected by the dimensionality of
the intersections of subspaces (Oja, 1983). When
the dimensionality of the feature space is larger
than the number of training samples, the subspace
spanned by the training samples of a particular
class have no intersection with the other sub-

spaces. However, since the number of training
samples is much greater than the dimensionality of
the feature space in many cases, the intersection of
subspaces cannot be avoided. When an unlabeled
sample is placed in the intersection of two sub-
spaces, the distance between the sample and each
subspace is zero, and so this sample cannot be
classi®ed. In neighborhood areas of the intersec-
tion, the di�erence between the distances to the
two subspaces is so small that the classi®cation
becomes doubtful. Therefore, the dimensionality
of the intersections should be small as possible.

Usually, to keep the dimensionality of the in-
tersections small, the dimensionality of each sub-
space is reduced using the principal component
analysis (Oja, 1983). However, on the contrary, by
increasing the dimensionality of the feature space,
the dimensionality of the intersections can be re-
duced. In this paper, our aim is to improve the
performance of the subspace classi®er by mapping
the feature space to a higher dimensional space.
For this purpose, we utilize the implicit high di-
mensional casting method that is used in the sup-
port vector machine (SVM) (Vapnik, 1995).
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Let the p-dimensional feature space be de-
scribed as Rp, and let u be the continuous map-
ping from Rp to a higher dimensional space Rq. It
is assumed that the following equation holds for
every x; y 2 Rp:

hu�x�;u�y�i � K�x; y�; �1�
where K is a positive de®nite kernel function and
h; i denotes the inner product in Rq. The most
frequently used kernel function is the Gaussian
function

K�x; y� � exp

 
ÿ kxÿ yk2

r2

!
; �2�

where r is a width parameter. In SVM, the feature
space is mapped to a higher dimensional space Rq

by u and the classi®cation is performed in Rq.
When the Gaussian kernel is used, the existence

of the mapping u is proved only when q � 1
(Osuna et al., 1997). So, the image space of u is the
in®nite dimensional Hilbert space l2 (Small, 1994).
It is clear that the mapping to an in®nite dimen-
sional space cannot directly be implemented on a
computer. But, since the existence of the mapping
is proved, the inner product between two points in
the Hilbert space is obtained by Eq. (1). Based on
the inner product, the classi®cation can be per-
formed without knowing the mapping explicitly.
In fact, SVM constructs a linear classi®er in the
Hilbert space (Scholkopf et al., 1997).

We will show that the dimensionality of the
intersections is always zero in the Hilbert space.
Therefore, it is expected that the performance of
the subspace classi®er in the Hilbert space would
be better than the one in the original feature space.
In this paper, we call this classi®er ``the subspace
classi®er in the Hilbert space''. This classi®er is
actually applied to a Hiragana (i.e., Japanese
character) recognition problem, and obtained high
classi®cation accuracy.

This paper is organized as follows. In Section 2,
the conventional subspace classi®er is introduced.
In Section 3, we propose the subspace classi®er in
the Hilbert space. In Section 4, we will prove that
the dimensionality of the intersection becomes
zero in the Hilbert space. In Section 5, the Hi-
ragana recognition experiment is performed to

compare our classi®er with conventional classi®-
ers, and the di�erence between our classi®er and
SVM is discussed. Section 6 is the conclusion.

2. Subspace classi®er

In this section, we review the subspace classi®er.
Although there are many valiants of the subspace
classi®er (Prakesh and Murty, 1996, 1997), we in-
troduce the most fundamental one, that is, the
CLAFIC method (Oja, 1983).

Let C1; . . . ;Cc denote the classes and let the
training samples of Ck be denoted as ski �16 i6 n�.
Let Dk be the rk dimensional subspace of Ck whose
orthonormal bases are tki �16 i6 rk�. Also, let Tk

be the matrix whose column vectors are
tki �16 i6 rk�.

Since Dk is contained in the subspace spanned
by the training samples, the orthonormal bases can
be rewritten as follows:

tki �
Xn

j�1

ukijskj � Skuki; �3�

where

Sk � �sk1; . . . ; skn�; �4�
uki � �uki1; . . . ; ukin�T: �5�

When the unlabeled sample v is classi®ed by the
subspace classi®er, the distance between v and each
subspace is calculated. Then, v is classi®ed to the
class with the smallest distance. The distance be-
tween v and Dk is described as follows:

dk � kvÿ TkT T
k vk2 �6�

� kvk2 ÿ kT T
k vk2

: �7�
Since the ®rst term is independent from the class, it
can be omitted. Then, the membership function of
Ck is as follows:

fk�v� � kT T
k vk2: �8�

Since the membership function describes the de-
gree that v belongs to Ck, the unknown sample v is
classi®ed to the class with the largest fk�v�. Sub-
stituting Eq. (3) into Eq. (8), we obtain

fk�v� � kUT
k ST

k vk2
; �9�
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where Uk denotes the matrix whose column vectors
are uki �i � 1; . . . ; n�. Note that ST

k v is the vector of
inner products between the unlabeled sample and
the training samples.

In training the subspace classi®er, the sum of
the squared distances between the training samples
and the subspace is minimized, which can also be
achieved by maximizing the sum of the norms of
the training samples projected on the subspace.
The optimization problem for training is described
as follows:

Find Uk that maximizesXn

i�1

kUT
k ST

k skik2 �10�

subject to the constraints

U T
k ST

k SkUk � I ;

where I is an n� n unit matrix. The optimal so-
lution is given by the following theorem.

Theorem 1. Let the eigenvalues of the matrix Pk �
ST

k Sk be denoted by kki �16 i6 n� in descending
order, and let aki denote the corresponding eigen-
vector of kki. Then, the optimal solution of Eq. (10)
is as follows:

Uk � A0k�L0k�ÿ1
; �11�

where

A0k � �a1; a2; . . . ; ark �;
L0k � diag

������
kk1

p
;
������
kk2

p
; . . . ;

�������
kkrk

p� �
:

Proof. Let R denote the rank of Pk. The matrix Pk is
decomposed as follows:

Pk � AkLkLT
k AT

k ; �12�
where Lk is described as

Lk � diag
������
kk1

p
; . . . ;

������
kkR

p� �
; �13�

and Ak is the matrix whose column vectors are
ak1; . . . ; akR.

Let X � LT
k AT

k Uk and yi � Lÿ1
k AT

k ST
k ski. Then,

Eq. (10) can be rewritten as follows:

Find X that maximizesXn

i�1

yT
i XX Tyi �14�

subject to the constraint

X TX � I :

The optimal solution of Eq. (14) can be ob-
tained from the eigenvectors of the correlation
matrix of yi (Bellman, 1970). The correlation ma-
trix is described as follows:Xn

i�1

yiyT
i � Lÿ1

k AT
k PkP T

k AkLÿ1
k �15�

� LT
k Lk �16�

� diag�kk1; . . . ; kkR�: �17�
Since the correlation matrix is diagonal, the ei-
genvalues are kk1; . . . ; kkR in descending order, and
the eigenvector that corresponds to ki is ei which is
the R-dimensional vector whose ith element is 1
and all the other elements are 0. The optimal X is
described as follows:

X � LT
k AT

k Uk � �e1; e2; . . . ; erk �: �18�
The optimal Uk is derived from Eq. (18) as

Uk � A0k�L0k�ÿ1
: � �19�

According to the theorem, the training of the
subspace classi®er can be performed by the matrix
computations to obtain eigenvalues and eigenvec-
tors. Since such computations are included in most
computational libraries, the subspace classi®er is
easy to implement.

It is known that the dimensionality of each
subspace deeply a�ects the classi®cation perfor-
mance. It is better to change the dimensionality for
each subspace than to ®x the dimensionality over
all classes. The criterion called ``®delity'' is often
used to determine the dimensionality (Oja, 1983),
where the dimensionality is determined so that the
®delity of each subspace becomes the same pre-
determined value. The ®delity of Ck is obtained as
follows:

yk�rk� � 1

n

Xn

i�1

�����������������������������������������Xrk

j�1

�uT
kjS

T
k ski�2=kskik2

vuut : �20�
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3. Subspace classi®er in the Hilbert space

In this section, we consider the subspace clas-
si®er in the in®nite dimensional real Hilbert space
H . The elements of H are real in®nite dimensional
vectors

x � �x1; x2; . . .�T; �21�
whose squared sum of the elements is ®nite, i.e.,X1
i�1

x2
i <1: �22�

When the feature space Rp is mapped to H by
u, the unknown sample v and the training sample
ski are mapped to u�v� and u�ski�, respectively.
According to Eq. (1), we have the following
equations:

hu�v�;u�ski�i � exp

 
ÿ kvÿ skik2

r2

!
; �23�

hu�ski�;u�skj�i � exp

 
ÿ kski ÿ skjk2

r2

!
: �24�

In the Hilbert space, the same algorithm is
performed as the conventional subspace classi®er.
So, in order to obtain the membership function in
the Hilbert space, all you have to do is to replace
the inner product in Eq. (9) by the one in the
Hilbert space:

fk�u�v�� � kU T
k g�u�v��k2

; �25�
where

g�u�v�� � �u�v�Tu�sk1�; . . . ;u�v�Tu�skn��T:
Also in training, the inner product in the opti-

mization is replaced as follows:
Find Uk that maximizesXn

i�1

kUT
k g�u�ski��k2 �26�

subject to the constraints

U T
k GUk � I ; �27�

where G is the matrix whose column vectors are
g�u�ski�� �i � 1; . . . ; n�. The optimal solution can
be obtained in the same way as the conventional
subspace classi®er.

4. Discussion on the intersection of subspaces

The classi®cation performance of the subspace
classi®er is said to be deeply a�ected by the di-
mensionality of the intersections of the subspaces.
The dimensionality of the intersections should be
small to improve the classi®cation accuracy. In this
section, we will show that the dimensionality of the
intersection is always zero in the Hilbert space.

The intersection of the subspaces Di and Dj is
described as Di \Dj. The intersection is also a
linear subspace whose dimensionality is given as
follows:

dim�Di \Dj� � dim�Di� � dim�Dj�
ÿ dim�Di [Dj�: �28�

First, we will prove the following theorem.

Theorem 2. When a ®nite set of samples is mapped
to the Hilbert space H by u, all mapped samples are
linearly independent.

Proof. Let the mapped samples be described as
u�si� �16 i6 n�. To show that these samples are
linearly independent, it is su�cient to show that
the Gram matrix M is regular (Bellman, 1970),
where the �i; j�-element of M is described as
follows:

mij � hu�si�;u�sj�i � exp

 
ÿ ksi ÿ sjk2

r2

!
: �29�

The following theorem is known (Haykin, 1995).

Theorem 3. Let s1; . . . ; sn be the points on Rp, each
of which is di�erent from the other samples. Then,
the n� n matrix whose �i; j�-element is described as

exp

 
ÿ ksi ÿ sjk2

r2

!
�30�

is positive de®nite.

By Theorem 3, it is clear that M is positive
de®nite and accordingly regular.

By Theorem 2, the mapped training samples of
Ci and Cj �i 6� j� are linearly independent in the
Hilbert space. So, the mapped samples of each
class span an n-dimensional subspace:
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dim�Di� � dim�Dj� � n: �31�
Also, the training samples of both classes span a
2n-dimensional subspace:

dim�Di [Dj� � 2n: �32�
Then, substituting Eqs. (31) and (32) into Eq. (28),
we obtain the following equation:

dim�Di [Dj� � dim�Di� � dim�Dj�: �33�
Therefore, it is shown that the dimensionality of
the intersection is 0.

5. Hiragana recognition experiment

5.1. Settings

In this section, we will compare our classi®er
with the conventional subspace classi®er, support
vector machine and k-nearest neighbor in the
handwritten Hiragana recognition problem with
71 classes. The character images were taken from
the ETL9B database 1 which contains 200 images
per a character. The samples are shown in Fig. 1.
In feature extraction, the contour direction histo-
gram feature (Kimura et al., 1987), whose dimen-
sionality is 196, was used.

In a preliminary experiment, the optimal value
of the width parameter r is seeked for our classi®er
and SVM, respectively. In this experiment, the
number of training samples was 20 and the num-
ber of test samples was also 20. The value of r was
changed from 10 to 100 by the interval of 10. The
®delity value of our classi®er was set to 0.99. As a
result, our classi®er achieved the smallest error
rate when r � 50, and SVM achieved when
r � 30. In the following experiment, these values
are used for r.

Next, our classi®er is compared with the con-
ventional subspace classi®er. The number of
training samples was 160 per class, and the number
of testing samples was 40. The samples were cho-
sen randomly and 10 trials were made with dif-

ferent choice of samples. The error rate described
in the following is the average over 10 trials.

5.2. Results

Fig. 2 shows the error rates of the conventional
subspace classi®er and the subspace classi®er in the
Hilbert space when the ®delity changes from 0.95
to 0.995. The minimum error rate of our classi®er
was 3.64% when the ®delity is 0.99. On the other
hand, the minimum error rate of the conventional
classi®er was 4.98% when the ®delity is 0.98. The
error rate was reduced by 26.9%, so you can see
that the error rate is improved signi®cantly.

We also compared our classi®er with SVM. The
experimental setting is the same as in the previous

1 For information, see http://www.etl.go.jp/etlcdb

Fig. 1. Samples of handwritten Hiragana images (71 charac-

ters).

Fig. 2. The error rates of the conventional subspace classi®er

and the subspace classi®er in the Hilbert space.
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experiment. For each class, SVM is trained to
learn the boundary between the class and all the
other classes. The unlabeled sample is classi®ed to
the class for which SVM outputs the largest value.

The error rates of our classi®er and SVM are
shown in Table 1. This table also shows the error
rates of the conventional subspace classi®er and
the k-nearest neighbor classi®er. It shows that
SVM achieved the smallest error rate 3.02%. The
reason is considered that SVM is trained by the
training samples of its own class and rival classes,
whereas our classi®er is trained by the samples of
its own class. However, SVM has the problem that
the training needs enormous computational cost,
because the optimization problem becomes very
large, which will be discussed later in the next
section. In comparison with the conventional
subspace classi®er and k-nearest neighbor, our
classi®er and SVM are superior by far. This is the
good e�ect of the mapping to the Hilbert space.

5.3. Comparison with support vector machine

In this section, we will compare our classi®er with
SVM from various viewpoints. The common fea-
tures of the two classi®ers are described as follows:
· The two classi®ers utilize the mapping to the

Hilbert space.
· The training is performed by solving a quadra-

tic optimization problem, so the global optimal
solution can be easily obtained.

The ®rst point is the biggest feature of the two
classi®ers. In conventional ways of pattern recog-
nition, the dimensionality of the feature space is
usually reduced to obtain better results. On the
contrary, the two classi®ers use the mapping which
increases the dimensionality.

The second point is desirable from a practical
viewpoint. So far, most of the high performance
classi®ers use nonlinear discriminant function and
often su�er from local minima problems. Al-
though the two classi®ers use nonlinear discrimi-
nant functions, the optimization problem is
quadratic and local minima problems do not exist.

The di�erence between the two classi®ers is
described as follows:
· Whereas SVM forms a linear discrimination

boundary in the Hilbert space, our classi®er
forms a quadratic boundary.

· SVM is trained by the training samples of its
own class and rival classes, whereas our classi®-
er is trained by the samples of its own class
only.

· The size of the optimization problem for train-
ing is much larger in SVM.

From the ®rst point, we can see that, even two
classes are not linearly separable, our classi®er
may be able to discriminate the classes. But, in
actual experiment, the error rate was inferior to
SVM. It is because of the second point: whereas
SVM is trained using the information from rival
classes, our classi®er ignores the information.

However, the ignorance of the rival classes
makes the training of our classi®er very e�cient.
As mentioned in the third point, there is a big
di�erence in the size of the optimization problem.
Let the number of classes be c and the number of
training samples per class be n. Then, the coe�-
cient matrix of the quadratic optimization problem
of SVM is an nc� nc dense matrix. It takes large
storage and solving this optimization problem
takes a large amount of computation (Osuna et al.,
1997). On the other hand, since the coe�cient
matrix G of our classi®er is an n� n matrix, the
computational cost for training is much smaller.
Therefore, our classi®er is considered to be suit-
able for large scale problems such as Kanji rec-
ognition (Kimura et al., 1987).

6. Conclusion

In this paper, the subspace classi®er is applied
to the Hilbert space, and obtained the improve-
ment over the conventional subspace classi®er.

Table 1

The error rates of the subspace classi®er in the Hilbert space,

the support vector machine and conventional classi®ers

Error rate (%)

Subspace classi®er in the Hilbert space 3.64

Support vector machine 3.02

Subspace classi®er 4.98

1-NN 8.73

3-NN 7.71

5-NN 7.35

7-NN 7.74
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This improvement is due to the e�ect that the di-
mensionality of the intersection of subspaces be-
comes zero by the mapping. We also compared
our classi®er with SVM. The error rate of our
classi®er was not better than that of SVM, but our
advantage is the small training cost.

Studies on the classi®cation in the Hilbert space
are started by SVM. But, various classi®ers can be
transferred to the Hilbert space, which could be
very fruitful. In this paper, we have transferred the
subspace classi®er into the Hilbert space, and ob-
tained a classi®er with high performance and easy
training. In future works, we continue to develop
the subspace classi®er in the Hilbert space to more
sophisticated forms such as learning subspace
classi®ers. Also, we will apply this classi®er to
actual large scale problems.
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