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a b s t r a c t 

The problem of subspace clustering which refers to segmenting a collection of data samples approxi- 

mately drawn from a union of linear subspaces is considered in this paper. Among existing subspace 

clustering algorithms, low rank representation (LRR) based subspace clustering is a very powerful method 

and has demonstrated that its performance is good. Latent low rank representation (LLRR) subspace clus- 

tering algorithm is an improvement of the original LRR algorithm when the observed data samples are 

insufficient. The clustering accuracy of LLRR is higher than that of LRR. Recently, Frobenius norm mini- 

mization based LRR algorithm has been proposed and its clustering accuracy is higher than that of LRR 

demonstrating the effectiveness of Frobenius norm as another convex surrogate of the rank function. 

Combining LLRR and Frobenius norm, a new low rank representation subspace clustering algorithm is 

proposed in this paper. The nuclear norm in the LLRR algorithm is replaced by the Frobenius norm. The 

resulting optimization problem is solved via alternating direction method of multipliers (ADMM). Experi- 

mental results show that compared with LRR, LLRR and several other state-of-the-art subspace clustering 

algorithms, the proposed algorithm can get higher clustering accuracy. Compared with LLRR, the running 

time of the proposed algorithm is reduced significantly. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

In real world applications, data samples are always high-

imensional. In order to deal with these high-dimensional data

amples more efficiently, the underlying structure of these data

amples should be detected and used. A widely accepted assump-

ion is that these high-dimensional data samples lie in some low-

imensional manifold. To model such low-dimensional manifold,

he most natural choice is to use linear subspace. If the data sam-

les are drawn from one class, they can be considered as drawn

rom a single linear subspace and single linear subspace mod-

ls [1–3] can be used. When the data samples are drawn from

ultiple classes, they can be considered as drawn from a union

f linear subspaces and subspace clustering models can be used.

ubspace clustering refers to the problem of segmenting a collec-

ion of data samples approximately drawn from a union of lin-

ar subspaces. Subspace clustering has been widely applied in
∗ Corresponding author. 
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omputer vision [4–6] , image processing [7–9] , pattern recogni-

ion and system identification [10] . The existing subspace clus-

ering approaches can be divided into four main categories: it-

rative [11–16] , algebraic [17–20] , statistical [21,22] and spectral

lustering-based approaches [23–27] . Compared to the first three

ind of subspace clustering approaches, spectral clustering-based

pproaches are more precise and efficient and these approaches

ave drawn more research attention. Among spectral clustering-

ased approaches, there are two well-known approaches which

re sparse subspace clustering (SSC) [28] and low rank representa-

ion (LRR) [29] . These two approaches share some similarity with

ach other. In SSC and LRR, data samples are represented as linear

ombinations of a dictionary composed of the data samples them-

elves. A convex optimization problem is formed through which

he representation matrix can be solved. The concept from sparse

epresentation [30–32] and low rank recovery [33–35] are used to

egularize the representation matrix. LRR has demonstrated very

romising clustering accuracy and efficiency and many improve-

ents based on LRR have been proposed in order to get higher

lustering accuracy and efficiency. 

https://doi.org/10.1016/j.neucom.2017.11.021
http://www.ScienceDirect.com
http://www.elsevier.com/locate/neucom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2017.11.021&domain=pdf
mailto:519559374@qq.com
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1.1. Related works 

In order to improve the robustness and representation ability of

the original SSC or LRR based methods, many improvements have

been proposed in recent years. These methods try to improve the

original models from different aspects. Here we divide these meth-

ods into five categories, where methods in each category focus on

one particular aspect of the original models. 

(1) To improve the representation by incorporating manifold in-

formation. Methods in this category try to improve the rep-

resentation ability by incorporating manifold information of

the data samples. In the original SSC or LRR based methods,

the similarity of the representation coefficients or features

is not directly related to the similarity of the data samples.

In order to preserve the similarity of the representation co-

efficients or features, the manifold information of the data

samples can be incorporated into the objective function. A

Laplacian regularized term can be added in order to make

the representation coefficients or features resemble the re-

lationship of data samples. In [36] , a Laplacian regularized

term containing the representation coefficients of the LRR

model is added. In [37,38] , two Laplacian regularized terms

are added. The first term regularizes the right representation

coefficients while the second term regularizes the projected

data samples using the left representation matrix. Similarly,

in [39] , two Laplacian regularized terms are added. The first

term regularizes the right representation coefficients while

the second term regularizes the left representation coeffi-

cients. By considering the manifold information, the rep-

resentation ability of the original model is improved and

higher subspace segmentation accuracy can be obtained. 

(2) To improve the representation by simultaneously consid-

ering the low rankness and sparsity. Methods in this cate-

gory try to improve the representation ability by jointly ex-

ploring the low rankness and sparsity of the representation.

In the original model, only one aspect of the representa-

tion is considered which is either low rankness or sparsity.

In fact, these two properties can be simultaneously consid-

ered when discovering the subspace structure. In [40] , a low

rank and sparse principal feature coding formulation is pro-

posed that decomposes given data into a component part

that encodes low rank sparse principal features and a noise

fitting error part. In [41] , besides learning a low rank com-

ponent encoding principal features, the method also learns a

similarity-preserving sparse projection for extracting salient

features. In the above models, the low rankness and spar-

sity of the underlying subspaces is jointly considered when

processing the data samples. 

(3) To improve the representation by using nonconvex nons-

mooth approximation to the rank function. Methods in this

category try to improve the representation ability by us-

ing nonconvex nonsmooth approximation to the rank func-

tion of a matrix. In the original model, the rank function

is approximated by the convex nuclear norm. In order to

make more accurate approximation of the rank function,

nonconvex nonsmooth functions can also be used. In [42] ,

the authors generalize the nonconvex surrogates of l 0 -norm

of vectors to matrix rank functions. The corresponding ob-

jective function can be solved by iteratively reweighted nu-

clear norm algorithm. Since nuclear norm is a loose approx-

imation of the rank function, using nonconvex approxima-

tions can achieve better accuracy of the representation co-

efficients. In [43] , the authors use matrix γ -norm and mini-

max concave penalty norm to approximate the l 0 -norm and

rank of a matrix. The method proposed in [43] also incorpo-
rates graph construction with low rank learning, which can

simultaneously learn the low rank coding coefficients and

the similarity graph. 

(4) To improve the representation by considering hidden effects

of the data samples. In the original model, the data samples

are assumed to be sufficiently sampled. When the data sam-

ples are insufficient, the hidden effects of the unobserved

data samples should be considered. In [44] , the authors pro-

posed latent low rank representation to represent the ob-

served data samples as linear combinations of both observed

data samples and unobserved data samples. In [38–40] , be-

sides considering the hidden effects of the data samples, the

manifold information is also incorporated so better repre-

sentation ability can be obtained. In this paper, we also con-

sider the hidden effects of the data samples. In [45] , the la-

tent low rank representation model is applied to the transfer

learning scenario, where the hidden effects brought by miss-

ing modality in the training data are considered. 

(5) To improve the representation by learning a dictionary. In

the original model, the data samples are directly used as the

dictionary to represent the data samples. In practical, data

samples could be contaminated by noises or outliers. Learn-

ing a dictionary rather than directly using the data samples

themselves could improve the accuracy of the representa-

tion. In [46] , a non-negative dictionary is learned during the

optimization and better clustering results are obtained. Sim-

ilarly, in [47] , a dictionary using samples from source do-

main and target domain is learned to realize transfer learn-

ing. However, the objective function will become nonconvex

when the dictionary is not fixed and need to be optimized

so the effect of dictionary learning needs to be further in-

vestigated in the subspace clustering framework. 

.2. The motivation of the paper 

.2.1. Using latent low rank representation when the data samples 

re insufficient 

One improvement of LRR is called latent low rank represen-

ation (LLRR) [44] . Latent low rank representation aims at solv-

ng the problem when the data samples are insufficient. The ob-

erved data samples are represented by both the observed and un-

bserved data. The effects of the hidden data can be approximately

ecovered by solving a nuclear norm minimization problem. The

bjective function of LLRR has two representation matrices which

eed to be solved. Nuclear norm minimization of the two matri-

es is to be achieved and the objective function is solved via al-

ernating direction method of multipliers. Besides its capability of

ealing with the situation when the data samples are insufficient,

LRR can also be used as a feature extraction method. One of the

atrices obtained can be used a transformation matrix to extract

alient features from new data samples. The clustering accuracy of

LRR is higher than that of the original LRR. Two singular value de-

ompositions (SVD) have to be performed in each iteration during

he optimization procedure, thus causing the computational com-

lexity of LLRR being very high. 

.2.2. Using Frobenius norm instead of nuclear norm 

In the original LRR model, the nuclear norm of the representa-

ion matrix is to be minimized in the objective function. Nuclear

orm has been proven to be an effective convex surrogate of the

ank function. During the optimization procedure of LRR model, a

ingular value decomposition must be performed in every itera-

ion. Doing singular value decomposition is time consuming and

imits the ability of the algorithm to process large scale data sets.

n order to solve this problem, Frobenius norm is proposed to re-

lace the nuclear norm [48] . Frobenius norm minimization based
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Fig. 1. The relationship between the proposed model and previously proposed subspace clustering models. 
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l  
ow rank representation has several advantages compared with nu-

lear norm minimization based low rank representation. Not only

he computational complexity is reduced significantly but the clus-

ering accuracy is also improved. Theoretical and experimental ev-

dence has been presented to demonstrate the effectiveness of the

robenius norm as another convex surrogate of the rank func-

ion. In [49] , the least squares regression is proposed and Frobe-

ius norm is used to regularize the representation matrix. Theo-

etical analyses are given in [49] which state that the Frobenius

orm satisfies the enforced block diagonal conditions. Using Frobe-

ius norm has another advantage that the coefficients of a group

f correlated data are approximately equal. Some nuclear norm

inimization based subspace clustering algorithms have been im-

roved by using Frobenius norm instead of nuclear norm. One such

xample is the improvement of low rank subspace clustering [50] .

eplacing nuclear norm by Frobenius norm in low rank subspace

lustering leads to a new algorithm called efficient dense subspace

lustering [51] and its clustering performance is better than that of

he low rank subspace clustering. In [52,53] , the authors proposed

 robust subspace clustering algorithm via thresholding ridge re-

ression. l 2 -norm is used to regularize the representation coeffi-

ients in order to have closed form solutions. In [54] , theoreti-

al analysis is provided to explain the working mechanism of the

robenius norm based subspace clustering methods. In that pa-

er, two situations are analyzed. When the dictionary can provide

nough representative capacity, Frobenius norm based representa-

ion (FNR) is exactly the nuclear norm based representation (NNR).

therwise, FNR and NNR are two solutions on the column space

f the dictionary. In the algorithm proposed in this paper, the la-

ent low rank representation and Frobenius norm representation is

ombined. 

Based on the above two improvements of the original LRR

odel, in this paper a new low rank representation model is pro-

osed. The proposed model combines the original LLRR model and

robenius norm minimization based low rank representation into a

nified framework. The nuclear norm in the original LLRR model is

eplaced by the Frobenius norm and the resulting model is called

robenius norm minimization based LLRR (FLLRR). The proposed

odel can be solved by the ADMM method. The relationship be-

ween the proposed model and the previous proposed models is

hown in Fig. 1 . 

The organization of the paper is given as follows. Section 2 in-

roduces the Frobenius norm minimization based low rank repre-

t  
entation. Section 3 introduces the LLRR model and its optimiza-

ion procedure. In Section 4 , the proposed FLLRR model together

ith its optimization algorithm is presented. Section 5 gives exper-

mental results and analysis followed by some concluding remarks

n Section 6 . 

. Frobenius norm minimization based low rank 

epresentation 

In the original LRR model, nuclear norm has been used a convex

urrogate of the rank function. Through theoretical and experimen-

al studies, it has been shown that nuclear norm is not the only

onvex surrogate of the rank function. Frobenius norm can also be

sed as a convex surrogate of the rank function. By replacing the

uclear norm in the original LRR model, the Frobenius norm min-

mization based low rank representation (FLRR) is obtained. The

bjective function of the FLRR model is given as follows 

in 

Z , E 

1 

2 

|| Z || 2 F + λ|| E | | 2 , 1 s .t. X = XZ + E (1)

here X ∈ R 

p×n is the data matrix, Z ∈ R 

n ×n is the representation

atrix and E ∈ R 

p×n is the error matrix. Notice the similarity and

ifference between the objective function of the FLRR model and

he original LRR model. The term || Z || ∗ containing nuclear norm

as been replaced by the term 

1 
2 || Z || 2 F containing Frobenius norm.

he objective function of FLRR can also be solved by using the

DMM method and there is no need to add another equality con-

traint containing an auxiliary matrix. The objective function in

q. (1) can be rewritten as 

in 

Z , E 

1 

2 

|| Z || 2 F + λ|| E | | 2 , 1 + tr ( Y 

T (X − XZ − E )) + 

μ

2 

|| X − XZ − E || 2F 
(2) 

here Y is the Lagrange multiplier. This optimization problem can

e solved by fixing the other variables and optimize it with only

ne variable. 

. Latent low rank representation subspace clustering 

lgorithm 

Latent low rank representation is proposed to solve the prob-

em when the data samples are insufficient. In the LLRR model,

he observed data samples are represented as linear combinations
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of both the observed data samples and the unobserved data sam-

ples. The objective function of the LLRR model is given as follows

min 

Z , L , E 
|| Z | | ∗ + || L | | ∗ + λ|| E | | 1 s .t. X = XZ + LX + E (3)

where X ∈ R 

p×n is the data matrix, Z ∈ R n × n and L ∈ R 

p×p are the

representation matrices and E ∈ R 

p×n is the error matrix. The term

XZ can be seen as the linear combinations of the observed data

samples while the term LX can be seen as the linear combinations

of the unobserved data samples. The effect of unobserved data

samples is considered in LLRR so that the representation model is

better than the original LRR model. The objective function of the

LLRR model can be solved by the ADMM method. The objective

function in Eq. (3) can be rewritten as 

min 

Z , L , J , S , E 
|| J | | ∗ + || S | | ∗ + λ|| E | | 1 s .t. X = XZ + LX + E , Z = J , L = S 

(4)

where the matrices J and S are auxiliary variables. The above con-

straint optimization problem is then transformed into an uncon-

straint optimization problem by adding Lagrange multipliers. The

resulting optimization problem is given as follows 

min 

Z , L , J , S , E 
|| J | | ∗ + || S | | ∗ + λ|| E | | 1 + tr (Y 

T 
1 (X − XZ − LX − E )) 

+ tr (Y 

T 
2 (Z − J )) + tr (Y 

T 
3 (L − S )) + 

μ

2 

(|| X − XZ − LX − E || 2 F 

+ || Z − J || 2 F + || L − S || 2 F ) (5)

where Y 1 , Y 2 and Y 3 are Lagrange multipliers. The above objective

function can be solved by fixing the other variables and optimize

it with only one variable. 

4. Frobenius norm minimization based latent low rank 

representation 

Comparing the optimization algorithm of the FLRR model and

that of the original LRR model, we can find that there are two ma-

jor differences. The first is that no auxiliary variable is introduced

in the objective function of the FLRR model. In the objective func-

tion of the original LRR model, an auxiliary variable has to be in-

troduced and a corresponding equality constraint also has to be
Algorithm 1 

The optimization algorithm for solving FLLRR. 

Input: data matrix X , parameter λ

Initialize: Z (0) = 0 , L (0) = 0 , E (0) = 0 , Y (0) = 0 , μ = 1

while not converged do 

1. fix the others and update Z by 

Z (k +1) = (I + μX T X ) −1 μX T 
(

X − L (k ) X − E (k ) + 

2. fix the others and update L by 

L (k +1) = μ

(
X − X Z (k +1) − E (k ) + 

Y (k ) 

μ

)
X T (I + μ

3. fix the others and update E by 

E (k +1) = arg min 
E 

λ

μ
|| E | | 1 + 

1 

2 

∥∥∥∥E −
(

X − X Z (k +1

E (k +1) = S λ
μ

(
X − X Z (k +1) − L (k +1) X + 

Y (k ) 

μ

)

4. update the multipliers 

Y (k +1) = Y (k ) + μ(X − X Z (k +1) − L (k +1) X − E (k +1

5. update the parameter μ by μ = min (ρμ, μmax

6. check the convergence conditions: 

|| X − X Z (k +1) − L (k +1) X − E (k +1) | | ∞ < ε

end while 

Output: Matrix Z = Z (k +1) , L = L (k +1) and E = E (k +1) 
ntroduced. The reason for introducing auxiliary variable is to ob-

ain closed form solution in the nuclear norm minimization pro-

edure. Without introducing any auxiliary variable, the optimiza-

ion algorithm of the FLRR model is simpler. The second is that

 SVD has to be performed in each iteration of the optimization

lgorithm of the original LRR model while there is no such opera-

ion in the optimization algorithm of the FLRR model. Doing SVD is

ery time consuming and wastes a lot of computational resources.

hese two differences make the FLRR model be a better subspace

lustering model than the original LRR model. If the nuclear norm

n the original LLRR model is replaced by the Frobenius norm, the

VD procedure in the optimization algorithm of the LLRR model

ill no longer be needed. Besides, the auxiliary variables will not

e needed either. The objective function of Frobenius norm mini-

ization based low rank representation is given as follows 

min 

 , L , E 

1 

2 

|| Z || 2 F + 

1 

2 

|| L || 2 F + λ|| E | | 1 s .t. X = XZ + LX + E (6)

The above constraint optimization problem can be transformed

o an unconstraint optimization problem by adding Lagrange mul-

ipliers. The resulting objective function is given as follows 

min 

Z , L , E 

1 

2 

|| Z || 2 F + 

1 

2 

|| L || 2 F + λ|| E | | 1 + tr ( Y 

T (X − XZ − LX − E )) 

+ 

μ

2 

|| X − XZ − LX − E || 2 F (7)

here Y is the Lagrange multiplier. Note that here no auxiliary

ariables are introduced into the objective function. The above ob-

ective function can be solved by fixing the other variables and op-

imize it with only one variable. The optimization algorithm for

olving the FLLRR model is presented in Algorithm 1 . In the op-

imization procedure, the SVD operations are omitted thus reduc-

ng the computational complexity of the original LLRR model in a

reat extent. The time complexity of the LLRR model and FFLLR

odel is analyzed as follows. First we want to analyze the time

omplexity of the LLRR model. In each iteration of the LLRR model,

wo SVDs have to be performed which has the time complexity

 ( p 3 + n 3 ) . Besides, two matrix inversions have to be performed

hich has the time complexity O ( p 3 + n 3 ) . In each iteration of the

LLRR model, no SVD has to be performed. The two matrix inver-

ions have the time complexity O ( p 3 + n 3 ) . Compared to the LLRR

odel, the time complexity of the FLLRR model is reduced to 1/2

f the LLRR model. 
0 −6 , μmax = 10 6 , ρ = 1 . 1 , ε = 10 −8 and k = 0 

Y k 
μ

)

X T X ) −1 

) − L (k +1) X + 

Y (k ) 

μ

)∥∥∥∥
2 

F 

) ) 

 

) 
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Fig. 2. Some sample images from the face datasets. 

Fig. 3. Some data samples from the USPS dataset. 

Fig. 4. Some data samples from the MNIST dataset. 
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Here we want to give a brief theoretical analysis about the re-

ationship between matrix norms. Matrix norms are a natural gen-

ralization of the vector norms. The three most important vector

orms used in the compressed sensing framework are the l 1 , l 2 ,

nd l ∞ 

norms. Generalizing these norms to the matrix case, we

et the nuclear norm, Frobenius norm and operator norm. The nu-

lear norm of a matrix can be seen as the l 1 norm of the singular

alues of the matrix. Its definition is given as follows: 

| X | | ∗ := 

r ∑ 

i =1 

σi (X ) (8) 

here r is the rank of the matrix X and σ i ( X ) is the i th singular

alue of the matrix. 

The Frobenius norm of a matrix can be seen as the l 2 norm

f the singular values of the matrix. Its definition can be given as

ollows: 

| X | | F := 

( 

r ∑ 

i =1 

σ 2 
i (X ) 

) 

1 
2 

(9) 

The operator norm of a matrix can be seen as the l ∞ 

norm of

he singular values of the matrix. Its definition can be written as

ollows: 

| X || := σ1 (X ) (10)

Actually, these three matrix norms are closely related to each

ther. The relationship between these matrix norms is as follows

55] : 

| X || ≤ || X | | F ≤ || X | | ∗ ≤ √ 

r || X | | F ≤ r|| X || (11)

The proof of the above inequality is given in the Appendix . 
It can be proved that the convex envelop of rank ( X ) on the set

 X ∈ R 

m ×n : || X || ≤ 1 } is the nuclear norm || X || ∗ [55] . Using nu-

lear norm as a convex surrogate of the rank function is widely

sed in the low rank based subspace clustering methods. By study-

ng the relationship between the nuclear norm and the Frobenius

orm, we can see that Frobenius norm can also be regarded as a

onvex surrogate of the rank function. With the above inequality,

t can be said that these there matrix norms are equivalent to each

ther to some extent. Minimizing one of the matrix norms will

lso minimize the other two matrix norms. From inequality ( 4 ), we

an see that the Frobenius norm is an upper bound and as well as

 lower bound of the nuclear norm. So using the Frobenius norm

nstead of the nuclear norm in the algorithm LatLRR is reasonable.

fter the optimization procedure, we get a low rank matrix Z and

 . Actually, in the proposed algorithm, we use the square of the

robenius norm for computational convenience. 

. Experimental results and analysis 

In this section the performance of the proposed model as well

s several other subspace clustering models are evaluated using

our real-world datasets. The performance of the proposed model

s compared with the best state-of-the-art subspace clustering

odels including LSA [23] , SLBF [24] , LLMC [26] , SCC [27] , MSL

14] , SSC [28] , LRR [29] , LLRR [44] and rLRR [37] . LSA, SLBF, LLMC

an be considered as local spectral clustering-based approaches

nd SCC, SSC, LRR, LLRR, rLRR can be considered as global spec-

ral clustering-based approaches. MSL can be considered as a kind

f iterative statistical approach. 

Datasets . Four real-world datasets are considered here. The first

ataset is the Extended Yale B dataset [56] , which consists of face

mages of 38 human subjects, where images of each subject lie in

 low-dimensional subspace. There are 64 frontal face images for

ach subject acquired under various lighting conditions. The sec-

nd dataset is the ORL dataset, which consists of face images of 40

uman subjects. There are 10 frontal face images for each subject

cquired under different situations. Some sample images from the

ace datasets are shown in Fig. 2 . The third dataset is the hand-

ritten digit dataset which includes the USPS dataset and MNIST

ataset. The USPS dataset consists of a training set with 7291 im-

ges and a test set with 2007 images. The digits have been size-

ormalized and centered in a fixed-size image. The MNIST dataset

f handwritten digits has a training set of 60,0 0 0 examples and

 test set of 10,0 0 0 examples. The digits have also been size-

ormalized. The images of each digit also lie in a low-dimensional

ubspace. Some examples from the USPS and MNIST dataset are

hown in Figs. 3 and Fig. 4 respectively. The fourth dataset con-

ains many river segments extracted from a set of remote sensing

mages. Each river segment is of size 60 × 60. After the river seg-

ents are extracted, the rotation operation is done to some of the

iver segments to make the river segments more aligned. The river

egments do not have ground truth classification but they can be

onsidered as drawn from a union of linear subspaces and thus

ubspace clustering models can be applied. The remote sensing im-

ge containing the rivers as well as some of the river segments

xtracted from that image are shown in Fig. 5 . The details of all

atasets used in the experiment are given in Table 1 . 
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Fig. 5. The remote sensing image and some of the river segments extracted from that image. 

Table 1 

Details of the datasets used for clustering experiments in this work. 

Dataset Training samples Test samples Dimension Classes 

Extended Yale B / 2432 192 × 168 38 

ORL / 400 92 × 112 40 

USPS 7291 2007 16 × 16 10 

MNIST 60,0 0 0 10,0 0 0 28 × 28 10 

River / 128 60 × 60 / 
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Parameter determination by different approaches. The parameters

determined by different approaches for face clustering and hand-

written digit clustering are shown in Table 2 for clarity. For the

approach LSA, K represents the nearest neighbors for a data sample

to calculate the local linear subspace and d represents the subspace

dimension of the local linear subspace. For the approach SLBF, K start 

and K step represent the start size and step size of the local neigh-

borhood selection to calculate the local linear subspace and d rep-

resents the subspace dimension of the local linear subspace. For

the approach LLMC, K represents the number of nearest neighbors

for representing a data sample. For the approach SCC, d represents

the subspace dimension of the local linear subspace. For the ap-

proach LRR, λ is the weighting parameter for the sparse outlier

term, its value is chosen following the strategies provided by [57] .

For the approach SSC, λz is the weighting parameter for the noise

term and λe is the weighting parameter for the sparse outlier term.

For the approach LLRR, λ is the weighting parameter for the sparse

outlier term. For the approach rLRR, γ I is the weighting parame-

ter for the Laplacian regularized term and γ is the weighting pa-
E 

Table 2 

The parameters selected for different approaches. 

Approach Face clustering Handw

USPS 

LSA [23] K = 15, d = 9 K = 5, d

SLBF [24] K start = 10 , K step = 5 , d = 9 K start =
LLMC [26] K = 10 K = 5 

SCC [27] d = 9, affine version d = 9, a

MSL [14] d = 9 d = 9 

LRR [29] λ = 1 / 
√ 

log (n ) [57] λ = 1 / 
√

SSC [28] λz = 800 / μz , λe = 20 / μe λz = 80

LLRR [44] λ = 5 × 10 −4 λ = 10 −

rLRR [37] γI = 5 × 10 −4 , γE = 5 × 10 −4 γI = 10

FLLRR λ = 5 × 10 −4 λ = 10 −
ameter for the sparse outlier term. For the approach FLLRR, λ is

he weighting parameter for the sparse outlier term. For river seg-

ents clustering, we only compare the approach LLRR and FLLRR. 

.1. Face clustering 

The face images in the Extended Yale B dataset are acquired

nder a fixed pose with varying lighting conditions. It has been

hown that, under the Lambertian assumption, images of a sub-

ect with a fixed pose and varying lighting conditions lie close to

 linear subspace of dimension 9 [28] . Thus, the collection of face

mages of multiple subjects lies close to a union of 9D subspaces

28,29] . 

.1.1. Clustering accuracy comparison 

The clustering performance of FLLRR as well as the state-of-the-

rt approaches on the Extended Yale B dataset are evaluated and

ompared in this section. As done in [28] , we also downsample

he images to 48 × 42 pixels to reduce the computational cost and

he memory requirements of all algorithms. Thus each data point

s a 2016D vector, hence p = 2016. Similarly, we downsample the

mages from the ORL dataset to 23 × 28. 

The 38 subjects are divided into 4 groups as done in [28] ,

here the first 3 groups correspond to subjects 1 to 10, 11 to 20,

1 to 30, and the fourth group corresponds to subjects 31 to 38.

he four groups are referred to as groups 1–4 respectively. The au-

hors in [28] consider all choices of n ∈ {2, 3, 5, 8, 10} subjects for

ach of the first 3 groups and n ∈ {2, 3, 5, 8} for the last group. In

his experiment, only the case n = 10 is considered for each of the
ritten digit clustering 

MNIST 

 = 9 K = 5, d = 9 

 2 , K step = 2 , d = 9 K start = 2 , K step = 2 , d = 9 

K = 5 

ffine version d = 9, affine version 

d = 9 
 

log (n ) [57] λ = 1 / 
√ 

log (n ) [57] 

0 / μz , λe = 20 / μe λz = 800 / μz , λe = 20 / μe 
3 λ = 10 −3 

 

−3 , γE = 10 −3 γI = 10 −3 , γE = 10 −3 

3 λ = 10 −3 
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Table 3 

Clustering accuracy (%) of different approaches on the Extended Yale B 

dataset without preprocessing the data. 

Approach Group 1 Group 2 Group 3 Group 4 

LSA [23] 25.00 25.68 25.31 30.44 

SLBF [24] 37.26 38.36 34.06 40.12 

LLMC [26] 40.09 43.18 32.34 38.54 

SCC [27] 29.25 20.39 30.31 30.63 

MSL [14] 64.94 59.55 71.41 42.69 

SSC [28] 83.18 89.89 94.22 78.06 

LRR [29] 95.44 85.23 96.72 90.32 

LLRR [36] 94.18 97.75 98.13 93.68 

rLRR [37] 94.65 97.59 98.13 94.27 

FLLRR 97.48 88.93 99.06 97.63 

Table 4 

Clustering accuracy (%) of different approaches on the ORL dataset. 

Approach Group 1 Group 2 Group 3 Group 4 

SSC [28] 99.00 71.00 88.00 70.00 

LRR [29] 77.00 79.00 64.00 66.00 

LLRR [36] 97.00 84.00 70.00 90.00 

rLRR [37] 97.00 81.00 70.00 81.00 

FLLRR 97.00 86.00 84.00 88.00 
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rst 3 groups and n = 8 for the last group since this is the most

hallenging case for face clustering. In [28] , the authors reported

lustering results under 3 different settings: the first is applying

PCA [2] separately on each subject and then cluster the data sam-

les, the second is applying RPCA simultaneously on all subjects

nd cluster the data samples and the third is directly clustering

he original data samples. Here the first and second settings are

ot considered and all the clustering approaches are directly ap-

lied to the original data samples. The clustering accuracy results

sing the Extended Yale B dataset are presented in Table 3 . The

0 subjects in the ORL dataset are also divided into 4 groups. The

lustering accuracy results using the ORL dataset are presented in

able 4 . We only report the results of global spectral clustering

ethods in Table 4 . 

From the table we can make the following conclusions. Local

pectral clustering-based approaches such as LSA, SLBF and LLMC

btain a relatively low clustering accuracy on the dataset. Local

pectral clustering-based approaches rely on estimating the local

inear subspace of a data sample using the K nearest neighbors of

hat data sample. As for the Extended Yale B dataset, there are a

elatively large number of data samples near the intersection of

ubspaces; the local neighborhood of a sample must contain a lot
Fig. 6. The matrix Z obtained
f samples from the other subspaces. The local subspace estimated

s not accurate and the similarity built based on this local subspace

s not accurate either. 

Global spectral clustering-based approach such as SCC also ob-

ains relatively low clustering accuracy. This kind of method does

ot need to estimate the local linear subspace. However, the noises

nd outliers existed in the dataset will greatly affect the estimation

f the polar curvature and thus the similarity built based on this

olar curvature is not accurate. 

Iterative statistical approach such as MSL obtains relatively low

lustering accuracy. This method needs an initial clustering of the

ataset. This method can easily get stuck in local minimum around

he initial segmentation and the clustering accuracy is thus highly

ependent on the initial clustering. 

Global spectral clustering-based approaches such as LRR and

SC obtain more accurate clustering results while LRR gets higher

lustering accuracy than SSC. LRR and SSC both exploit the global

tructure of the dataset and handle noises and outliers explicitly.

he similarity matrix obtained is more accurate. 

The performance of LLRR is even better than LRR and rLRR in

ost cases. LLRR solves the problem when the data samples are

nsufficient and considers the effect of the unobserved data sam-

les. The representation model of LLRR is better than that of the

riginal LRR model. The representation matrix obtained is more

ccurate than that of the original LLR model. FLLRR gets the high-

st clustering accuracy compared with other subspace clustering

pproaches. By using the Frobenius norm instead of the nuclear

orm, the representation matrix obtained is a low rank matrix.

his matrix is even better than that of the original LLRR model.

his fact further proves that the Frobenius norm is a better con-

ex surrogate than the nuclear norm. To clearly show the differ-

nce between the proposed model and the LLRR model, we show

he matrix Z obtained by the two algorithms using the data sam-

les in group 1 in Fig. 6 . From Fig. 6 we can find that those co-

fficients in the matrix Z within the diagonal blocks obtained by

he FLLRR model are larger and those coefficients in off-diagonal

locks are smaller. This property is beneficial to clustering. From

hese experimental results, it can be seen that the proposed algo-

ithm is better than the nuclear norm based low rank subspace

lustering methods. As pointed out by Lu et al. [49] , the clustering

apability of low rank based subspace clustering method may not

ome from the low rankness of the representation matrix. In [49] ,

he authors propose another criterion which is enforced block di-

gonal condition and prove that matrix solved obeying this condi-

ion can be used for subspace clustering. Nuclear norm is a special

ase of this condition. Frobenius norm is another special case of
 by the two algorithms. 
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Table 5 

The running time of LLRR and FLLRR (s). 

Approach Group 1 Group 2 Group 3 Group 4 

LLRR [36] 433.7 434.7 401.1 384.9 

FLLRR 280.4 282.8 279.1 236.1 

Fig. 7. The relationship between λ and the clustering accuracies. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. The relationship between the residual error and the iteration number. 
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this condition. Thus matrix solved based on Frobenius norm mini-

mization can also be used for subspace clustering. However, there

is another advantage about Frobenius norm minimization based

method. The coefficients of highly correlated data samples are al-

most the same. It means that the intra-cluster difference of the

coefficients is smaller and the inter-cluster difference of the coef-

ficients is larger. The clustering accuracy can be improved when

the coefficients of the data samples within the same cluster are

similar to each other. This grouping effect cannot be obtained by

using nuclear norm minimization. So Frobenius norm based latent

low rank representation can get better subspace clustering accu-

racy than nuclear norm based methods such as LatLRR or rLRR. 

In order to compare the efficiency of different approaches, the

running time of LLRR and FLLRR is recorded. The environment for

running the clustering approaches is: MATLAB R2015a, Intel (R)

Core (TM) i5-4460S CPU @ 2.90 GHz, 8 GB RAM. The running time

of LLRR and FLLRR is given in Table 5 . From the table we can

clearly see that the running time of FLLRR is significantly less than

that of LLRR. This is because no SVD operations are needed and no

auxiliary variables are introduced in the optimization algorithm of

FLLRR. 

5.1.2. Parameter sensitivity analysis 

We investigate the effects of using different values of param-

eter λ on the performance of our proposed model. The values

of λ are chosen from { 10 −8 , 10 −7 , 10 −6 , 10 −5 , 10 −4 , 10 −3 , 10 −2 ,

10 −1 , 1 , 10 2 , 10 3 } and the corresponding clustering accuracies are

recorded. The experiments are done on the four groups used in the

previous section. The relationship between λ and the clustering ac-

curacies is shown in Fig. 7 . From Fig. 7 we can observe the follow-

ing facts. First, the clustering accuracy is low when using too large

or too small values of λ. Second, the highest clustering accuracy is

obtained when the value of λ is around 10 −3 . Third, although dif-

ferent groups are used as data samples, the trends are highly simi-

lar to each other. The value of λ should be chosen according to the

noise energy presented in the data samples. Too large or too small

values of λ will cause negative effect to the proposed model. In
he handwritten digit clustering experiments to be presented, the

alues of λ are chosen appropriately. 

.1.3. Convergence analysis 

In this subsection we mainly analyze the convergence property

f the proposed model. Since the proposed model only uses one

agrange multiplier, it can be proved theoretically that the pro-

osed model convergences. The experiments on all the databases

lso show that the proposed model convergences to the optimal

olution. To clearly show the results, we give the relationship be-

ween the residual error and the iteration number in Fig. 8 . The

xperiment is done using the data samples in group 1 in the 

ection 5.1.1 . From Fig. 8 we can observe that, the residual error

uickly decreases to 0 in a few iterations. In the face clustering

xperiments, the proposed model usually convergences within 60

terations. The proposed model has good convergence property. 

.2. Handwritten digit clustering 

Handwritten digit clustering refers to the problem of clustering

ultiple handwritten digits with different rotations and transla-

ions. The USPS dataset and MNIST dataset are used as the dataset

or evaluating the performance of different subspace clustering

pproaches. Before presenting the clustering results, we want to

ake a few discussions about the characteristic of the handwrit-

en digits. Unlike frontal face images, the images of handwritten

igits are less aligned. Besides, the information contained in each

andwritten image is not as rich as that of the face images since

ach image can be considered as a binary image. Furthermore, as

an be seen from the figures, the difference between the subspaces

here the handwritten digits are drawn is not as large as that of

he face images. Some of the digits are very similar to the oth-

rs. These characteristics make the clustering of handwritten digits

ore difficult than clustering face images. The experiment settings

f handwritten digit clustering are as follows. The data samples are

hosen from the training samples and testing samples separately.

ifferent number of data samples per class is used. We have done

he clustering experiments when the number of data samples per

lass is 10, 20, 30, 40 and 50. In each clustering experiment, 15

andom selections of the data samples from the database are done

nd the average clustering accuracies and the standard deviations

re recorded. The clustering accuracies of different methods on the

SPS database and MNIST database are presented in Fig. 9 . 

From Fig. 9 we can give the following observations. The perfor-

ances of most algorithms increase as the number of data sam-

les per class is increased. When more data samples are chosen for
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(g) (h)

(a) (b)

(c) (d)

(e) (f)

Fig. 9. The performances of different algorithms on the USPS and MNIST database. 



2488 S. Yu, W. Yiquan / Neurocomputing 275 (2018) 2479–2489 

Table 6 

The Silhouette index of different algorithms when clustering the river seg- 

ments. 

Number of clusters LLRR FLLRR 

2 −0.461 −0.003 

3 −0.091 −0.037 

4 −0.080 0.056 

5 −0.078 −0.002 

6 −0.049 0.051 
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clustering, more information can be utilized. The algorithms LLMC

and LSA are exceptions. The performances of these two algorithms

decrease as the number of data samples per class is increased.

The performances of the algorithms based on sparse representa-

tion and low rank coding are comparable to each other. When the

number of data samples per class is small, the performances of the

algorithms LLRR, rLRR and FLLRR are better. When the number of

data samples per class is large, the performances of the algorithms

SSC and LRR are better. The proposed algorithm gets higher clus-

tering accuracies compared to the algorithms LLRR and rLRR when

different number of data samples per class is used. The cluster-

ing accuracies of the algorithm MSL are very high compared to

other methods and the stability of the algorithm is better. The al-

gorithm LLMC always gets the lowest clustering accuracies on all

the databases. 

5.3. River segment clustering 

In this section we have done several experiments using river

segments. The images of river segments share some similarity with

the images of handwritten digits but the images of river segments

are even more difficult to cluster than the images of handwrit-

ten digits for the following reasons. First, some of the images of

river segments are severely interrupted by noises. Second, some

of the images of river segments are blurred and the river can be

hardly seen from the images. Third, the difference between the lin-

ear subspaces from which the river segments are drawn is smaller

which means that all river segments share some kind of similarity

with each other. Since the ground truth label information is not

known before hand, the clustering accuracy cannot be used. In or-

der to compare the performance of different algorithms quantita-

tively, the Silhouette index is used. The larger the Silhouette in-

dex, the better the clustering results. We choose the number of

clusters from {2, 3, 4, 5, 6} and the corresponding Silhouette index

is recorded. The parameters of different algorithms are chosen so

that the best performance can be obtained. The Silhouette index of

different algorithms is shown in Table 6 . From Table 6 we can see

that, the Silhouette index of FLLRR is higher than that of LLRR. This

result further indicates the superiority of the algorithm FLLRR. 

6. Conclusions and future research directions 

In this paper a new low rank subspace clustering model is pro-

posed. This method combines latent low rank representation and

Frobenius norm minimization. Experiments on real data sets such

as face images and handwritten digits show the effectiveness of

the proposed algorithm and its superiority over the state-of-the-

art. The computational complexity of the proposed algorithm is re-

duced a lot compared to the LLRR model. The proposed algorithm

has good convergence property. When clustering face images, the

proposed model gets the highest clustering accuracies. When clus-

tering handwritten digit images, the proposed model is better than

LLRR model and rLRR model. When clustering river segments, the

proposed model can get better clustering results. 

There are several possible future research directions we want

to point out. There is one parameter to be determined in the LLRR
nd FLLRR model. In this paper, this parameter is chosen heuristi-

ally. Finding a method to choose the optimal parameter for LLRR

nd FLLRR will be researched in the future. Latent low rank rep-

esentation has many improvements. For example, graph Laplacian

egularization can be added to the latent low rank representation

nd the clustering accuracy is improved [37 –39] . This regulariza-

ion may also be added to the FLLRR model and higher clustering

ccuracy may be obtained. The computational complexity of the

LLRR model is still relatively high. When applying this model to

arge scale databases, the running time will be long. Recently, an

nline low-rank representation method is proposed [58] and the

omputational complexity of the original LRR model is reduced sig-

ificantly. The clustering accuracy is also improved by using the

nline version. Similarly, an online implementation of the LLRR

odel and the proposed model should also be developed to re-

uce the computational complexity and improve the capability of

he algorithms to deal with large scale databases. Finally, more ef-

ort should be devoted to research a better clustering algorithm for

lustering handwritten digits and river segments. 
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ppendix 

The proof of the inequality ( 11 ) is given as follows. 

roof. The first inequality is apparent. Since || X | | F =
( 

r ∑ 

i =1 

σ 2 
i 
(X ) ) 

1 
2 ≥ ( σ 2 

1 
( X ) ) 

1 
2 = σ1 (X ) = || X || . To prove the second

nequality, we can take square of the both sides and observe

hat 

| X || 2 ∗ = 

( 

r ∑ 

i =1 

σi (X ) 

) 2 

= 

r ∑ 

i =1 

σ 2 
i (X ) + 

r ∑ 

i =1 

r ∑ 

j =1 , j � = i 
σi (X ) σ j (X ) 

≥
r ∑ 

i =1 

σ 2 
i (X ) = || X || 2 F (A.1)

nd using the fact that the singular values of the matrix are all

ositive. The third inequality can be proved using Cauchy–Schwarz

nequality. It can be proved as follows: 

| X || 2 ∗ = 

( 

r ∑ 

i =1 

σi (X ) 

) 2 

= 

( 

r ∑ 

i =1 

σi (X ) · 1 

) 2 

≤
r ∑ 

i =1 

σ 2 
i (X ) 

r ∑ 

i =1 

1 

2 

= r 

r ∑ 

i =1 

σ 2 
i (X ) = r|| X || 2 F (A.2)

The fourth inequality can be proved as follows: 

|| X || 2 F = r 

r ∑ 

i =1 

σ 2 
i (X ) ≤ r 

r ∑ 

i =1 

σ 2 
1 (X ) = r · rσ 2 

1 (X ) = r 2 σ 2 
1 (X ) (A.3)

nd using the fact that σ 1 ( X ) is the largest singular value of the

atrix. �
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