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1. Introduction

Clustering is an important data analysis method in the field
of data mining and machine learning. Its goal is to assign unla-
beled objects to groups, where similar objects are expected to be
assigned to the same group. With the development of electronic
and social media, a large number of high-dimensional data have
been produced in many practical applications [1,2]. Clustering
high-dimensional data is a challenge for traditional clustering
methods [3]. Because of clustering data according to their un-
derlying subspace, spectral clustering shows great promising for
clustering high-dimensional data [4,5].

Spectral clustering is also one of the most popular graph-based
clustering methods. Usually, it consists of two steps, i.e., learning
an affinity matrix and clustering data using eigenvectors of the
affinity matrix. Because of taking into account the correlation
between data points, learning an affinity matrix can be essen-
tially regarded as learning a similarity graph. Viewed from this
perspective, spectral clustering solves the problem of the optimal
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graph partitioning. Hence the key of spectral clustering is to
learn a good graph, in which the weight of each edge reflects
the similarities between data points. Maybe the most intuitive
way to learning a graph is to directly compute Euclidean dis-
tance on the original data, such as k-nearest neighbor graph,
where k is the neighborhood size. However, Euclidean distance
is sensitive to noise and outliers. Moreover, how to theoretically
determine a proper neighbor number k is still an open issue [6].
Other parameters, such as the kernel width in conventional Gaus-
sian kernel function, also influence the quality of the similarity
graph significantly. Therefore, the learned graph may not be good
enough for the subsequent graph partitioning. To overcome the
drawback of the Euclidean-based similarity measurement, Sparse
Subspace Clustering (SSC) [5], Low-rank Representation (LRR) [7]
and Least Squares Regression (LSR) [8] take advantage of the
self-expressiveness property of the data, i.e., each data point
in a union of subspaces can be effectively reconstructed by a
combination of other points in the dataset. The representation
coefficients can be used to measure the similarities between
data points, i.e., the larger the coefficients are, the more sim-
ilar the corresponding two data points are, while the smaller
the coefficients are, the more dissimilar they are. By imposing
different constraints on the representative matrix, the obtained
affinity matrices can capture different information from data. For
example, SSC only aims at capturing the local structure of data
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while LRR and LSR only capture the global representation struc-
ture. Along this line, a lot of representation-based approaches are
proposed [9-12]. These methods only aim to exploit the global or
the local structure of data.

In recent years, researchers propose to impose the manifold
regularization on the representative matrix to exploit the local
structure of data, which enforces similar data points in the orig-
inal space to have similar representations in the new space [13-
15]. Although these algorithms show good performance in clus-
tering, the graph Laplacian in the manifold regularization has to
be pre-computed on the raw data. Some entries of the obtained
affinity matrix in the graph Laplacian may not reflect the true
similarities between data points, such as data points near the in-
tersection of subspaces because the neighborhood of a data point
can contain points from different subspaces [5]. More recently,
one-step spectral learning methods with superior performance
were proposed [16-18]. In [17], the state-of-the-art Constrained
Laplacian Rank (CLR) method learns a graph adaptively with
exact ¢ connected components, where c is the cluster number,
instead of performing clustering by the learned graph beforehand.
Concretely, it utilizes the rank constraint on the Laplacian matrix
of a dynamic graph, and the final clustering result is this dynamic
graph. Although the ideal similarity graph should surely have
exact ¢ connected components, the condition of rank constraint
is overstrict since the graph rarely consists of ¢ truly disjoint
connected components in practice [19]. As a result, the learned
graph with the exact ¢ connected components cannot guarantee
that it is optimal for clustering. On another hand, the learned
graph of CLR is constructed on the raw data. Thus it cannot well
reveal the intrinsic structure of data.

Feature selection is an important pre-processing step in data
mining. Faced with a large amount of high dimensional data, we
are desired to obtain a compact representation of the original
feature with good generalization ability via extracting essential
features and eliminate noisy ones. Recently, unsupervised feature
selection algorithms have received more and more attention. Un-
supervised feature selection methods can be roughly divided into
three categories: filter methods [20,21], wrapper methods [22]
and embedded methods [23-26]. Specifically, embedded methods
show superior performance. For example, [27] proposes a general
framework for feature selection based on Flexible Manifold Em-
bedding [28] and L, ;-norm. [29] jointly uses Graph Embedding
and I 1-norm to perform feature selection. More recently, [2]
proposes an efficient method for robust unsupervised feature
selection via dual self-representation, manifold regularization and
I,.1-norm. However, these methods are not specifically designed
for clustering.

Recently, research [30] shows that high-dimensional data usu-
ally lie in multiple low-dimensional subspaces. Thus, spectral
clustering-based subspace clustering methods learn an affinity
matrix via the self-expression property of data [5,7,8]. However,
the affinity matrix learned directly from raw data can severely
impact clustering performance because high-dimensional data
are often noisy and may contain redundant dimensions. More-
over, performing feature selection and subsequent clustering in
two separate steps may not obtain the optimal clustering re-
sults [31]. To derive a better affinity matrix, this paper proposes
a subspace clustering method with an adaptive transformation
matrix for data clustering (SCAT), which instead of pre-computing
an affinity matrix from the original data, graph learning is taken
as a part of the feature selection procedure, and the graph can
be dynamically learned under the guidance of an intrinsic low-
dimensional space of the original data. Hence the noise in the
input data space is alleviated, and the local structure of data is
learned. In the meantime, SCAT can also capture the global infor-
mation of data with the help of the power of self-expression of

data. Hence the quality of the learned graph should be improved.
The flowchart of our SCAT method is given in Fig. 1.

We briefly summarize the main contributions of our proposed
SCAT method as follows:

e Distinct from the previous graph-based clustering appro-
aches which perform clustering on a pre-computed affinity
matrix or learn a dynamic graph from the raw data, SCAT dy-
namically learns an affinity matrix under the guidance of an
intrinsic low-dimensional space of the original data, which
guarantees to obtain high quality similarity graph since
noise and redundancy are eliminated in the low dimensional
space.

e The proposed SCAT can capture the global and the local
structure of data simultaneously. Specifically, it adaptively
learns local manifold structure, and thus can greatly im-
prove the quality of the affinity matrix.

e We derive a new Augmented Lagrange Multiplier based
algorithm to efficiently and effectively solve the associated
optimization problem.

e Extensive experiments conducted on nine benchmark
datasets demonstrate the effectiveness of the proposed ap-
proach. Specifically, SCAT consistently outperforms the
state-of-the-art one-step clustering method CLR in terms
of clustering accuracy and normalized mutual information,
respectively.

The structure of this paper is organized as follows. In Section 2,
we briefly introduce related methods and then present our SCAT
method in Section 3. We demonstrate the efficacy of our proposed
SCAT method through extensive experiments on real datasets in
Section 4. Finally, we conclude the paper in Section 5.

2. Related work

In this section, we give a brief introduction on SSC [5], LSR [8]
and the state-of-the-art Sparse Graph with Laplacian Smooth-
ness (SGLS) [32]. For convenience, we use the following notation
throughout the paper.

Notations: Throughout this paper, we denote matrices as up-
percase letters. The ith row and jth column element of a matrix
X € R™™ and its trace are denoted as x;; and Tr(X), respectively.
XT and X~ are the transpose and the inverse of X, respectively.
[IX||r stands for the Frobenius norm of X. The l,-norm of a vector
v is denoted by ||v||,. Moreover, (X, Y) is the inner product of two
matrices with identical size, which is equal to the trace of XTy,
1 denotes a column vector of ones, and x' and x; denote the ith
row and the jth column of X, respectively. The [, 1-norm of X is
denoted by [[X[l2,1 = Y1, X',

2.1. Problem formulation

Assume that

RTT!X"

X =1[x1,%,..., %] €

is a collection of n data points drawn from a union of c¢ linear
subspaces

S1USU---US..

Given X, we cluster the data X according to their subspaces.
2.2. Sparse subspace clustering

Motivated by Sparse Representation [33], SSC is proposed to
cluster data points that lie in a union of low-dimensional sub-
spaces by exploiting the self-expressiveness property of data. The
formulation of SSC is as follows:

min||Zllo + AE[r, st X =XZ+E, diag(Z) =0, (1)
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Fig. 1. The flowchart of the proposed SCAT method.

where A > 0 is a parameter to balance the two parts, E denotes
the error components and Z = [zy,23,...,2,] € R™" is the
self-expression coefficient matrix. Due to the property of lp-norm,
each column z; is the sparse representation vector corresponding
to x;. However, the lp-norm optimization problem is non-convex
and NP-hard. Therefore, [5] solves the following graph learning
model:

min|\Z||y +AEl, st X =XZ+E, diag(Z) =0, 2)

where ||Z||; = Zi,j |z;|. Each element z; of the learned Z reflects
the similarity between data pair x; and x;, hence Z can be viewed
as an affinity matrix. Specifically, an affinity matrix can be defined
as |Z| + |Z7|. Finally, clustering data is performed by spectral
clustering methods [4]. Note that if there are two data points
having the same similarity degree as the represented data point,
SSC only randomly chooses one of them for representation while
ignoring another one. Moreover, the learned Z could lose a lot of
global information of data if it is too sparse. As a result, SSC may
not learn a high quality graph for clustering.

2.3. Least squares regression for subspace clustering

The least-squares regression (LSR) method is used to model
highly correlated data by minimizing the Frobenius norm. [8]
shows that LSR encourages a grouping effect, which tends to
group highly correlated data together. The objective is defined
as:

A
r?iEn 1ZIF + 5||E||§, s.t. X=XZ+E, diag(Z)=0, (3)

where the Frobenius norm-based regularization may lead to a too
dense coefficient matrix to be an efficient representation [34,35],
which affects the clustering results. In a word, LSR captures the
global representation structure of data while losing the local
information of data.

2.4. Sparse graph with Laplacian smoothness

Some studies [36,37] show that exploiting the manifold struc-
ture of data is very useful for improving the performance of
learning tasks. In graph embedding [38], if two data points x; and
x; are close to each other (i.e., they are similar to each other), then
the corresponding embedding in a new space should be close
to each other. In mathematics, this closeness preserving can be
quantified by:

: 1
min ) Iz = zl5w; = 5Tr(Z'12) (4)
ij

where L = D — W represents Laplacian matrix, wj is the ith
row and jth column entry of a pre-computed affinity matrix W,
and D is a diagonal matrix with D; = Zj wj. Each wj of W is
usually calculated by using a Gaussian kernel function defined as
follows:
exp( 1) e Ni(x) or xi € Ni(x:);
wij = —262 1 NE J 1) (5)
0, otherwise,

where N (x;) denotes the set of k nearest neighbors of x; and o is
the kernel width.

Motivated by graph embedding, [32] proposes a Sparse Graph
with Laplacian Smoothness (SGLS) approach to estimate the un-
known coefficient matrix Z by simultaneously integrating sparse
representation and manifold regularization as follows:

min |IZ|ly + MTr(Z'1Z) + A2 |Ellr, (6)

s.t. X=XZ+E, diag(Z)=0. (7)

The learned Z satisfies data self-representation, graph sparsity,
and Laplacian smoothness. However, SGLS still only aims at cap-
turing the local structure of data while ignoring the global struc-
ture. Moreover, Z may be misled by L since two points lying in
different subspaces could be very close to each other, and vice
versa [5,39].

3. Methodology

Due to sparsity of Z, SSC may fail to reveal the important cor-
relation structure in the data [40]. Although LSR takes advantage
of data correlation, the learned Z might be dense, which degrades
the clustering performance [35]. The clustering performance of
SGLS is largely determined by the pre-computed affinity matrix.
In addition, there are other methods directly learning a graph
on the original data, such as CLR. Unfortunately, the learned
graph cannot be guaranteed in various practical applications. To
remedy the shortcomings of the graph-based clustering methods
mentioned earlier, we first formulate the objective function of
the proposed approach SCAT. Specifically, our method iteratively
updates the affinity matrix and the transformation matrix, such
that we can learn the intrinsic graph with the help of a low-
dimensional space. Then an optimization algorithm for solving
SCAT will be presented.

3.1. Model of SCAT

Given a set of clean data vectors X = [Xq,...,X;] € R
drawn from a union of ¢ subspaces {S;},i = 1,...,c. Let X; ba
a collection of n; data vectors drawn from the subspace S;,n =
Zle n;. By the representation assumption [5], the data can be
self-represented by a linear combination of some data vectors in
X as X = XZ. However, there are many possible representations.
To capture the global information from data, we consider the
Frobenius norm of the representative matrix, i.e., ||Z||f, which
encourages the learned Z to capture the correlation structure
of data from the same subspace [8]. On the other hand, [41]
suggests that non-negative representation often leads to better
performance for various learning tasks. Then we arrive at the
following objective function:

min ||Z |7, (8)
s.t. X=XZ,Z>0,diag(Z) =0,

where Z € R™" is a coefficient matrix, and each data point x;
is represented as a linear combination of all other data points
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X = Zj 21 ZjiX;- Specifically, z; can directly measure the similarity
between data points x; and x; since z; > 0.

The development of manifold learning theory [42] has demon-
strated the importance of the local geometric structure of data
for learning tasks [38,43,44]. Instead of using a pre-computed
Laplacian matrix to preserve locality, we add a adaptive distance
regularization into the objective (8) to capture the local structure
of data due to the nonnegativeness of Z. Specifically, if x; and
x; are close to each other in the original space, then z; should
have large probability and vice versa. Thus, we have the following
objective function:

. A
min > lx =152 + 5 12117 (9)
ij

s.t. X=XZ,Z>0,diag(Z)=0,Z"1=1,

where A1 > 0is a penalty parameter, and 1 represents an all-ones
vector. Sometimes data points lie in a union of affine subspaces
rather than linear subspaces, thus we add the affine constraint
Z"™ =1 [5] to deal with affine subspaces.

In real world applications, fully noise-free is impossible. We
extend the problem to be robust to noises by introducing a noise
term E as follows:

A

. 2 1 2

min E X — x;ll5z + 5 IZ]IF + 22©O(E), (10)
ij

st. X=XZ+E,Z>0,diag(2)=0,Z2"1=1,

where A, > 0 is a penalty parameter. ®(E) is the model of
E, which can model the noise depending on the characteristic
of data. The choice of the model only depends on which kind
of error is assumed in the dataset. For instance ||E||r is optimal
for Gaussian residuals while ||E||; for Laplacian. Considering the
simplicity we simply adopt ||E||f.

Note that the distance regularization term in the objective (10)
may misguide Z due to the existence of irrelevant, redundant
and noisy dimensions in the original data. To resolve this issue,
we propose to learn the affinity matrix from a low-dimensional
space of the original data by simultaneously conducting feature
selection and similarity learning. The objective function (10) can
be rewritten as:

A
min » " [IP"x — Pxjl13z; + ?1||Z||§ (11)

Z,E.P
LJ

A
+ ?IIEIIF + A3lIPll21,

st. X=XZ+E,Z>0,diag(Z)=0,
Z"1=1,PTP=1,

where A3 > 0 is the regularization parameter. We adopt I 1-
norm constraint on P to make it row sparse, hence it is suitable
for selecting valuable features [45]. The orthogonal constraint
on P make the selected feature distinctive. The objective (11)
integrates feature selection and similarity learning into a unified
framework such that P can be iteratively updated while fixing
Z, vice versa. As the assumption that the high-dimensional data
reside on a low-dimensional intrinsic space [42], more discrimi-
native features should be captured if data points are transformed
into a proper subspace. Hence learning Z benefits from the low-
dimensional space via the transformation matrix P. It is worth
noting that the first regularization term, i.e.,, 3, ; IPTx; — PTx; 15z
can be considered as the weighted sparse regularization since Z
is nonnegative, which can simultaneously guarantee the learned
Z captures the locality, and has sparsity. Thus we can learn a
high-quality similarity graph.

3.2. Optimization algorithm

In our objective function (11), there are three variables to
be optimized, and it is not convex for Z, E, and P, but we can
still solve this problem by breaking it down into several convex
subproblems. In particular, these variables can be optimized alter-
nately. Note that the problem (11) is not separable for optimizing,
so we introduce two auxiliary variables Z = S and Z = U as
follows:

min 3 [PTx — Py l2sy + 2L U2 + 22 )2
il2%5 T = FT5 F

Z,E,P.S.U “
L

+ A3lIPll2,1, (12)
st.X=XZ+EZ=U,Z=S5,5>0,
diag(S) =0,s1=1,PTP =1.

The augmented Lagrangian function of the problem (12) can be
rewritten into the following equivalent problem:

i A1 Ao

Lm0 D PTG = PIXiIGsi + S MUIE + 5 IEN?
LJ

+ A3||Pll21 + (A1, X — XZ —E) (13)

+ (A2,Z = U) +(43,Z =)

"
+ SUX —XxZ - ElZ +1Z - Ul + 1Z —SI}).

where A7, A, and Aj are Lagrangian multipliers, and w is a
regularity coefficient to control the penalty for the three violation
of equality constraints in problem (12). Now we alternately solve
each variable of the formidable problem (13) while fixing the
other variables. As we will see, the problem (13) is reduced to five
manageable subproblems. The detail solution steps are as follows.

Update Z

Fix E,P,S and U except Z, and update Z by minimizing the
following problem:

Aq Ay
LZ)=|X—-XZ—E+—|}+1Z-U+ =} (14)
2 2
As
Flz-s+ 222
n

For computing Z, we take derivative of £(Z) with respect to Z and
set it to zero, then obtain Z as follows:

Z=X"X+2)7"(X"Q1 +Q + Q3), (15)

whereQ1:X—E-i—%,Qz:U—%anng:S—%.
Update S
When Z,E,P and U are fixed, the problem turns into the
following objective function:

. 2 Hn Az o
msmizj||x,-—xj||2sy+5||z—s+7n5, (16)

st. §>0,diag(S)=0,5/1=1.

Note that the objective (16) is independent between different j,
thus we can tackle the following objective function individually
for every j:

n
. w
min Z(Hxi — ;1355 + Esfj — usijhy), (17)
7=
T
s.t. 5;>0,s5 = O,Sj 1=1,
where hj; is the (i, j)th element of H =Z + 43 Let

M

2
dij = lIxi — xjll3 — why
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be the ith element of d; € R™1. With a little algebra, the above
problem arrive at:

. dyj
min s + ;n%. (18)

. e T 1—
s]zO,s}}_O,sj 1=1

The Lagrangian function of the problem (18) is
d.
L(si.n. B) = lisj + ;’u% +0(1—s1)+ ' (—s)), (19)

where n and 8 > 0 are the Lagrangian multipliers. From the
Karush-Kuhn-Tucker condition [46], it is easy to verify that the
optimal solution s; is (—%dj + 1),

Update P

With fixed Z, S, U and E, the problem is transformed into the
following:
min Tr(P'XLsX"P) + A3 Pll2.1. (20)
PTP=I
where Ls = D — STT“ is a Laplacian matrix, and the diagonal
matrix D is its degree matrix [47], ie, the ith entry on the
diagonal of Dis y_} | %%,

By [45], we have the following:
min Tr(PTXLsX"P) + A3Tr(PTQP), (21)

PTP=I

where Q is a diagonal matrix, the ith entry on the diagonal of Q

is defined as Q; = ——, and € is a small enough constant. We
2,/pl pi+e

rewrite the problem (21) as:

min Tr(PT(XLsX™ + A3Q)P). (22)

PTp=I

In the light of the Algorithm 1 in [45], we can solve this problem
iteratively, i.e., (1) With fixed Q, the optimal solution P € R*™
for problem (22) is formed by the m eigenvectors of (XLsXT+13Q)
with respect to the m smallest eigenvalues; (2) With fixed P, Q
is obtained by Q;; =

1
2, /pTpite
Update U

Optimizing the problem (13) with respect to U becomes the
following formula:

Al 2 n A22
LU)= —|U —1Z-U+ —|z. 23
W)= S0 + Siz -+ 222 @)

We take derivative of £(U) with respect to U and set it to zero,

then obtain:
A Z

U= ﬂ (24)
At

Update E
Similar to U, we fix other variables except E, we obtain the
following formula:

A2 2 1% A]z
L(E)= —|E —IX—-—XZ—-E+ —||z. 25
6= 2 e + 4 + 23 ©5)

By setting the derivative of £(E) with respect to E to zero, it is
obvious that

o At X = X2)

Az + (20)
Update A1, Ay, Az and u
From [48], we update A1, A,, A3 and u as follows:
A1 = A+ (X —XZ —E), (27)
Ay = Ay + u(Z - U), (28)
A3 = A3+ u(Z - S), (29)
= min(pu, fnax)s (30)

where p and ;e are pre-fixed constants, in which p controls
the convergence speed. The proposed optimization approach is
summarized in Algorithm 1.

Algorithm 1 Framework for solving Eq. (13)

Input: Data X; parameters Aq,A,, and Xs; the projection
dimensionality m.
Output: Z
1: Constructing the k nearest neighbor graph as the initial matrix
of Z;
2: repeat
3: Update Z with Eq. (15);
4 Update S by solving Eq. (18);
5: Update P by solving problem (20);
6: Update U with Eq. (24);
7: Update E with Eq. (26);
8: Update A4, Ay, A3 and pu.
9: until Converge

Similar to the LSR, SCC, and SGLS methods, once we obtain the
coefficient matrix Z, we feed Z+ZT into the framework of spectral
clustering to segment the data. The proposed SCAT method is
summarized in Algorithm 2.

Algorithm 2 SCAT for Data Clustering

Input: Data X; parameters Aq, A, and As3; the projection
dimensionality m; the number of clusters.
Output: Cluster labels for all data points;
1: Apply Algorithm 1 to find the coefficient matrix Z;
2: Normalize the columns of Z as z; < (”Ziﬁ);
3: Form a similarity graph with n nodes and set the weights on
the edges between nodes by Z + Z7;
4: Apply spectral clustering to the affinity matrix Z + Z7.

3.3. Computational complexity analysis

We will provide empirical evidence of the convergence of
this algorithm in the experimental part. The mainly computa-
tional costs of Algorithm 1 are the inverse operation and eigen-
decomposition in steps 1 and 3, respectively. Since only partial
eigen-decomposition is used in step 3, it takes O(ndm) time to
compute m approximate eigenvectors. We can pre-compute the
inverse of (XTX + 2I) taking n?>3’3 operations [49], and use it at
each iteration. Step 2 takes O(n?). Therefore, the total computa-
tional complexity of the algorithm is O(t(nmd + n?)), where ¢ is
the number of iterations.

4. Experimental results

In this section, we conducted experiments on real-world
datasets to evaluate the performance of the proposed SCAT.
Following [43] and [50], we use clustering accuracy (ACC) and
normalized mutual information (NMI) as evaluation measure-
ments.

4.1. Evaluation metrics

Assume that we have N samples, then ACC can be defined as
follows:
N

where f(-, -) is a function of two variables satisfying f(x,y) = 1
if x = y and f(x,y) = 0 otherwise, map(r;) is the permutation

ACC =

3
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Table 1

Statistics of the datasets.
Dataset #dimensionality #instances #clusters
JAFFE 1024 213 10
AR 768 840 120
Yale 1024 165 15
Dermatology 34 366 6
Segment 19 2310 7
ORL 1024 400 40
Mpeg7 6000 1400 70
YaleB 1024 2414 38
Yeast 1470 1484 10

mapping function that maps each ground truth label r; to the
equivalent label from the dataset, and o; and r; are the cluster
label and the ground truth label, respectively.

Generally, mutual information (MI) is used to measure how
similar two sets of clusters are. Assume that C is the ground
truth set of clusters for the original dataset, and C’ is the set
of clusters generated from the conducted algorithm. Then the
mutual information of C and C’ is defined as follows:

¢, cl
> bl ) L

MIE €)= plci) - plc;)

c,-eC,cj’eC’

where p(c;, c]’ ) denotes the joint probability that this arbitrarily
selected image belongs to the cluster ¢; as well as cj/ simulta-
neously, and p(c;) and p(cj/ ) are the probabilities that a sample
arbitrarily selected from the dataset belongs to the clusters ¢; and
cj/, respectively. In the experiment, we use the following NMI:

(%
" max(H(C), H(C"))’

where H(C) and H(C’) denote the entropies of C and C’, respec-
tively. The range of NMI is in [0, 1]. The bigger the NMI is, the
more similar C and C’ are.

4.2. Datasets

We collect nine real-world benchmark datasets. JAFFE [51],
AR [52], Yale [53] and ORL [54] are facial image datasets. Mpeg7
[55] is an object dataset, and other datasets are from UCI Machine
Learning Repository [56]. All these datasets have been frequently
used to evaluate the performance of different clustering methods.
Their statistics are summarized in Table 1. Specifically, Fig. 2
shows some example images from JAFFE, AR, Yale, and Mpeg7
database, respectively.

4.3. Compared algorithms

In our experiments, we compare SCAT with the following
seven algorithms:

e K-means performs clustering in the original feature space of
data.

e NCut [4] is a classic spectral clustering method, which treats
the grouping problem as a graph partitioning problem. In
particular, a generalized eigenvalue system provides a real-
valued solution to the graph partitioning problem.

e LSR [8] is a robust subspace clustering method. It tends to
group highly correlated data together.

e RMKKM [57] is a robust multiple kernel K-means algorithm.
It simultaneously finds the best clustering label, the clus-
ter membership, and the optimal combination of multiple
kernels.

| N

(d) Mpeg7

\ &

Fig. 2. Sample images of JAFFE, AR, YALE and Mpeg7.

e APMEF [50] is a state-of-the-art matrix factorization method
for data clustering. It inherits the merits of both spectral
clustering and NMF [58].

e CLR [17] is a state-of-the-art one step spectral clustering
method. It learns a graph with exact ¢ connected compo-
nents (where c is the number of clusters).

e SGLS [32] is a new sparse graph construction method that
integrates manifold constraint on the unknown sparse codes
as a graph regularizer.

4.4. Setup

K-means clustering is performed on the original features. For
NCut, we build the adjacency graph by setting the number k of
nearest neighbors from a candidate domain {3, 5,7, 11, 13, 15}.

The Gaussian kernel K(x, y) = exp(diy”z) is adopted, where d,;ox

is the maximal distance between data" points and the parameter t
is in the range {0.01, 0.1, 1, 10, 50, 100}. About other algorithms,
we follow the setting of the released codes. Specifically, to obtain
the best performance, we tune the regularization parameters in
a wide range. The projection dimensionality m of P € R¥™M
is empirically set to the number of clusters. For LSR, SGLS, and
SCAT, K-means clustering is conducted on spectral embedding to
obtain the final clustering results. To reduce statistical variability
resulted by K-means, we repeat K-means clustering 20 times
and record the results with the best objective values. Specifically,
to guarantee the same experimental settings between all the
compared methods and our method on each benchmark, we fix
the detailed parameters of K-means, e.g., initialization, distance
measure, and the number of repeats. All the methods are per-
formed for each dataset on the same testbed. Because different
datasets are affected by noise to varying degrees, A, is selected
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Table 2

Clustering ACC (%) of different methods.
Dataset K-means NCut LSR RMKKM CLR SGLS APMF SCAT
JAFFE 74.16 80.89 98.17 87.22 96.71 100.00 92.23 100.00
AR 32.50 27.65 69.97 34.98 46.43 63.33 60.95 80.95
Yale 46.18 49.62 38.78 52.01 57.58 56.97 57.90 64.63
Dermatology 77.53 92.89 91.23 90.68 95.36 95.36 96.12 96.45
Segment 58.66 61.91 66.88 62.96 34.37 70.82 70.76 71.78
ORL 49.60 57.84 73.00 55.06 64.50 67.75 65.75 75.68
Mpeg7 47.64 50.65 47.57 49.36 47.71 52.79 52.71 56.43
YaleB 9.86 56.32 59.82 10.83 28.63 77.25 25.49 80.78
Yeast 30.99 34.56 42.39 3141 31.60 35.78 45.33 52.56

Table 3

Clustering NMI (%) of different methods.
Dataset K-means NCut LSR RMKKM CLR SGLS APMF SCAT
JAFFE 82.37 85.89 97.06 89.22 96.24 100.00 90.12 100.00
AR 64.50 58.65 85.15 65.98 67.54 85.32 83.95 91.76
Yale 52.18 56.62 4278 55.01 57.81 57.35 61.90 63.75
Dermatology 83.53 88.89 79.98 88.58 91.30 90.93 92.36 93.13
Segment 56.66 61.00 57.72 69.81 30.94 58.43 61.76 62.98
ORL 74.60 72.84 85.28 74.06 80.05 82.77 80.75 86.60
Mpeg7 67.05 70.25 64.45 67.45 62.16 70.41 70.79 73.52
YaleB 13.33 72.67 60.99 13.04 32.06 79.41 38.86 81.17
Yeast 0.59 21.38 26.11 20.53 7.10 6.36 23.11 32.15

from the range of {0.0001, 0.001, 0.01, 0.1, 1, 10}. And the range
of A1 and A3 is slightly wider than that of A,. In addition, we run
20 times for each experiment and record their values to compute
the p-value for a statistical significance test. The significance
level is typically set to 0.05, which means that if the significance
evaluation is lower than this level, the performance difference
between the evaluated methods is statistically significant [59].

4.5. Clustering results

Tables 2 and 3 show the clustering results in terms of ACC and
NMI on all datasets, respectively. A higher value means a better
clustering quality. The best results are highlighted in boldface. As
we can see, the proposed SCAT performs consistently better than
other methods. Besides, we have other observations listed in the
following.

(1) For AR, ORL, Mpeg7, YaleB, and Yeast datasets, which have
high dimension of features, the proposed method outperforms
the compared algorithms a lot in terms of ACC and NMI. For
example, from Tables 2 and 3, we can see that our SCAT achieves
nearly 7% higher than those of compared methods in terms of ACC
and NMI on the Yeast dataset. This indicates that the proposed
method is beneficial from datasets that have more features since
those features provide much information such that our method
can capture the intrinsic structure of data. Hence our method
improves the clustering performance. In Table 2, we can see that
SCAT achieves more than 10% scores of ACC in comparison with
the second-best method LSR on the AR dataset. Although AR
is a noisy dataset, our method simultaneously conducts feature
selection and similarity learning such that the effect of noise and
redundancy on clustering performance can be alleviated. While
on the remaining two non-high dimensional datasets, i.e., Der-
matology and Segment datasets, our method still achieves com-
parative clustering ACC with other methods. In Table 3, RMKKM
outperforms our method in terms of NMI on the Segment dataset.
The reason is that the Segment dataset has very low dimension,
and redundancy of its features may also be low, thus performing
feature selection is easy to cause information loss and degrade
clustering performance.

(2) K-Means is probably the most well-known clustering
method in the communities of data mining and pattern recog-
nition, and many algorithms have to invoke it to output the final

clustering results, such as NCut. However, Tables 2 and 3 show
that K-means cannot achieve satisfactory results in most cases.
K-means directly run on the original data space, which usually
contains many redundant features, and it does not exploit the
global structure of data. By contrast, NCut shows better perfor-
mance than K-means since it exploits the manifold structure
of data. Benefiting from I, ;-norm and multiple kernel learning,
RMKKM consistently outperforms K-means even NCut in most
cases. Consequently, it is not a right choice to conduct clustering
by directly using K-means. Furthermore, in order to improve
clustering performance, we must consider more factors, such as
the redundancy of features in data.

(3) CLR is a state-of-the-art, adaptive graph learning method
for data clustering. From Tables 2 and 3, we can find that CLR
obtains better performance than K-means, NCut, and RMKKM
on most datasets. CLR conducts clustering on a graph that was
learned in advance. This graph was learned on the original data,
and it only considers the local structure of data. As a result, the
performance of CLR is sensitive to noise and redundancy. For
example, CLR achieves unsatisfactory clustering performance on
AR, YaleB, and Yeast datasets. For APMF, it integrates adaptive
graph learning and matrix factorization into a framework. Specif-
ically, it not only seeks low dimension representations of data but
also simultaneously conducts clustering on the low dimensional
representations. By doing this, the influence of noise and redun-
dancy on clustering performance can be alleviated. Consequently,
AMPF usually outperforms CLR in most cases. We also note that
SCAT achieves more than 20% ACC score in comparison with CLR
and AMPF on the AR dataset. On the YaleB dataset, our method
achieves more than 40% NMI score in comparison with CLR and
AMPF. From these observations, we can know that, for improving
clustering performance, it is not enough to only consider the local
structure of data or the low-dimensional representation of data.

(4) The subspace clustering methods LSR and SGLS show good
performance on some datasets, but LSR only captures the global
structure of data, while SGLS only captures the local structure
of data. LSR lags behind NCut on the Yale, Dermatology, Mpeg7
datasets in terms of ACC and NMIL SGLS, APMF, and CLR are
comparable since all of them consider the local structure of
data. However, they ignore the global structure of data such
that the learned graphs are not optimal for clustering. LSR out-
performs SGLS on the AR, ORL, and Yeast datasets in terms of
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JAFFE,\,=0.001

AR,\=1
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Fig. 3. Clustering ACC versus different values of parameters A; and A3 on nine benchmark datasets.

Table 4

p-values of clustering ACC between SCAT and other methods on the nine datasets.
Dataset K-means NCut LSR RMKKM CLR SGLS APMF
JAFFE 1.5510e—11 1.1502e—20 7.5279e—04 2.3057e—20 1.1028e—32 1.7039e—10 7.2637e—19
AR 7.6429e—30 7.1433e—24 3.7926e—22 1.2472e—-30 1.2603e—34 1.4637e—33 8.9501e—24
Yale 1.4347e—08 4.8190e—04 7.0697e—18 1.5057e—07 0.0311 2.9606e—08 0.0077
Dermatology 8.3735e—08 3.4472e-25 6.2418e—31 8.8352e—14 1.1037e—14 2.6466e—05 3.2361e—06
Segment 8.4510e—10 2.9309e—19 8.4927e—16 2.1710e—07 3.5523e—43 0.00113 0.0141
ORL 6.0198e—13 4.7647e—33 0.0039 4.8712e—16 5.2592e—04 2.9863e—18 7.8058e—07
Mpeg7 3.0333e—14 3.7478e—35 1.5943e—18 3.4430e—05 3.6020e—24 4.9096e—20 7.8046e—14
YaleB 1.8546e—34 1.7715e—-35 5.7569e—19 6.0629e—32 2.5334e—32 1.4571e—25 7.8057e—31
Yeast 5.2050e—16 1.0715e—28 2.6105e—30 4.9087e—24 1.4730e—49 8.4314e—34 2.3626e—14

ACC and NMIL For JAFFE, Yale, Dermatology, Segment, Mpeg7,
and YaleB datasets, SGLS outperforms LSR in terms of ACC and
NMIL These observations show that considering the global and
local structures of data can bring improvement of clustering
performance. Consequently, the proposed SCAT simultaneously
exploits local distance information and global representation of
data. Specifically, during the process of optimization, the adaptive
transformation matrix eliminates the adverse impact of noisy or
redundant features, such that the distance regularization can help
the affinity matrix capture the true local structure of data. As a
result, the SCAT method achieves the best performance in all the
compared algorithms.

To demonstrate the statistical significance of our method in
comparison with the compared methods, we conducted a statis-
tical significance test, as shown in Table 4. Accurately, Table 4
records p-values of clustering ACC between SCAT and the other
algorithms on the nine datasets, respectively. Following [59,60],
we set the significance level to 0.05, i.e.,, when the estimated p-
value is lower than 0.05, the performance difference between the
two compared algorithms is statistically significant. From Table 4,
we observe that all p-values are less than 0.05. This phenomenon
indicates that the clustering performance difference between our

method and the other compared methods are statistically sig-
nificant in all circumstances. Moreover, the effectiveness of our
method is further verified.

4.6. Parameter sensitivity

From the objective function (11), there are three parameters
in the proposed method, i.e.,, A1, A, and A3. So far as we know,
it is still an open problem to adaptively choose these optimal
parameters for different datasets [60]. Hence we have to set
the values of A1, A, and X3 in advance. Usually, the greater the
parameter value is, the greater the importance or influence of the
corresponding item is. The parameter A, balances the importance
of error term and can usually be taken in a small range [5]. We
mainly investigate the effects of parameters A; and XA; for data
clustering when parameter A, is fixed. Parameters A balances the
importance of the global structure of data, while parameters A3
balances the importance of the feature selection term. The candi-
date parameter range set for A; and A3 is {1074, 1073, ..., 104}
and then the proposed method is conducted with different com-
binations of parameters for data clustering. With A, fixed, Fig. 3
shows that clustering ACC versus different parameter values of



G. Zhong and C.-M. Pun / Knowledge-Based Systems 193 (2020) 105512

JAFFE x10°

Mpeg7

3 104 Segment

400 7.006

7.005

@
8
3

7.004

7.003

N
3
3

7.002

Objective Value
Objective Value

3
3

= n
oo

Objective Value
)

7.001

_

o

20 30

o

50 100

Iteration

150

YaleB

40

Iteration

AR

50 100

Iteration

50 60 70 150

ORL

x10*
2

N

o

o

Objective Value
B

Objective Value

o
o
o

Objective Value

o
o

o
o

20 40 60

Iteration

100

Yale

D

100

Iteration

200 50 100

Iteration

Yeast

2
8 8
° 3
3
8 8

@
3
@
3
3

N
3

Objective Value
IS
153
8

Objective Value

Vp

N

S
n
3
3

Objective Value
o

VL

o

0

o

0 100 50

Iteration

50 200

Iteration

20 40 80 100

Iteration

100 150 60

Fig. 4. The convergence curve of our proposed algorithm on eight datasets. Note that in early iterations, variables are not feasible.

A1 and As. According to Fig. 3, we can know that the clustering
ACC is sensitive to the regularization parameters. In particular,
there always is a feasible range for parameters A; and A3 such
that the best clustering result can be achieved. Different datasets
should have different combinations of parameters since the global
structure, and the redundancy of data are normally different for
different datasets. A too-large parameter A; makes ||Z|r play
the dominant role in the graph learning while ignoring the local
structure of data, and a too-small parameter A3 results in the low
level of the sparsity of P while cannot remove noise features from
the original features. For example, the YaleB dataset achieves the
best result when A; = 0.1 and A3 = 10, while the AR dataset
cannot achieve the best result for these parameter values. The
high-dimensional dataset Mpeg7 requires a relatively large As,
while the low-dimensional dataset Segment requires a relatively
small X;. The above results show that the proposed SCAT is
data-driven.

4.7. Convergence

From theoretical results in [61], the following are sufficient
for SCAT to convergence: (1) The parameter wu in the last step
is needed to be upper bounded. (2) The dictionary X is of full
column rank. (3) The optimization error of each iteration is mono-
tonically decreasing. In SCAT, (1) can be guaranteed by the last
step of Algorithm 1. Liu et al. [61] showed that X could be
replaced by the orthogonal basis of X, so (2) is satisfied. (3) can be
proved empirically from the aspect of experiments. Specifically,
Fig. 3 shows the relationships of the objective function value of
SCAT and the iteration step, i.e., the curves of the cost (i.e., ob-
jective function) vs. iterations on nine datasets, respectively. It
is clear that SCAT satisfies (3), and the optimization algorithm
converges at a stable value (see Fig. 4).

5. Conclusions
This paper proposes a novel clustering method via simul-

taneously conducting feature selection and similarity learning.
Specifically, we integrate the learning of the affinity matrix and

the projection matrix into a framework to iteratively update
them, so that a good graph can be obtained. Extensive exper-
imental results on nine real datasets show that the proposed
SCAT method consistently outperforms its competitors on the
clustering task in terms of ACC and NMI, respectively. In the next
step of our research, we may extend our method to multi-task
clustering, which is another interesting research direction.
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