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random subspaces are created at each step, and within each random subspace, a supervised
projection is obtained using only the misclassified instances. The next classifier is trained
using all available examples, in the space given by the supervised projections.

Subspace methods The method is compared with ApaBoost and other ensemble methods, showing improved
Supervised projections performance on a set of 32 problems from the UCI Machine Learning Repository. In terms
Classification of testing error, it obtains results that are significantly better than ApaBoost and random
subspace method, using a decision tree as base learner. Furthermore, the robustness of
the method in the presence of class label noise is above the results obtained with ApaBoosT.
A study performed using k-error diagrams shows that the proposed method improves the
results of boosting by obtaining diverse and more accurate classifiers. The decomposition
of testing error into bias and variance terms shows that our method performs better than
Bagging in terms of reducing the bias term of the error, and better than AbaBoost in terms of
reducing the variance term of the error.
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1. Introduction

An ensemble of classifiers consists of a combination of different classifiers, homogeneous or heterogeneous, to jointly per-
form a classification task [1,2]. A classification problem of L classes and n training observations consists of a set of instances
with known class membership. Let S = {(X1,y1),(X2,¥2),...(Xnyn)} be a set of n training samples where each instance x; be-
longs to a domain X. Each label is an integer from the set Y={1,...,L}. A multiclass classifier is a function f: X — Y that maps
an instance x € X C R? into an element of Y.

The task consists of finding a definition for the unknown function, f{x), given the set of training instances. In a classifier
ensemble framework, we have a set of classifiers C = {C;,C5,...,Cn}, each classifier performing a mapping of an instance
vector X € R into the set of labels Y={1,...,L}.

Techniques that use multiple models usually consist of two independent phases: model generation [3] and model com-
bination [4]. Most techniques focus on obtaining a group of classifiers that are as accurate as possible and that disagree as
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much as possible. These two objectives are somewhat conflicting, because more accurate classifiers must agree more fre-
quently. Many methods have been developed to enforce diversity on the classifiers that form the ensemble [5]. Kuncheva
[6] identifies four fundamental approaches: (i) using different combination schemes, (ii) using different classifier models,
(iii) using different feature subsets, and (iv) using different training sets. The latter approach is likely the most commonly
used. The algorithms in this last approach can be divided into two groups: algorithms that adaptively change the distribution
of the training set based on the performance of the previous classifiers, and algorithms that do not adapt the distribution.
Boosting methods are the most representative methods of the first group. The most widely used boosting method is AbaBoost
[7] and its numerous variants. It is based on adaptively increasing the probability of sampling the instances that are not cor-
rectly classified by the previous classifiers.

Bagging [8] is the most representative algorithm of the second group. Bagging (after Bootstrap aggregating) generates dif-
ferent bootstrap samples from the training set. Several empirical studies have shown that ApaBoosr is able to reduce the bias
and variance components of the error [9-11]. Notably, Bagging seems to be more efficient than ApaBoost [11] in terms of
reducing variance.

Although most ensemble techniques focus on obtaining classifiers that are as diverse as possible, Kuncheva and Whitaker
[12] failed to establish a clear relationship between diversity and ensemble performance. Thus, in this work we first improve
the accuracy of classifiers and subsequently aim for diversity promotion. Our experiments show that this approach yields
good results.

The popularity of boosting methods is mainly due to the success of ApaBoost [13]. Boosting constructs an ensemble in a
stepwise manner. At each step a new classifier is added to the ensemble. The basic idea is that the new classifier is trained on
a distribution of the learning instances biased towards the most difficult instances. In this way, each instance has an asso-
ciated weight that is higher if the instance has been misclassified by several of the previous classifiers. AbaBoost tends to per-
form very well for some problems, but it can perform very poorly for others. One of the sources of the bad behavior of
AbaBoosrt is that, although it is always able to construct diverse ensembles, the individual classifiers tend to have large train-
ing errors in some problems. Moreover, ApABoost usually performs poorly on noisy problems [11].

A different approach for constructing ensembles is the random subspace method (RSM) [14], which is rooted in the theory
of stochastic discrimination. It shares some characteristics with Bagging, but it samples attributes [15] instead of instances.
Ho [14] showed that the random subspace method improved the generalization error. The use of different spaces for ensem-
ble construction has been extensive in recent research. In this work, we present a method based on the combination of ideas
from boosting and from subspace methods.

The two major aims of constructing an ensemble of classifiers are accuracy and diversity. Although promoting diversity is
usually considered a necessity, reported experiments have shown that accuracy may be more relevant than diversity for
explaining ensemble performance [16]. Thus, the first concern of our method is to improve classifier accuracy using a super-
vised projection. This supervised projection is constructed using only the instances that were misclassified in the previous
classifier that was added to the ensemble.! In this way, although each classifier is constructed using all of the training exam-
ples, it focuses on difficult instances. Importantly, the use of this method alone decreases diversity [17] with respect to other
ensemble approaches. To avoid this negative effect, the supervised projections are performed using disjoint subspaces of the
inputs, which increases diversity while maintaining the high accuracy of the individual classifiers.

Our method uses random subspaces to introduce diversity in the ensemble. This mechanism is combined with the boost-
ing principle of focusing learning on the most difficult instances. Instead of using the standard scheme of boosting, which
involves weighting the instances, we construct supervised projections determined using only the misclassified instances.
Thus, learning is biased towards difficult instances and putting too much stress on those difficult instances is avoided.

The proposed method combines two different mechanisms to improve the performance of the ensemble:

1. Using a set of disjoint subspaces promotes diversity, as the supervised projection is carried out using different non-over-
lapping subsets of inputs.

2. The supervised projections determined using only misclassified instances promote accuracy in the most difficult
instances. This method is less aggressive than boosting and produces an ensemble that is less sensitive to noise and
outliers.

The proposed method could be seen as a kind of supervised random subspace method, as it combines the diversity intro-
duced by choosing random subspaces with the supervised learning of the projections based on misclassified instances.
Boosting is achieved by using supervised projections, instead of instance weights, to avoid putting too much stress on noisy
or erroneous instances. Diversity is achieved by using random subspaces.

This paper is organized as follows: Section 2 presents the proposed model for ensemble construction; Section 3 reviews
some work closely related to our proposal; Section 4 describes the experimental setup; Section 5 describes the results of the
experiments; and Section 6 provides the conclusions of our work and suggestions for future lines of research.

1 To avoid confusion we must emphasize that the axes of the linear projection are constructed using only misclassified instances and that the whole training
set is transformed with this projection to obtain the next classifier. In the same way, for a nonlinear projection, the projection is constructed using only
misclassified instances, but the whole training set is subsequently projected and used to train the next classifier.
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2. Supervised subspace projection method

One of the sources of failure of boosting is putting too much stress on correctly classifying all of the instances. Outliers or
noisy instances become too relevant in the training set and undermine the performance of the ensemble. In a previous work
[1] we constructed ensembles projecting the input variables in a way that simplified the classification of misclassified in-
stances. This projection was performed using the hidden layer of a multilayer perceptron.

Our new approach incorporates the advantages of boosting without its main drawbacks. The construction of the
projection only accounts for instances that have been misclassified by a previous classifier, which permits the new
classifier to focus on difficult instances. Nevertheless, as this classifier receives a uniform distribution of training instances,
the sensitivity to noise and the effect of small datasets are greatly reduced. This method using the whole input space [17]
reduces diversity, and makes the projection difficult to obtain, especially in the case of many inputs and few misclassified
instances. To avoid this effect we perform the supervised projection using random disjoint subspaces instead of using all
of the inputs.

The proposed method at each step t considers only the subset of instances, S’ ¢ S, misclassified by the classifier added in
step t — 1. To train the classifier at step t, the input space is divided into several disjoint subspaces. We use the instances in &
to obtain either a linear or a non-linear supervised projection that focuses on misclassified instances into a subspace of the
same size. The original training set is subsequently projected using these transformations, and the next classifier is trained
on these projections using a uniform distribution of the instances. The proposed method is shown in Algorithm 1. In Algo-
rithm 1, the projection is always performed using as inputs the original variables. Although the projection obtained in the
previous step might be used as well, our experiments reported worse results when that method was used.

Algorithm 1: Algorithm for constructing the ensemble of classifiers using subspace linear/non-linear supervised projections.

Data: A training set S={(X{,¥1),...,(Xn, Y¥n)}, a base learning algorithm, L, and the number of iterations T.
Result: The final classifier: C*(x) = argmaxycy ;. (x—y 1-

1 C=L(S)
fort=2to Tdo

2 §cS S={xeS: C_1(x:) #yi}

3 Divide input space, F, into s disjoint random subspaces, f1,fz,. . ..fs

suchas F={fiuf U---Ufi} and finfi=,i#j
foreach f; do

4 Obtain supervised linear/non-linear projection Py(x!) using §,
where X' is instance X in subspace f;.
end
5 C: = L(P(S)), where P is the union of all P;
end

From the point of view of supervised projection algorithms, subspace projection has several advantages over projecting
the whole input space. The algorithms are faster and more stable, as many inputs with few instances usually yield to ill-
posed problems. For non-linear projections there is an additional advantage. The non-linear projection algorithms used in
this paper obtain the projection of the training set and use a general regression network [18] to learn the projection when
it must be used with unseen instances. In the original input space, which usually has many inputs, the network is hardly able
to learn the projection and the unseen instances are projected using a gross approximation of the original projection per-
formed by the algorithm. For the case of subspaces, the smaller number of inputs allows the regression network to approx-
imate the projection more accurately.

For some iterations of the method, we may find that the previous classifier is highly accurate, making S’ set too small to
obtain meaningful projections. To avoid this negative effect, we set an arbitrary minimum for '’ of 10% of the instances in the
training set. If the number of misclassified instances is below this limit we add instances until this minimum is reached. The
instances to be added are chosen based on their margin of classification, adding the instances with the smallest margin first.
Thus, we add instances that, although correctly classified, have the highest risk of being misclassified.

2.1. Supervised projections

Quite often the intrinsic dimensionality of a dataset is much lower than the dimensionality of the dataset. In classification
tasks the important characteristics of the data are those that define its intrinsic dimensionality. Therefore, the dimension-
ality of the dataset can be reduced so long as the intrinsic characteristics are preserved. In addition, the projection may re-
duce the effects of noise.

One of the most commonly used methods for linear projection is principal component analysis (PCA). PCA projects a data-
set onto the directions that account for most of the variance in the dataset. Assuming a Gaussian distribution, these are the
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directions with more information. The main drawbacks of PCA are that it is an unsupervised technique and does not take into
account the class labels of the dataset. Alternatively, supervised projection methods take into account the class labels of the
instances. They are designed to improve the separability of the different classes, and thus they should make the classification
task easier. In the following we describe the linear and non-linear supervised projection methods relevant to our work.

2.1.1. Linear supervised projections

In this section, we provide a short review of the linear supervised projection methods used in our experiments.

Nonparametric Discriminant Analysis. Linear discriminant analysis (LDA) was first used for two classes. LDA has two seri-
ous disadvantages: (i) the Gaussian assumption over the class distribution of the data samples; and (ii) the dimensionality of
the subspaces obtained is limited by the number of classes; at most L — 1 dimensions for a a dataset with L classes. Nonpara-
metric Discriminant Analysis (NDA) is an alternative to LDA that avoids these limitations. Fukunaga and Mantock [19] pre-
sented this nonparametric technique and illustrated it for the two class case. The formulation for the multiclass case is as
follows [20]:
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where p is a control parameter between zero and infinity, n; is the number of instances in class i, P; is the a priori probability
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of class i, d(x\",x) ) is the distance from x" in class i to its k-th nearest neighbor (NN) in class j, D-(x“)) =x{ — M} (x(i)) is

the difference between the point x’ and M} (x,“’) = (1/k)>t_,x%y. the mean vector of the k nearest neighbors of x” in class j,

its “local k-NN mean”.

NDA has two disadvantages: (i) parameters k and p are usually decided by rules of thumb, in the experiments we have
used k=1 and p = 1.0, and (ii) when the within-class scatter matrix in NDA is still with parametric form and the training set
size is small, NDA will have a singularity problem.

Nonparametric weighted feature extraction. Nonparametric weighted feature extraction (NWFE) [20] was proposed to ad-
dress the singularity problem encountered in NDA. The main ideas of NWFE include putting different weights on every sam-
ple to compute the “weighted means” and defining new nonparametric between-class and within-class scatter matrices as
follows:
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where D; (xl(i)) =x" - M; <x§”) is the difference between the point x\" and M; (x;i)) Z wi'x?, the “weighted mean” of x!”
in class j, where all the points are taken in consideration and not only the neighborhood of points as for NDA. Using the first k
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nearest neighbors to estimate the local mean may result in loss of some information. NWFE proposes the weighted mean and
uses weighted between-class and weighted within-class vector to improve NDA.

Regularization can be used to overcome the singular (problem ill-posed) or close to singular (problem poorly posed) matrix
problems. In the experiments presented herein, the regularization process [21] was applied whenever the size of the dataset
was smaller than four times the dimension. The new regularized version of the within-class scatter matrix is:
trace(Sy)

p
where p is the dimensionality of the data and «,  and y are mixing parameters with 0 <o, 8,7 <1 and o+ 8+ 7 = 1. In the
experiments o = =79 = 0.33, and this regularization was used both for NDA and NWFE.

Evolutionary discriminant analysis. Evolutionary discriminant analysis (EDA) [22] was developed to overcome one of the
problems that appears when using supervised projection methods for classification. Although our objective is minimizing
the classification error, the previous methods do so indirectly, minimizing certain criteria that should produce a better error.
EDA is aimed at optimizing the training error in a more straightforward manner. EDA searches for linear projections of an
original D dimensional space into a p dimensional space, p < D, of the form:

Sk = adiag(Sw) + B I+ 7Sy, 8)

D
Xj = ZX,’WU‘, (9)
i=1

for optimal classification purposes. A projection is evaluated using the number of misclassified instances as fitness value to
be optimized. Once a projection is performed, the center of each class ¢, m¢, that is, the centroid of the instances belonging to
class ¢, is obtained in the p-dimensional projected space, and the class of an instance is obtained from the closest projected
mean:

p

ok . = — 2

C’(x) = argmin <.Z:(Xj — 1) ) (10)
j=

Instances are thus projected to place them closer to their own class mean than to others. The function to optimize is as

follows:

Jw) = 23 D(C), C (). (1)

where n is the number of instances, C(x) is the class label of x, and the value returned by D(a,b) is 1 when a and b are dif-
ferent and 0 otherwise. Because the number of errors is a discrete non-differentiable quantity, the authors resort to an evo-
lution strategy to minimize it. The complete algorithm is as follows:

i) The dimension (p) of the projected space is chosen and fixed during the evolution. In our experiments the dimension of
the projected space is the same as the dimension of the original space.

ii) The size of the parent population (), the size of the offspring population (1) and the size of the family (p) are chosen.
An offspring’s family is the subset of parents, which, after recombination, gives rise to the offspring. The notation
(i, 2| p) specifies the size of the populations, including the family, and the replacement scheme (comma replacement
takes the best u projections among the / offspring as the new parent population).

iii) The mutation step ¢ is chosen and fixed during the evolutionary process.

iv) Initial weights are chosen at random in [—0.5,0.5] and the following steps are repeated until a prescribed number of
generations without improvements are performed.

e A group of 1 weights, wﬁj,l =1,...,4, is generated by the discrete recombination of p parent weights. Discrete
recombination works as follows. For each offspring, p individuals are drawn at random from the parent population.
Next, each allele of the offspring is equaled to the corresponding allele of one of the p parents, which are drawn at
random from the family subset.

e Each recombined weight is mutated by adding independent random deviations ¢;; to each weight component.
These deviations are drawn from normal distributions N(0,a).

e The comma strategy is used in the evolutionary strategy as generally recommended for continuous objectives.
Therefore, a new parent population is created out of the u best among the /. offspring weights.

2.1.2. Non-linear supervised projections

Although there is a broad range of unsupervised non-linear projection techniques, the number of supervised techniques is
much lower. We have considered two methods: S-Isomap [23] and S-LLE [24].

Local linear embedding (LLE) [25] aims to preserve the distances of each point to the points in its neighborhood, thereby
maintaining the local structure of the data. It assumes that the data manifold is locally linear and, hence, that each data point
can be obtained as a linear combination of its nearest neighbors. First, it calculates the weights, Wy, that best describe each
point, X; as a function of its neighborhood. In other words, it calculates the weights that minimize the error function:
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2
(12)
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subject to 3°;Wy = 1 and Wj; = 0 if X; does not belong to the set of neighbors of x;. Second, it finds the projections, y;, asso-
ciated with each x; that best reproduce the same reconstruction weights, and, therefore, minimize the following error
function:

sV =3 Hy - wiy,
i j

Both problems can be solved using algebraic techniques.
In the supervised version of LLE [24] before determining the neighborhood of the points, the distances A are modified
according to the following formula:

A = A+ amax(A)4, (14)

2
(13)

where A;;is 0 when X; and X; have the same class and 1 otherwise. Therefore, the distance between points in different classes
is increased. Parameter o controls the amount to which class information should be incorporated. A value of « = 0 reduces
the method to the unsupervised version.

The algorithm produces the projection of the training set instances, so to obtain the projection of unseen instances, in our
experiments we have used a general regression neural network (GRNN) [18], as suggested by some authors [23,26]. This is
not the only solution, and other methods for mapping new instances could have been used [27-32].

3. Related work

The number of methods developed for constructing ensembles of classifiers using boosting-based approaches is huge. A
survey of all these methods is outside the purpose of this paper. The interested reader can refer to the many reviews avail-
able in the literature [13,12]. In this section, we will only cite those methods based on projections of the original variables.

As stated in the previous sections, one of the first methods that used projections is the random subspace method (RSM)
[14]. This method samples attributes [15] instead of instances, which is the approach used by Bagging. Ho [14] showed that
the random subspace method improved the generalization error. Our method shares the idea of RSM, but instead of using a
subset of instances in the design of each classifier, it uses all the features, grouped and projected in small subsets.

Garcia-Pedrajas et al. [17] developed a method using supervised projections. However, that method did not use different
subspaces, with the negative outcome of decreasing diversity with respect to other ensemble approaches. To avoid this neg-
ative effect, in this new present approach, the supervised projections are performed using disjoint subspaces of the inputs,
which increases diversity while maintaining the high accuracy of the individual classifiers. Linear projections, both unsuper-
vised and supervised, have also been used for streaming data [33], although with a different purpose.

Rodriguez et al. [16] developed an ensemble based on unsupervised projections of disjoint subspaces, called Rotation For-
est. This method achieved good results in terms of testing error and diversity of the obtained classifiers. Rotation Forest en-
forces diversity by applying principal components analysis to different subspaces of the input space. Partially sharing its
basis, our method aims to improve diversity and accuracy. Diversity is promoted by introducing different subspaces, and
accuracy is promoted by using a supervised projection constructed from the misclassified instances.

Schclar and Rokach [34] used random projections on a lower dimensional space to construct an ensemble with the aim of
promoting diversity. Maudes et al. [35] used the same approach for constructing ensembles of linear support vector ma-
chines. Wang and Dong [36] proposed a new rule-refinement scheme for fuzzy rules that is based on the maximization of
fuzzy entropy on the training set.

Kuncheva [37] proposed a Bayes-optimal solution to the full-class set classification problem using a single classifier and
the Hungarian assignment algorithm. Biggio et al. [38] focused on a new strategy to improve the robustness of linear clas-
sifiers to adversarial data manipulation, and experimentally investigated whether it can be implemented using two well
known techniques for the construction of multiple classifier systems, namely, Bagging and the random subspace method.

4. Experimental setup

For assessment of the validity of our method we used 32 datasets from the UCI Machine Learning Repository [39]. The
experiments were conducted using the 5 x 2 cross-validation set-up [40]. We performed five replications of a twofold
cross-validation. In each replication the available data is partitioned into two random equal-sized sets, keeping the class dis-
tribution in both sets as much as possible. Each learning algorithm is trained on one set at a time and tested on the other set.
The reported testing error is the average testing error of the these 10 experiments.

Following [41] we carry out, in a first step, an Iman-Davenport test, to ascertain whether there are significant differences
among all the methods. Then, pairwise differences are measured using a Wilcoxon test. The Wilcoxon test assumes limited
commensurability. It is safer than parametric tests because it does not assume normal distributions or homogeneity of
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Table 1
Summary of datasets.
Data set Cases Features Classes Inputs
Continuous Binary Nominal
anneal 898 6 14 18 5 59
arrhythmia 452 279 - - 13 279
audiology 226 - 61 8 24 93
autos 205 15 4 6 6 72
card 690 6 4 5 2 51
dermatology 366 1 1 32 6 34
euthyroid 3163 7 18 - 2 44
gene 3175 - - 60 3 120
german 1000 6 3 11 2 61
horse 364 7 2 13 3 58
hypo 3772 7 20 2 4 29
ionosphere 351 33 1 - 2 34
kr vs. kp 3196 - 34 2 2 38
labor 57 8 3 5 2 29
Irs 531 101 - - 10 101
lymphography 148 3 9 6 4 38
mfeat-fac 2000 216 - - 10 216
mfeat-fou 2000 76 - - 10 76
mfeat-kar 2000 64 - - 10 64
mfeat-pix 2000 240 - 10 240
mfeat-zer 2000 47 - - 10 47
mushroom 8124 - 6 16 2 117
optdigits 5620 64 - - 10 64
ozonelhr 2536 72 - - 2 72
ozone8hr 2534 72 - - 2 72
promoters 106 - - 57 2 114
satimage 6435 36 - 6 36
sick 3772 7 20 2 33
sonar 208 60 - 2 60
soybean 683 - 16 19 19 82
texture 5500 40 - - 11 40
waveform 5000 40 - - 3 40

variance. Furthermore, empirical results [41] show that it is stronger than other tests. All comparison tables show the p-va-
lue of the Wilcoxon test, labeled p,,, the win/draw/loss record of every pair of algorithms, labeled s, and the p-value of a sign
test over the win/loss record, labeled ps. Table 1 shows a summary of the datasets. We have chosen subsets with at least 29
inputs to allow meaningful subspaces with all the parameter sets. We have studied the proposed model using as base learner
a decision tree using the C4.5 algorithm.

Although a bad choice of parameters is likely to affect all of the methods in a similar manner, it may be argued that our
method may be less sensitive to the parameter setting and thus, it benefits from the fact that we have not performed a selec-
tion of parameters. To avoid this issue, we employed 10-fold cross-validation when setting the values of the parameters. For
each application of the decision tree, we obtained the best parameters from a set of different values. The source code of C4.5
used has two relevant parameters: number of trials and whether to use softening of thresholds. We tested 1 and 10 trials and
the option of softening of thresholds trying all four possible combinations. The parameters chosen by cross-validation are
used to learn the classifier using all the available training data. This process is repeated each time that a classifier is trained.
Although this method does not assure an optimum set of parameters, it guarantees that a good set of parameters will be
obtained in a reasonable amount of time.

The source code, in C and licensed under the GNU General Public License, used for all methods as well as the partitions of
the datasets are freely available upon request from the authors.

5. Experimental results

This section reports the results of our method compared with other known algorithms, as well as a study of its behavior.
We have performed experiments with ApaBoost [42] and our method using the supervised projections EDA, NDA, NWFE and
LLE. In the following, we will refer to our method using a certain projection with only the projection name.

The most important parameter of the algorithm is the size of the subspaces to be constructed. This parameter can be
chosen in two ways. We can set the number of subspaces and adjust the subspace size that suits that number depending
on the number of inputs of the dataset, or we can set subspaces of fixed size and adjust the number of subspaces. For
example, if we have a dataset with 15 features, we can set the number of features of each subspace to three, and then
adjust the number of subspaces to five, accordingly. In the same way, we can set the number of subspaces to five, and
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Fig. 1. Comparison of testing error for ApaBoosr (x-axis) and the proposed method (y-axis) using NWFE.

then adjust the number of features in each subspace to three. The experiments shown test both alternatives. We have
chosen a number of subspaces n;={3,5,10}, and a subspace size s={3,5,10}. Each of the ensembles is composed of 30
classifiers.

In this section, the four projections, NDA, NWFE, EDA and LLE, are compared to ApaBoosr. The results for NWFE are plotted
in Fig. 1.2 The figure represents the testing error of ApaBoost and our method using the six different subspace sizes. Points
below the diagonal line show better performance of our method, and points above the diagonal line show better perfor-
mance of ApaBoost. We can see that there are more points below the diagonal, and that the separation of these points from
the diagonal is greater than that of the points above the diagonal. The overall performance of our proposal is better than
ApaBoost. Furthermore, for several problems, namely audio, dermatology, ionosphere, Irs, mfeat-fac, mfeat-kar, mfeat-pix,
mfeat-zer, promoters, sonar, soybean, texture and waveform, the differences are clear. On the other hand, for the few data-
sets where NWFE is performing worse than ApaBoost the differences are small, with the exception of gene dataset.

Fig. 2 presents the results of NDA projection method; Fig. 3 presents the results of EDA, and Fig. 4 presents the results for
LLE. The behavior of these three projections is similar to that described for NWFE, with a significant advantage of the pro-
posed methodology. For NDA projection, our method, with ns = 10, clearly performs better than ApaBoosrt for several datasets,
such as dermatology, german, ionosphere, Irs, lymph, mfeat-fac, mfeat-kar, mfeat-zer, promoters, sonar, texture and wave-
form. Similar behavior is observed for EDA projection for dermatology, ionosphere, labor, Irs, lymph, mfeat-fac, mfeat-kar,
mfeat-pix, mfeat-zer, optdigits, promoters, sonar, texture and waveform datasets. For LLE we found a similar pattern with
some differences. Although LLE performs significantly better than ApaBoost overall, it clearly performs worse for several data-
sets. One of the reasons of this worse performance of LLE, with respect to the other three projections, might be in the per-
formance of LLE without subspaces, which is very poor. Although the use of subspaces is able to significantly improve the
performance of LLE without subspaces, see Section 5.1, the improvement is not enough to beat ApaBoosr in all cases.

Comparisons for all of the methods are shown in Table 2. The table shows that our methodology is able to achieve sig-
nificantly better results than ApaBoost using the four different projections. In fact, the relative performance is very similar
with NWFE, NDA, EDA and LLE, with slightly best results for NDA overall, and worst for LLE. The behavior of the number
of subspaces, or subspace size, is similar, which supports the efficiency of our method and the robustness with respect to
this parameter. The differences are significant at a 99% confidence level for many cases. Thus, as a summary we can state
that our proposal is able to consistently beat ApaBoost. For the remaining experiments we will use as best representative
of our method NDA projection with 10 subspaces (ns = 10).

Speed considerations are difficult to measure, because we are evaluating not only an algorithm but also a certain imple-
mentation. However, because execution time is a relevant issue in any machine learning task, we have included a compar-
ison of the different methods in terms of training time. To allow a fair comparison, we performed all the experiments in the
same machine and with the same parameters. The differences in training time are shown in Fig. 5. The figure shows the com-
parison of running times of our method, with the four different methods of projection, and ApaBoosr. For most problems, our
method is slower, as it should be expected. However, for the case of linear projections, the differences are small, and our
method is under reasonable time bounds. The non-linear projections have a worse behavior, but even in the worse case
the time bounds are not dramatically high. Furthermore, this is not a very serious drawback of our method, as training is
usually performed off-line. We must also take into account that, although the proposed approach is slower than ApaBoost

2 The tables with the complete results for all the experiments shown in this paper are available. They are not included in the paper to avoid making it too
long.
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Fig. 2. Comparison of testing error for ApaBoost (x-axis) and the proposed method (y-axis) using NDA.
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Fig. 4. Comparison of testing error for ApaBoost (x-axis) and the proposed method (y-axis) using LLE.
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Table 2
Comparison of testing error results for AbaBoost and the proposed method for the different projection methods.
Number of subspaces Subspace size
3 5 10 3 5 10
NWFE
s 21/1/10 26/1/5 26/1/5 23/1/8 26/1/5 24/1)7
ApaBoost Ds 0.0708 0.0002 0.0002 0.0107 0.0002 0.0033
Dw 0.0286 0.0008 0.0003 0.0002 0.0002 0.0007
NDA
s 25/1/6 26/1/5 26/1/5 26/2/4 28/1/3 28/1/3
ApaBoost Ds 0.0009 0.0002 0.0002 0.0001 0.0000 0.0000
Dw 0.0010 0.0001 0.0000 0.0000 0.0000 0.0000
EDA
s 20/2/10 21/1/10 25/1/6 25/1/6 27/1/4 25/2/5
ApaBoost Ds 0.0987 0.0708 0.0009 0.0009 0.0000 0.0002
Dw 0.0624 0.0045 0.0002 0.0000 0.0000 0.0001
LLE
s 17/1/14 22/1/9 20/1/11 22/1/9 19/1/12 19/1/12
ApaBoost Ds 0.7201 0.0294 0.1496 0.0294 0.2810 0.2810
Dw 0.1768 0.0700 0.0700 0.0159 0.0386 0.1118
Iman-Davenport test p-value: 0.000.
Time difference (s) in log scale Time difference (s) in log scale Time difference (s) in log scale Time difference (s) in log scale
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Fig. 5. Difference between the execution time, on a logarithmic scale, of our method using NDA, NWFE, EDA and LLE projections and ng= 10 against
ApaBoosr. A filled bar means that our algorithm is faster, and an empty bar means that our algorithm is slower.

in training time, the differences in testing time are almost negligible, as the only difference is the projection of a single
instance into different subspaces.
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Table 3
Comparison of testing error results for AbaBoost and the proposed method for the different projection methods and a support vector machine as base learner.
Number of subspaces Subspace size
3 5 10 3 5 10
NWFE
s 26/0/6 27/0/5 27/0/5 25/0/7 24/1/7 26/0/6
ApaBoost Ps 0.0005 0.0001 0.0001 0.0021 0.0033 0.0005
Pw 0.0000 0.0000 0.0000 0.0001 0.0001 0.0000
NDA
3 5 10 3 5 10
s 27/0/5 28/0/4 28/0/4 28/0/4 29/0/3 29/0/3
ApaBoost Ps 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Pw 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
EDA
s 19/0/13 22/0/10 24/0/8 23/0/9 26/0/6 23/0/9
ApaBoost Ds 0.3771 0.0501 0.0070 0.0201 0.0005 0.0201
Pw 0.0020 0.0003 0.0002 0.0004 0.0001 0.0004
LLE
s 18/0/14 19/0/13 19/0/13 20/0/12 19/0/13 17/1/14
ApaBoost Ds 0.5966 03771 0.3771 0.2153 0.3771 0.7201
Pw 0.0347 0.0378 0.0378 0.0123 0.0156 0.0240

Iman-Davenport test p-value: 0.000.

In the previous results, we have shown that when using as base learner a decision tree, our method improves the results
of ApaBoosT. As AbaBoosr is very successful in boosting the performance of decision trees, this is a powerful argument in favor
of our method. However, to test whether our method is still useful using other base learners, we have performed another set
of experiments using as base learner a support vector machine (SVM). As SVMs are very sensitive to the learning parameters,
we have performed a 10-fold cross-validation for obtaining their values. Each time an SVM was applied, we tried a linear
kernel with C € {0.1,1,10}, and a Gaussian kernel with C € {0.1,1,10} and y € {0.0001,0.001,0.01,0.1,1,10}, testing all the
21 possible combinations. The best set of parameters obtained by the cross-validation process was then applied to learn
the classifier. Table 3 shows the comparison using SVM as base learner. The table shows that the results with SVMs are even
more favorable to our method that the results using a decision tree.

5.1. Comparison with other methods

Our method shares common features with other ensemble methods. To present a fair evaluation of its efficacy, we will
compare our method with them: (RSM) [14], Rotation Forest [16] and supervised projections [17]. RSM uses subspaces,
as each member of the ensemble is trained with a different random subspace of the original input space. Rotation Forest
shares our philosophy of using random subspaces to obtain projections, although it constructs unsupervised projections
using principal components analysis. Finally, we compare our method with a previous work [17] that used supervised pro-
jections without subspaces to construct the classifiers. The comparison with our proposed method, using the partition of in-

Table 4
Comparison of testing error results for our proposed method with 10 subspaces, ngs = 10, and RSM, Rotation Forest, the same approach without subspaces and

Bagging.

NWFE NDA EDA LLE
RSM s 29/1/2 28/1/3 29/1/2 21/1/10
Ds 0.0000 0.0000 0.0000 0.0708
DPw 0.0000 0.0000 0.0000 0.0534
Rotation Forest s 20/1/11 22/1/9 22/1/9 13/1/18
Ds 0.1496 0.0294 0.0294 0.4731
Pw 0.1118 0.0056 0.0026 0.3833
Supervised projs. s 25/1/6 25/0/7 26/0/6 25/0/7
Ds 0.0009 0.0021 0.0005 0.0021
Pw 0.0000 0.0004 0.0000 0.0001
Bagging s 22/1/9 27/1/4 25/1/6 19/1/12
Ds 0.0294 0.0000 0.0009 0.2810
DPw 0.0041 0.0000 0.0001 0.0782

Iman-Davenport test p-value: 0.000.
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put space in 10 disjoint subspaces as the representative of our method, ns = 10, is shown in Table 4. For completeness, we
have included Bagging method, as it is also widely used.

The comparison with RSM is similar to the comparison with ApaBoosrt. Our approach outperforms RSM for all cases at a
confidence level of 95%. The comparison with Bagging also shows the same behavior, with the exception of LLE, which is not
significantly better than Bagging. These two results, together with the previous comparison with ApaBoosr, are a powerful
argument in favor of our method. Regarding the comparison of the model with and without subspaces, our proposed method
consistently and significantly outperformed the method without subspaces, supporting the hypothesis that the introduction
of subspaces improves the performance of the ensemble.

We have also performed a comparison of our method with Rotation Forest. For Rotation Forest we chose the parameters
given in [16]. The comparison shows that our method is able to improve the results of Rotation Forest using NDA as super-
vised projection, with a win/loss record of 22/9 and a p-value for the Wilcoxon test of 0.0056, and using EDA, with a win/loss
record of 22/9 and a p-value of 0.0026. Using NWFE, our method outperformed Rotation Forest in terms of the win/loss re-
cord 20/11, although the differences were not statistically significant. For the case of LLE, the methods performed similarly,
with a slightly worse performance of LLE, with a win/loss record of 13/18. The improvement of Rotation Forest performance
is an argument in favor of using a supervised projection instead of the unsupervised projection introduced by Rotation
Forest.

5.2. Noise tolerance

Several researchers have reported that boosting methods, such as AbaBoost, degrade their performance in the presence of
noise [43,11]. Dietterich [13] tested this effect by introducing artificial noise in the class labels of different datasets and con-
firmed this behavior. In this section we study the sensitivity of our method to noise and compare it to the remaining ensem-
ble algorithms: ApaBoost, Bagging, Rotation Forest and NDA without subspaces.

To add noise to the class labels, we follow the method presented in [13]. To add classification noise at a rate r, we chose a
fraction r of the instances and changed their class labels to be incorrect choosing from the set of incorrect labels uniformly.
We use all of the datasets and three rates of noise, 5%, 10%, and 20%. With these three levels of noise we performed the exper-
iments using the 5 x 2cv setup and ApaBoost, Bagging, Rotation Forest, NDA without subspaces and NDA with 10 subspaces,
ns =10, as the representative of our method.

Fig. 6 shows a summary of the increment in the testing error at the three different levels of noise. The results show that
the two methods that do not consider miss-classification of instances, Bagging and Rotation Forest, are robust to noise, as it
should be expected. On the other hand, the robustness of our method in the presence of noise is strong, and its behavior is
superior to the performance of ApaBoosrt. For both classifiers, on average, our method increments its error about as much as

O5% O10% B20%
190%
180%
170%
160%
150%

140%
130%
120%
110%
100%

AdaBoost Bagging Rot. Forests NDA NDA (n=10)

Fig. 6. Comparison of the increment in testing error in the presence of noise for ApaBoosT, Rotation Forest, Bagging, NDA without using subspaces and NDA
with 10 subspaces, (ns = 10).

Table 5
Comparison of ApaBoost and NDA with 10 subspaces, (ns = 10), for the three levels of noise.
NDA (n; = 10)
No noise 5% 10% 20%
ADABOOST s 26/1/5 28/0/4 29/0/3 30/0/2
Ds 0.0002 0.0000 0.0000 0.0000
Pw 0.0000 0.0000 0.0000 0.0000

Iman-Davenport test p-value: 0.000.
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the noise level, while AbaBoosr ratio is more than 2:1 on average. Table 5 shows the comparison of our method and AbaBoost
for the three levels of noise. In the presence of noise, the advantage of our method is even larger, outperforming ApaBoost for
almost all datasets. This is an interesting result, as our proposal is almost as robust in presence of noise as other methods that
do not use miss-classified instances.

5.3. k-error diagrams

One way of understanding the behavior of ensemble methods is by means of x-error diagrams [44,13]. These diagrams
represent a point for each pair of classifiers. The x coordinate is a measure of the diversity of the two classifiers which is
known as the x measure. The y coordinate is the average error of the two classifiers on the test data. These two values
are conflicting, due to the fact that we cannot have both perfect and independent classifiers. The x-error diagram is the scat-
ter plot of the points corresponding to all pairs of classifiers. The diagram is useful for identifying the behavior of a method
and whether it is more centered on either accuracy or diversity.

The x measure is defined as follows: let us consider a problem with L classes, and let C be a L x L matrix such that
contains the number of instances assigned to class i by the first classifier and to class j by the second classifier. Let us define
K statistic as follows:
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when the agreement of the two classifiers equals that expected by chance k = 0; when they agree on every instance k = 1.

Negative values indicate a systematic disagreement between the two classifiers.

K-error diagrams are constructed using NDA as representative of our approach. Figs. 7 and 8 shows x-error diagrams for
several datasets and ApaBoost, Bagging, Rotation Forest, NDA without using subspaces and NDA method with ns = 10.

These results corroborate findings in previous reports [12,17] where no clear connection between diversity and ensemble
performance was established. Furthermore, in [16], Rotation Forest was shown to outperform ApaBoosr, but x-error diagrams
showed that Rotation Forest achieved excellent results by means of reducing individual classifier errors at the cost of less
diverse ensembles. Our method follows a similar pattern of behavior. It is able to improve individual classifier accuracy
at the cost of less diversity, and the overall performance of the ensemble benefits from that. However, the relevance of diver-
sity is not an established fact as other authors [45] claim that diversity is the key of their proposals.

Furthermore, our results indicate that diversity might be more useful when base learners are mostly accurate. For in-
stance, for the anneal dataset (see Fig. 7) Rotation Forest achieves the best results by improving the diversity of the classifier,
but with the particularity that most of the individual classifiers are still highly accurate. This finding suggests that promoting
diversity might be advisable provided that we have accurate classifiers.

This behavior is further asserted by the finding presented in Figs. 9-11. The figures show, for the same datasets, the accu-
racy of the classifiers as they are added to the ensemble and, for ApaBoost and NDA, the weighted accuracy using current
instance weights. The supervised projections clearly allow our method to achieve more accurate classifiers than Bagging
and, even more notably, than ApaBoost. For weighted accuracy, the behavior is more similar, with better accuracy observed
for either our method or ApaBoost depending on the dataset. This result supports the finding that our method is able to
achieve good testing error by means of improving individual classifier accuracy through the supervised projection approach.
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Again, the experiments show that putting too much effort on misclassified instances may harm the overall behavior of the

ensemble.
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5.4. Bias and variance decomposition

Many papers studying ensembles analyze error performance in terms of two factors: bias and variance. The bias of a learn-
ing algorithm is the contribution to the error of the central tendency when it is trained using different data, whilst the
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Fig. 11. Individual accuracy of the classifiers as the ensemble is constructed. Weighted accuracy is also shown for AbaBoost, NDA without subspaces and
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variance is the contribution of the error of the deviations from the central tendency. These two terms are evaluated with
respect to a distribution of training sets 7 that are usually obtained by different permutations of the available data.

In addition, there is an irreducible error that is given by the degree to which the correct answer for an instance can differ
from that for other instances with the same description. As this error cannot be estimated in most real world problems, the
measures of bias and variance usually include this error.

Several authors have suggested different methods for decomposing the classification error in terms of the bias and the
variance terms [46-48]. The proposals have different advantages and drawbacks [42].

Let us assume that the training pairs (x,y) are drawn from a test instance distribution X, Y, and that the classification of
instance x by means of classifier £ for a distribution of training datasets 7 is £(7)(x). Kohavi and Wolpert [47] proposed a
method for estimating bias and variance terms of the error. However, their measures of bias and variance do not measure the
extent to which each of these underlying quantities contribute to the error [42]. The irreducible error is included in the bias
term. This estimation has the valuable property that the sum of bias and variance terms equals the total error.

The bias estimation of Kong and Dietterich [46] measures the probability of error of the central tendency of the learning
algorithm. This measure is useful when comparing the quality of the central tendency of different classifiers, regarding other
considerations such as the frequency or strength of such central tendency. Nevertheless, the estimation of the variance of
Kong and Dietterich does not adequately measure the error due to deviations from the central tendency. Therefore, we have
used the decomposition defined by Breiman [9]. Let us assume that the training pairs, (x,y) are drawn from a test instance
distribution X, Y, and that the classification of instance x by means of classifier £ for a distribution of training datasets 7 is
L(T)(x).

biasg = Piy.x.r (L(T)(X) # Y A L(T)(X) = C7 7 (X)),
varianceg = Py x, 7 (L(T)(X) # Y A L(T)(X) # C. (X)),

Table 6
Bias/variance comparison using Breiman’s definition for ApaBoost, Bagging, Rotation Forest, NDA without subspaces and NDA with (n, = 10).
Bagging NDA Rot. Forest NDA (ns=10)

Testing error

ApaBoost s 12/2/18 2/1/29 23/1/8 23/1/8
Ps 0.3616 0.0000 0.0107 0.0107
DPw 0.0772 0.0000 0.0081 0.0065

Bagging s 4/1/27 24/1/7 24/1)7
Ps 0.0000 0.0033 0.0033
Dw 0.0000 0.0004 0.0001

NDA s 30/1/1 31/1/1
Ps 0.0000 0.0000
Dw 0.0000 0.0000

Rot. Forest s 21/2/9
Ps 0.0428
Pw 0.0308

Bias

ApaBoosT s 3/1/28 2/1/28 15/3/14 19/1/12
Ds 0.0000 0.0000 1.0000 0.2810
DPw 0.0000 0.0000 0.9107 0.6006

Bagging s 9/3/20 27/1/4 27/1/4
Ds 0.0614 0.0000 0.0000
DPw 0.0330 0.0002 0.0000

NDA s 28/1/3 28/1/3
Ds 0.0000 0.0000
Pw 0.0000 0.0000

Rot. Forest s 16/2/14
Ps 0.8555
DPw 0.2823

Variance

ApaBoosT s 27/1/4 6/3/23 29/1/2 28/1/3
Ps 0.0000 0.0023 0.0000 0.0000
Pw 0.0000 0.0001 0.0000 0.0000

Bagging s 3/2/27 18/1/13 18/1/13
Ds 0.0000 0.4731 0.4731
Pw 0.0000 0.1937 0.1421

NDA s 29/1/2 28/1/3
Ds 0.0000 0.0000
Pw 0.0000 0.0000

Rot. Forest s 18/1/13
Ds 0.4731

bw 0.1937
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where the central tendency, C}. ,(X), for learner £ over the distribution of training datasets 7 is the class with the greatest
probability of selection for instance x by classifiers learned by £ from training sets drawn from 7, and is defined as follows:

Cer (%) = maxPr(L(T)(x) = y). (17)

These definitions have the advantage that the bias term is a direct measure of the contribution of the central tendency to the
total error, and variance is a measure of the contribution of the deviations from the central tendency to the total error.

We divided our dataset into four randomly selected partitions [42] to estimate these two measures. We selected each
partition in turn to be used as the test set and trained the learner with the other three partitions. This method was repeated
ten times with different random partitions for a total of 40 runs of the learning algorithm. We must take into account this
estimation of error is different from the 5 x 2cv setup used in the previous sections, as the following tables will show the
same general tendency of previous comparison tables but with small variations due to the different setup for obtaining
the performance of each method.

The central tendency was evaluated as the most frequent classification for an instance. The error was measured as the
proportion of incorrectly classified instances. This experimental setup guarantees that each instance is selected for the test
set the same number of times, and alleviates the effect of the random selection of instances on the estimations. Fig. 12 shows
the estimation of the bias and variance terms of the error for AbaBoosr, Bagging, Rotation Forest, NDA without using subspac-
es, and NDA (ns=10).

Table 6 shows a comparison of the three methods in terms of testing error and bias and variance terms of the testing
error. Several previous empirical studies have shown that ApaBoost reduces the bias and variance components of the error
[9-11]. On the other hand, Bagging seems to be more efficient in reducing variance than ApaBoost [11]. Regarding these
two standard classifiers our results corroborate that behavior as is shown in Fig. 12 and Table 6. Table 6 shows that Bagging
performs significantly better than ApaBoost in terms of variance of the error and significantly worse in terms of bias of the
error.

The decomposition provides insights into the behavior of our method. NDA achieves a bias reduction that is as good as
that achieved by apaBoosr. In addition, it is able to improve variance reduction with respect to ApaBoosrt. This finding suggests
that our method is able to join the advantages of Bagging, variance reduction and noise tolerance, with the advantage of
ApaBoosr, bias reduction. Regarding the comparison with Rotation Forest, our method achieves a better performance improv-
ing both terms of the error, bias and variance.

It is interesting to note that Friedman [49] argued that, for classification, the decomposition of error in bias and variance
terms is multiplicative instead of additive. The exact form of the dependence makes the dominating factor for decreasing
estimated error the variance term. Thus, reducing variance is expected to be more effective to reduce the error than reducing
bias. Thus, the good behavior of our method might be then partially explained by its better ability to reduce variance than the
other methods.

6. Conclusions and future work

In this paper we have presented a new method for constructing classifier ensembles based on the use of supervised pro-
jections of random subspaces using different supervised projection methods. The projections are constructed using only mis-
classified instances to focus the next classifier on the most difficult instances of the dataset.

The experiments have shown that our method improves the results of AbpaBoost and RSM using a variety of supervised
projection methods. We have thoroughly compared these methods using 32 datasets from the UCI machine learning repos-
itory with different features in terms of the number of classes, number of inputs and number of instances. Furthermore, our
proposed method was shown to be superior to the same method without subspaces and is able to improve the results of
Rotation Forest using NDA as the supervised projection algorithm. Notably, the proposed method is more robust in the pres-
ence of noise in the class labels.

Further study of the method has shown that it reduces the bias term of the error as consistently as ApbaBoost, and reduces
the variance term more than does ApaBoost. Our diversity analysis supports the hypothesis that classifier accuracy may be
more relevant than diversity for the attainment of better ensembles. This conclusion is based upon the finding that our
method outperforms ApaBoost by improving the accuracy of the individual classifiers, even when the diversity of the ensem-
ble is worsened. Our method proved to be more accurate and less diverse than ApaBoost, and more accurate and as diverse as
Bagging.

We are currently adapting our method to account for boosting weights of the instances for the supervised projections
instead of using only the misclassified instances.
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