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Feature selection methods have an important role on the readability of data and the reduction of complexity of
learning algorithms. In recent years, a variety of efforts are investigated on feature selection problems based on
unsupervised viewpoint due to the laborious labeling task on large datasets. In this paper, we propose a novel
approach on unsupervised feature selection initiated from the subspace clustering to preserve the similarities by
representation learning of low dimensional subspaces among the samples. A self-expressive model is employed

to implicitly learn the cluster similarities in an adaptive manner. The proposed method not only maintains
the sample similarities through subspace clustering, but it also considers the underlying structure of data
based on a regularized regression model. In line with the convergence analysis of the proposed method, the
experimental results on benchmark datasets demonstrate the effectiveness of our approach as compared with

the state-of-the-art methods.

1. Introduction

One of the most common approaches for dealing with high dimen-
sional data is to select the appropriate features which is known as
feature selection (FS) problem in machine learning community (Guyon
and Elisseeff, 2003; Li et al., 2017a). FS techniques are widely applied
in many domains including text mining (Liu et al., 2003), bioinfor-
matics (Ding, 2003; Alirezanejad et al., 2020), social media (Tang and
Liu, 2014), and ensemble learning (Abpeykar et al., 2019). On the one
hand, FS approach provides a sparse representation for data with mas-
sive number of features to alleviate the curse of dimensionality effect
on the learning performance (Bishop, 2006). On the other hand, the
computational burden of facing with massive data could be decreased
significantly through FS approach as compared with other techniques
like feature extraction approaches (Guyon, 2006).

FS techniques can be categorized into wrapper, filter and embedded
approaches by considering the evaluation criteria. In wrapper meth-
ods (Dy and Brodley, 2004; Kohavi and John, 1997; Roth and Lange,
2003), the evaluation process depends on the learning algorithms, in
contrast to the filter methods (He et al., 2005; Nematzadeh et al.,
2019) that only use data for evaluating without any learning phase.
The embedded methods (Hou et al., 2014; Han et al., 2020), embed
the process of selecting features in a learning algorithm.

On learning taxonomy, FS problem can be stated as “Supervised”
and “Unsupervised”. Supervised FSs are primarily constructed from the
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dependency among the features and the label information, including in-
formation theoretic approaches (Peng et al., 2005), statistical tests (Hall
and Smith, 1999; Huan Liu and Setiono, 1995), sparse learning meth-
ods (Liu et al., 2009; Nie et al., 2010), and online feature selection
based on structure learning (Zare and Niazi, 2016). These supervised
approaches are mostly seek to detect the discriminative information
as the main source of dependencies between the features and the
label information (Peng et al., 2005). On the other hand, appropriate
criterion on Unsupervised FS (UFS) problems is more challenging due
to the ill-defined nature of the problem. There have been a variety of
works on UFS (Solorio-Fernandez et al., 2019) including metaheuristic
approach (Tabakhi et al., 2014), graph clustering (Moradi and Ros-
tami, 2015), feature-level reconstruction (Li et al., 2017b), manifold
structure learning approach (Yang et al., 2011), and spectral clustering
based (Li et al., 2012, 2014). These unsupervised approaches are mostly
considered to preserve the underlying structure of data such as cluster
analysis (Li et al., 2014), and graph learning (Moradi and Rostami,
2015).

One of the important aims in UFS approaches is to preserve the
geometric structure in the selected features (He et al., 2005). To this
end, the similarity preserving methods construct a graph similarities to
maintain the geometric structure in the reduced space (Liu et al., 2014).
The graph similarity computation is often performed independently
from the feature selection, which may lead to a suboptimal solution.
Adaptive structure learning methods (Du and Shen, 2015) explicitly
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Fig. 1. The outline of the proposed method.

learn a similarity matrix which expand the search space of solutions.
There are some UFS by considering the subspace learning to exploit
the hidden multidimensional substructures of data (Wang et al., 2015).
The main idea of the subspace learning is constructed from the repre-
sentation of high dimensional data points based on the union of the
subspaces (Soltanolkotabi et al., 2014). Subspace clustering refers to
the process of clustering and detecting the low dimensional structure
of the clusters at the same time (Vidal, 2011). The subspace learning
UFS methods are considered a self-expressive model to reconstruct the
data matrix based on either features (Shang et al., 2016, 2019), or
samples (Zhu et al., 2017).

In this paper, we propose a novel UFS, “Subspace Clustering un-
supervised Feature Selection” (SCFS), to adaptively maintain the simi-
larity structure through an implicit similarity matrix computation. The
proposed approach is constituted by a self-expressive model to include
both of learning latent homogeneous structures and similarity matrix
computation in a unified objective function aligned with an ¢, ;-norm
to address a regularized regression model. In our approach, subspace
learning is utilized to maintain the cluster similarities in the selected
features and sparse learning is applied to learn a regularized regression
model to measure the correlation between the features and the learned
clustering information. The more a feature is related to the clusters, the
more it is likely to be selected. The outline of the proposed method is
presented in Fig. 1.

The main contributions of this paper are as follows,

We propose a novel UFS method by applying subspace learning,
cluster analysis and sparse learning to consider the sample simi-
larities and underlying structure of data in the selected features
in an integrated framework.

We employ a self-expressive model on sample level to adaptively
and implicitly learn the cluster similarities.

A regularized regression approach is exploited to capture the
correlation among features and clusters in a sparse manner.

We introduce a unified optimization algorithm to address the
proposed objective function.

This paper is organized as follows. The related works are introduced
in Section 2. The proposed method and the corresponding optimiza-
tion algorithm are presented in Section 3. Convergence analysis and
computational complexity are discussed in Section 4. The connections
and differences of the proposed method with the related algorithms
are explained in the Section 5. Experimental setting and results are
reported in Section 6. Finally, the conclusion of the paper is provided
in Section 7.

2. Related works

Unsupervised feature selection methods generally select features
based on the intrinsic structural characteristics of data. These methods

can be divided into four main categories, statistical (Krzanowski, 1987),
similarity preserving (He et al., 2005), data reconstruction (Masaeli
et al., 2010), and sparse learning approaches (Li et al., 2012).

Statistical methods such as MaxVar (Krzanowski, 1987) select fea-
tures based on some statistical measures. The main focus of similar-
ity preserving methods including Laplacian Score (He et al., 2005),
SPEC (Zhao and Liu, 2007), and TraceRatio (Nie et al., 2008), is
to maintain the local similarities. Reconstruction based methods em-
ploy a feature-level self-expressive model including convex principal
feature selection, CPFS (Masaeli et al., 2010), ¢, -norm regularized
self-representation, RSR (Zhu et al., 2015), embedded reconstruction
based, REFS (Li et al., 2017b), and structure preserving, SPUFS (Lu
et al.,, 2018). Sparse unsupervised FS approaches are initiated from
the ideas of the sparse machine learning (Bach et al.,, 2012). The
core idea is to embed FS in a regularized learning model. There are
several well-known approaches in this category including preserving
the multi-cluster structure of data, MCFS (Cai et al., 2010), manifold
structure learning approach using the scatter matrix, UDFS (Yang et al.,
2011), kernel learning for local learning-based clustering, LLCFS (Zeng
and Cheung, 2011), joint embedding learning and sparse regression,
JELSR (Hou et al., 2014), nonnegative spectral clustering feature se-
lection, NDFS (Li et al., 2012), global similarity preserving feature
selection, SPFS (Zhao et al., 2013), global and local similarity preserv-
ing feature selection, GLSPFS (Liu et al., 2014), unsupervised feature
selection with adaptive structure learning, FSASL (Du and Shen, 2015),
and co-regularized unsupervised feature selection, CUFS (Zhu et al.,
2018).

There are some UFS methods by considering the subspace learn-
ing idea. Feature-level reconstruction based approach was proposed
in, MFFS (Wang et al., 2015) by exploiting the matrix factorization.
In Shang et al. (2016), a graph regularized approach was introduced to
maintain the local similarities. Spectral clustering is aligned with sub-
space learning by computing similarity matrix in an explicit way (Zhu
et al., 2017). A sparse learning approach was suggested in Shang et al.
(2019) to select features based on the local structure of the samples.
While, UFS methods with the aid of subspace learning mainly recon-
struct the data matrix in feature-level, the sample-level characteristics
such as the cluster structures are not thoroughly incorporated in them.

There are several important properties that can be considered for
a suitable UFS process including, self-expression, similarity preserving,
adaptive similarity learning, joint learning, cluster analysis, regression
and regularization. Self-expressive property indicates the ability of data
reconstruction based on samples or features. Similarity preserving is
related to maintain sample similarities in the reduced data matrix
which can be performed explicitly or implicitly. The incremental learn-
ing of the similarity matrix through the feature selection process is
called as adaptive similarity learning. Joint learning refers to perform
both of subspace learning and feature selection in a unified manner.
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Table 1

A comparison of the related unsupervised feature selection methods.
Algorithm Self-expression  Similarity preserving  Adaptive similarity learning  Joint learning  Cluster analysis  Regression  Regularization
MaxVar (Krzanowski, 1987) X X X X X X X
LS (He et al., 2005) X Explicit X v x x X
TraceRatio (Nie et al., 2008) X Explicit X v X X X
CPFS (Masaeli et al., 2010) Feature X X X X X v
RSR (Zhu et al., 2015) Feature X X X X x v
MCFS (Cai et al., 2010) X Explicit X X v v v
UDFS (Yang et al., 2011) X Explicit X v X X v
LLCFS (Zeng and Cheung, 2011) X Explicit v v v X v
NDFS (Li et al., 2012) X Explicit X v v v v
GLSPFS (Liu et al., 2014) X Explicit X v X v v
MFFS (Wang et al., 2015) Feature X X X X X X
FSASL (Du and Shen, 2015) X Explicit v v X v v
SPUFS (Lu et al., 2018) Feature Explicit X v X X v
LDSSL (Shang et al., 2019) Feature Explicit X v X X v
SCUFS (Zhu et al., 2017) Sample Explicit v v v v v
SCFS Sample Implicit v v v v v

Some UFS methods exploit cluster analysis to select relevant features.
The correlation between features and low dimensional representation
matrix are approximated by a regression model that can be utilized
to measure the importance of features. Finally, regularization indicates
the employing of regularized terms to yield a sparse solution. The well-
known UFS methods are compared by the aid of these properties in
Table 1. While most of the UFS techniques are constructed from one or
more of these properties, we propose a unified framework to consider
all of these characteristics and implicit similarity preserving to result
in a more robust and efficient UFS approach on the sample level.

3. The proposed method
3.1. Notations

Throughout this paper, matrices are denoted by bold uppercase and
vectors by bold lowercase characters. Let B be an arbitrary matrix, B;;
is its (i, j)-th element, and b; denotes the ith row. The Frobenius norm,
the trace and the transpose operators on matrix B are denoted by ||B|| -,
tr(B), and BT, respectively. The #,-norm of a vector v is denoted as ||v||,
and the 7, ;-norm is defined as following,

IBllo, =D, [ B}
i J

X € R™P? denotes the data matrix, where n and p are the number of
samples and features. G € R"*¢ represents the clustering matrix, where
¢ is the number of the clusters.

3.2. The proposed method

At first, the similarity matrix is implicitly computed by subspace
learning. The proposed self-expressive similarity representation is given
in Eq. (1),

. 2
min IX - GGTX]|

(€8]
st. G>0,GG"1=1,

where 1 is an n x n matrix of ones and the constraint GG'1 = 1 is
imposed to normalize the similarity matrix. The symmetric nonnegative
matrix GG is learned such that the samples within common subspaces
tend to attain large values in GG'. In lines with consideration of G as
a low dimensional representation of X by assuming ¢ < {n,p}, G can
also be interpreted as a clustering matrix. Moreover, GG', represents
the pairwise sample similarities in terms of the clustering values.

The next stage is to construct a sparse transformation W on the
data matrix X by employing the clustering matrix G, joined with a
regularization term,

min [XW - G} + AWl . @

where W € RP* is a linear and low dimensional transformation matrix,
and f is a regularization parameter. The objective function in Eq. (2)
represents the linear transformation model to measure the association
between features and clusters. The ¢, norm induces sparsity on the
rows of the transformation matrix, w;’s. When w;’s are closer to zero,
their correspondence features are less relevant and more likely to be
eliminated from the final candidate set of the features.

By integrating Eq. (1) and (2) in a joint objective function, our final
model is obtained as follows,

. 2
min |IX — GGTX|l}: + alXW — G|} + IIWII,;

3)
st. G>0,GG'1=1,

where « is a tuning parameter. By solving the objective function in
Eq. (3), W and G are iteratively updated in advance of achieving the
optimal result.

3.3. Feature ranking

The weight matrix W = [w;;wy;...;w,] is obtained by our frame-
work, where the ith row of W, w; € R1*¢, corresponds to the importance
of the ith feature. More formally, ||w;ll, is used to rank the most
important features. Finally, the reduced data matrix X € R™" s
generated from the first m ranked features.

new

3.4. An illustrative example

We illustrate the steps of the proposed method in Fig. 2. X is a
nonnegative artificial data matrix with seven samples and ten features.
The bright entries of X are close to zero and the dark ones are far from
zero. Initially, subspace learning stage provides the clustering matrix G,
which is used to construct the similarity matrix GG among samples.
Then, a sparse learning method is applied for learning the regularized
coefficients W through a regression model to measure the importance
of features. The W and G are optimized in an iterative process. Finally,
the features are ranked by computing the #,-norm on the rows in W. In
this example, ||wgll,, [IW3ll,, and ||wy||, are the top three weights which
correspond to Fg, F;, and Fy. As we can see from Fig. 2, the learned
hidden subspace is constituted from the top three selected features.

3.5. Optimization
The primary objective function in Eq. (3) can be considered as,
. 2
min FW.G) = X = GGTX||; + alXW — G|1% + IWI|,,.
W,G20,GGT1=1
(C))]

A gradient based procedure is utilized to solve this optimization prob-
lem by considering the main elements W and G. It begins by fixing
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Fig. 2. An illustrative case study to describe the proposed method.

one element and finding the optimum value for the other one which is
described in below. Initially, G is fixed to yield the following objective
function,

min - f(W) = alXW = G| + AWl ®)

Taking the derivative to calculate the V f(W) and setting it to zero,

W= (aX'X+4D) " oaX'G, 6
where D is a diagonal matrix with,
1
S . 7
2wl +e )

where € is a very small positive number to prevent the division by zero.
Then, G is updated through the objective function in Eq. (8) by fixing
W,

i G) = IX = GGTX|% + [ XW - G|12.
Gzofg}glzl fG) = I + all 1% )

Eq. (8) is rewritten to relax the constraints as,

/(G) = X - GGTX|[} + alXW - G||% + 7 IGGT1 = 1]|}. + 1r (8GT)
()]

where y > 0 is a parameter to control the normalizing constraint and
practically should be a large number. & is the Lagrange multiplier for
G > 0 constraint. Setting the derivative of f(G) with respect to G to 0,

2MG'G +2GG™™ + 2aG — 4M — 2aXW + & = 0, (10)

where M = (XXT + ny1) G and n is the number of samples. By applying
the KKT condition (Kuhn and Tucker, 2014), the following updating
rule is obtained,

(M + aXW),;

G. =G,
Y Y (MGTG +GG™ +aG)

1)

ij

Therefore, by initializing the G and D, in each iteration of the
proposed formulation, first W is updated by Eq. (6), and then G and D
is updated by Eq. (7) and (11). Algorithm 1 describes the optimization
process of the proposed method.

4. The analysis of the proposed algorithm

This section presents the convergence behavior and computational
complexity of the proposed method.

Algorithm 1 SCFS algorithm.

Input: Data matrix X € R™? and parameters « and f.
1: t=0.
2: Initialize G, € R"™“.
3: Initialize D, as an identity matrix.
4: repeat
5. W, = (aX'X+4D,) " oXTG,.
6: M, = (XXT + nyl) G,.
(2M, +aXW,, ), .

M,G/G, + G,G/M, + aG,)

7 (GH—l)ij = (G’)ij (

8:  Update the diagonal matrix D as (D, ); = A
t+1)ill2

9 t=t+1.

10: until Convergence of the objective function in Eq. (3).
Output: Sort features by descending order of ||w;l,.

4.1. Convergence analysis

Our aim is to show the non-increasing behavior of the primary
objective function in Eq. (3). First, a lemma is given (Nie et al., 2010).

Lemma 1. For any nonzero vectors u,v € RP, the following holds,

llull3 lIvII3
llully = 5o—== < lvll; - . (12)
P2l T 20
Theorem 1. The objective function in Eq. (3) is non-increasing in each

iteration by employing the updating rules in Algorithm 1.

Proof. First, the objective function can be written as,

FW.G) = [[X=GGTX|[} +allXW — GII2 + Wl

13)
+7IGGT1 - 1]3.
By fixing G,, we should justify the following inequality,
FWi1.Gy) < F(W.G)). 14
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Based on Eq. (5), inequality (14) can be written as,

2
llowes i3

IXWi1 = Gilly + 9 XL G ) as)
llown i3
SIXW, =Gl + A XL (i)

The inequality (15) is followed as,

2 Z ||(Wr+1)i||§
IXW,i1 = G lI7 + BlIWiii Iy =B D Uil = Sm2)
L 2wl
2 [ICAN[E
<IXW, = G5 + BIIW, [l — 8 D AWl = 50——). (16)
o o ; R [CANTE
According to Lemma 1,
IXW,y1 = G II% + BIIW,y 111, < IXW, = G2 + BIW, I, a7

Taking fixed W,,;, based on a similar approach in Lee and Seung
(2000), it follows,

f(wt+l’Gt+l) < f(wt+1’Gt)' (18)
Hence,
FWi1,614) £ Wi, G) < f(W,, Gy). (19)

Therefore, Algorithm 1 will monotonically decrease the objective func-
tion in Eq. (3) based on the relations (17) and (18).

4.2. Computational complexity

The main steps of Algorithm 1 contains the updating W and G on
each iteration. The update of W and G take O(p® + np*> + npc) and
O(n*p + nc + npc) time complexity. Hence, the time complexity of
the proposed algorithm is max{O(p®), O(np?), O(n?p), O(n*c), O(npc)}. In
most applied scenarios, ¢ < p, that implies the time complexity of the
proposed algorithm could be reduced to max{O(p?®), O(n?p)}.

5. Connections and differences with the related algorithms

In this section, we discuss the connections and differences between
the proposed method and four algorithms, including RSR (Zhu et al.,
2015), MCFS (Cai et al., 2010), NDFS (Li et al., 2012), and SCUFS (Zhu
et al., 2017).

5.1. RSR

RSR (Zhu et al., 2015) is mainly a feature reconstruction approach,
which attempts to learn a sparse transformation matrix by an ¢, ;-norm
in both of loss and regularization term. The RSR objective function is
specified as following,

mén IX = XQllp,; + AlQll,;- (20)

By learning the reconstruction matrix Q € RP?, each feature is
expressed as a linear combination of all features. If a row of the
matrix Q becomes zero, then the corresponding feature can be regarded
as a redundant feature. The main objectives in Eq. (20) and Eq. (3)
imply that both RSR and SCFS exploit self-expression mechanisms. RSR
reconstructs data in the level of features, unlike to SCFS, which is based
on sample level reconstruction. Furthermore, RSR and SCFS differ in
considering the underlying structure of data. While RSR neglects to
maintain the sample similarities in the reduced space, SCFS considers
to preserve the cluster similarities.
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5.2. MCFS

MCEFS (Cai et al., 2010) is a two-stage method to select features
based on preserving geometric structure of the samples by a low
dimensional embedding and linear regression. The formulation is as
follows,

min tr(GTLG)
GTG=I

: (21)
min IXW - Gll ¢ + AW, ;.

where L is a Laplacian matrix. The main connections between MCFS
and SCFS can be observed on learning low dimensional embedding
and sparse regression matrix. The main differences between MCFS and
SCFS, based on Eq. (21) and Eq. (3) are as follows. 1) MCFS computes
the graph similarity matrix before optimizing its objective functions,
while SCFS adaptively learn sample similarities. 2) MCFS explicitly
calculate a similarity matrix, (3) MCFS proposes a two-stage method,
while SCFS devises a joint framework. 4) MCFS employs ¢, ;, while
SCFS applies ¢, ; regularization.

5.3. NDFS

NDFS (Li et al., 2012) is a spectral clustering based method by the
following formulation,

rvrvlig tr(GTLG) + « (||XW -Gllp+ le”ll)

(22)
st. G>0,GTG =1,

While NDFS computes the graph similarities independent from the
feature selection process, the sample similarities is learned on SCFS
framework to prevent a suboptimal solution. The SCFS exploits sub-
space clustering, as compared to utilize spectral clustering in NDFS to
learn clustering matrix. NDFS and SCFS are similar in using regression
model and #, ;-norm regularization on their objectives.

5.4. SCUFS

SCUFS (Zhu et al., 2017) proposed to select features based on
subspace clustering and adaptive similarity learning as,

vrvn(i;ns X - SX”% + 411G LgG) + [ XW — Gllo,1 + 42IWllp,

(23)
s.t. 81=1,5,=0,G>0,G'G =1,

where, S is a similarity matrix, and Lg is a Laplacian matrix based on
S. The connections between SCUFS and the proposed method, SCFS,
are in adaptive similarity learning and cluster analysis. The difference
between these methods is in how to learn the graph similarity matrix.
SCUFS explicitly learns the similarity matrix S and performs spectral
clustering based on S, while our proposed approach learns concurrently
the clustering matrix and similarity matrix GG'. Moreover, SCUFS
expands the search space by imposing to learn an explicit similarity
matrix S.

6. Experiments

In this section, the proposed method is evaluated using benchmark
datasets by standard evaluation measures. A bunch of state-of-the-art FS
methods are compared with SCFS where the results and experimental
setting are presented in the following. The source codes of our method
are released on GitHub, and the link is https://github.com/mohsengh/
SCFS.
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Table 2

The main properties of datasets in the experiments.
Dataset #samples #features #classes Type Category
Lung 203 3312 5 Continuous Biology
Lymphoma 96 4026 9 Discrete Biology
Prostate-GE 102 5966 2 Continuous Biology
ORL 400 1024 40 Discrete Image
Isolet 1560 617 26 Continuous Voice
BASEHOCK 1993 4862 2 Discrete Text
BA 1404 320 36 Discrete Image
GLIOMA 50 4434 4 Continuous Biology
Madelon 2600 500 2 Continuous Artificial

6.1. Datasets

We employed datasets from a variety of applied domains, including
the lung carcinomas of human (Lung Bhattacharjee et al., 2001), the
categories of human lymphoma (Lymphoma Alizadeh et al., 2000),
gene expression of prostate cancer (Prostate-GE Singh et al., 2002), face
image (ORL Cai et al., 2006), spoken letter recognition data (Isolet Cole
and Fanty, 1990), newsgroup documents (BASEHOCK Li et al., 2017a),
binary images of digits and capital alphabet letters (BA Belhumeur
et al., 1997), malignant tumor of the brain (GLIOMA Nutt et al., 2003),
and non sparse synthetic dataset (Madelon Li et al., 2017a). The BA
can be accessed from https://cs.nyu.edu/~roweis/data.html. All other
datasets are available on repository (Li et al., 2017a). Table 2 reports
the main characteristics of datasets.

6.2. Evaluation measures

The performance is evaluated in terms of clustering by two widely
used and standard measures, Accuracy (Acc) and Normalized Mutual
Information (NMI). The performance of clustering is evaluated by
Coefficient of Variation (CV), and the stability of the feature selection
methods is assessed by Stability Index(SI) measure.

By taking y as the ground truth label information, and z as the
predicted ones’, Acc is defined as,

1 n
Accly.z) =+ 3" 6y map(z),
i=1

where 6(a, b) equals to 1 if a = b and 0, otherwise. The best permutation
of z to match y values is found by map(.) function based on the
Kuhn-Munkres approach (Lovasz, 1986).

The definition of NMI is given as,

I(y.2)
max(H (y), H(z))’

where H(.) represents the entropy and I(y, z) is the mutual information
of y and z defined as,

ww=22mmm41&i)

et p(y) p(2)

NMI(y,z) =
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By repeating the clustering algorithm, the mean (Mean) and stan-
dard deviation (STD) values of Acc and NMI are computed. Moreover,
Coefficient of Variation (CV) is applied to measure the performance of
clustering, where the smaller CV indicates the more robustness of the
clustering algorithm. The definition of CV is as follows,

_ STD

~ Mean’

The Stability Index (SI) (Kuncheva, 2007) is a measure to evaluate
the stability of a feature selection method when a small perturbation
is applied in data. Let {.S,.5,,...,.S;} be the selected feature sets by
running k times of the feature selection process. SI is calculated as,

o , kol k ryp— m2
k(k = 1) & j=i+1 m(p —m)’
where r;; = |S; n.S;|, m = |S;| = |S;|, and p is the size of the original

feature set.
6.3. The experimental setting

The state-of-the-art UFS methods are applied such as LS (He et al.,
2005), UDFS (Yang et al., 2011), NDFS (Li et al., 2012), SPUFS (Lu
et al., 2018), LDSSL (Shang et al., 2019), MaxVar (Krzanowski, 1987),
LLCFS (Zeng and Cheung, 2011), TraceRatio (Nie et al., 2008),
MCFS (Cai et al., 2010), SCUFS (Zhu et al., 2017), and Baseline means
to select all of the original features.

We set k = 5 on k-nearest neighbor algorithm, and ¢ = 1 for the
bandwidth parameter in the Gaussian kernel for the methods based on
explicit construction of the graph matrix. The y = 10° is taken on our
method and NDFS. The parameter c is set to the number of clusters in
the clustering based methods, MCFS, LLCFS, NDFS, SCUFS, and SCFS.
The grid search strategy is employed to choose the appropriate weight
parameters « and f among the set of {10~*,1072,1,10%, 10*} candidates.
We limit data by selecting different number of features in the range
of {50, 100, 150, 200, 250, 300} and cluster each ones by k-means
algorithm, and then evaluate the clustering results by Acc and NMI
measures. The mean and standard deviation values of Acc and NMI are
reported by repeating the experiments for 20 times.

6.4. Experimental results

The performance of the feature selection algorithms are evaluated
in terms of Acc, NMI, CV, and SI. The mean and standard deviation of
the clustering result are reported in the Tables 3 and 4. The best and the
second best results are marked as bold and underline. By considering
the Tables 3 and 4, we have the following conclusions,

» The proposed method, SCFS, outperforms the Baseline method
in most cases, which implies the efficacy of SCFS to select more
relevant features rather than irrelevant and redundant ones’.

Table 3

Clustering results (Acc% =+ std) of unsupervised feature selection methods on standard datasets. Bold and underlined numbers are the best and the second best.
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon
Baseline 71.67 + 6.86 58.75 + 5.19 58.82 + 0.00 59.14 + 2.11 63.19 + 219 50.08 + 0.00 42.04 + 1.56 58.80 + 3.25 50.34 + 0.10
LS 61.46 + 2.61 50.12 + 2.26 60.82 + 1.71 49.94 + 3.62 53.31 + 4.49 50.63 + 0.23 41.70 + 3.54 55.85 + 2.42 50.34 + 0.04
UDFS 56.65 + 4.93 59.60 + 2.50 61.36 + 1.14 49.30 + 3.90 57.97 + 6.24 51.57 + 0.56 41.47 + 3.51 58.48 + 2.40 57.87 + 0.57
NDFS 83.71 + 0.64 63.81 + 0.33 60.07 + 0.77 58.81 + 1.19 67.72 + 1.51 50.18 + 0.14 41.62 + 2.91 62.15 + 3.79 53.57 + 3.64
SPUFS 68.33 + 1.20 53.57 + 3.42 61.09 + 1.45 48.63 + 2.68 63.65 + 13.10 50.41 + 0.40 38.21 + 5.17 56.85 + 0.84 51.18 + 0.16
LDSSL 64.59 + 5.14 58.11 + 1.67 60.27 + 0.74 57.78 + 1.49 65.97 + 3.64 50.49 + 0.11 41.65 + 3.02 57.02 + 0.73 52.24 + 1.57
MaxVar 70.35 + 3.65 56.85 + 6.61 60.66 + 0.72 45.49 + 4.55 57.77 + 5.16 50.08 + 0.00 38.03 + 4.63 45.27 + 1.20 50.29 + 0.03
LLCFS 79.35 + 4.33 55.08 + 3.99 59.08 + 0.54 54.39 + 3.11 57.13 + 4.29 50.08 + 0.00 37.76 + 3.73 49.47 + 1.05 50.84 + 1.25
TraceRatio 53.33 + 5.54 54.89 + 4.40 58.82 + 0.57 47.21 + 4.48 43.49 + 12.56 50.08 + 0.00 38.28 + 5.07 58.93 + 3.71 52.83 + 1.99
MCFS 77.09 + 3.47 63.32 + 2.22 59.55 + 1.49 58.01 + 0.71 45.38 + 7.56 50.32 + 0.28 41.98 + 2.11 61.05 + 4.55 52.30 + 0.98
SCUFS 69.71 + 4.68  64.03 + 0.86  62.23 + 0.76  57.29 + 1.62  61.85 % 7.50  50.92 + 0.70 4247 + 1.72  63.77 + 1.28  58.87 + 1.49
SCFS 86.70 + 1.38 64.87 + 1.59 61.70 + 0.73 59.19 + 0.83 69.17 + 1.03 51.95 + 0.44 43.57 + 1.96 64.93 + 2.18 58.94 + 1.56
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Table 4
Clustering results (NMI% =+ std) of unsupervised feature selection methods on standard datasets. Bold and underlined numbers are the best and the second best.
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon
Baseline 62.90 + 2.76 68.95 + 3.63 2.55 + 0.00 77.90 + 0.86 77.61 + 1.12 0.63 + 0.00 57.89 + 0.74 49.94 + 1.70 0.00 + 0.00
LS 50.16 + 5.95 55.88 + 2.52 4.46 + 1.65 70.90 + 2.67 70.41 + 4.52 2.54 + 0.82 57.11 + 2.99 49.84 + 2.35 0.00 + 0.00
UDFS 45.73 + 4.02 69.46 + 3.36 5.06 + 1.12 70.75 + 2.91 71.03 + 6.07 1.02 + 0.77 57.23 + 3.16 37.23 + 2.97 2.45 + 0.37
NDFS 67.68 + 0.85 73.70 + 0.71 5.42 + 0.48 77.61 + 0.72 79.40 + 1.72 1.20 + 0.81 57.44 + 2.40 52.85 + 0.34 0.70 + 1.11
SPUFS 60.28 + 1.81 63.24 + 2.45 5.17 + 0.45 70.25 + 2.24 72.81 + 11.14 1.86 + 1.25 53.47 + 4.66 51.47 + 0.32 0.06 + 0.01
LDSSL 52.31 + 5.19 64.64 + 1.66 5.66 + 0.13 76.41 + 1.26 77.26 + 3.37 1.67 + 0.39 56.96 + 2.52 51.64 + 0.48 0.22 + 0.20
MaxVar 59.90 + 2.94 66.97 + 6.18 4.71 + 0.54 68.00 + 3.23 7313 + 4.77 0.63 + 0.00 53.03 + 4.79 22.39 + 2.69 0.00 + 0.00
LLCFS 65.14 + 2.65 62.88 + 6.15 5.48 + 0.46 73.50 + 2.13 72.85 + 3.83 0.65 + 0.02 52.65 + 4.24 28.89 + 1.81 0.07 + 0.14
TraceRatio 40.45 + 6.95 66.35 + 3.52 5.22 + 0.68 70.40 + 3.13 59.62 + 11.63 0.63 + 0.00 54.14 + 4.13 50.16 + 1.19 0.47 + 0.57
MCFS 61.99 + 3.04 71.50 + 3.07 3.28 + 1.41 76.73 + 0.66 61.48 + 8.18 1.36 + 0.73 57.58 + 2.07 38.10 + 8.22 0.18 + 0.13
SCUFS 59.44 + 3.89 71.80 + 1.98 5.89 + 0.84 76.31 + 1.25 75.07 + 6.11 2.97 + 0.82 57.38 + 2.18 52.94 + 0.35 2.46 + 0.45
SCFS 70.17 + 0.90 73.73 + 0.75 5.85 + 0.46 77.71 + 0.44 79.43 + 1.62 3.73 + 0.50 58.59 + 1.91 53.70 + 0.39 2.51 + 0.42
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Fig. 3. The obtained results in terms of Acc with different numbers of selected features.

Clustering based methods such as NDFS, SCUFS and SCFS com-
monly attain better results in an unsupervised manner.

SCFS achieves the best performance according to Acc on the eight
datasets.

The obtained NMI results indicate the superiority of SCFS as
compared with other methods.

Moreover, SCFS outperforms the earlier subspace learning based
approach, LDSSL, due to employing the sample-level self-
expression, and adaptive learning of the cluster similarities.

Furthermore, we demonstrate the performance of the proposed
method in different number of selected features from 50 to 300. Figs. 3

and 4 represent the obtained results according to these scenarios, where
the three methods including LS, MaxVar, and TraceRatio are ignored
due to weak results. On the one hand, SCFS obtained satisfactory
performance with the small number of selected features. On the other
hand, these results indicate that the proposed approach attains better
performance than the its well-known competitors on by varying the
number of selected features.

In addition, the results based on Coefficient of Variation (CV) is re-

ported in Tables 5 and 6. By average, SCFS achieves the best robustness
in CV using Acc and NMI measures.
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Fig. 4. The obtained results in terms of NMI with different numbers of selected features.
Table 5
Coefficient of variation (CV%) using Acc. Bold and underlined numbers are the best and the second best on average.
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon Average
Baseline 0.10 0.09 0.00 0.04 0.03 0.00 0.04 0.06 0.00 0.04
LS 0.04 0.05 0.03 0.07 0.08 0.00 0.08 0.04 0.00 0.05
UDFS 0.09 0.04 0.02 0.08 0.11 0.01 0.08 0.04 0.01 0.05
NDFS 0.01 0.01 0.01 0.02 0.02 0.00 0.07 0.06 0.07 0.03
SPUFS 0.02 0.06 0.02 0.06 0.21 0.01 0.14 0.01 0.00 0.06
LDSSL 0.08 0.03 0.01 0.03 0.06 0.00 0.07 0.01 0.03 0.04
MaxVar 0.05 0.12 0.01 0.10 0.09 0.00 0.12 0.03 0.00 0.06
LLCFS 0.05 0.07 0.01 0.06 0.08 0.00 0.10 0.02 0.02 0.05
TraceRatio 0.10 0.08 0.01 0.09 0.29 0.00 0.13 0.06 0.04 0.09
MCFS 0.04 0.04 0.02 0.01 0.17 0.01 0.05 0.07 0.02 0.05
SCUFS 0.07 0.01 0.01 0.03 0.12 0.01 0.04 0.02 0.03 0.04
SCFS 0.02 0.02 0.01 0.01 0.01 0.01 0.04 0.03 0.03 0.02
Table 6
Coefficient of variation (CV%) using NMI. Bold and underlined numbers are the best and the second best on average.
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon Average
Baseline 0.04 0.05 0.00 0.01 0.01 0.00 0.01 0.03 0.53 0.08
LS 0.12 0.05 0.37 0.04 0.06 0.32 0.05 0.05 0.22 0.14
UDFS 0.09 0.05 0.22 0.04 0.09 0.76 0.06 0.08 0.15 0.17
NDFS 0.01 0.01 0.09 0.01 0.02 0.67 0.04 0.01 1.59 0.27
SPUFS 0.03 0.04 0.09 0.03 0.15 0.67 0.09 0.01 0.22 0.15
LDSSL 0.10 0.03 0.02 0.02 0.04 0.23 0.04 0.01 0.93 0.16
MaxVar 0.05 0.09 0.11 0.05 0.07 0.00 0.09 0.12 0.19 0.09
LLCFS 0.04 0.10 0.08 0.03 0.05 0.03 0.08 0.06 2.13 0.29
TraceRatio 0.17 0.05 0.13 0.04 0.20 0.00 0.08 0.02 1.23 0.21
MCFS 0.05 0.04 0.43 0.01 0.13 0.53 0.04 0.22 0.73 0.24
SCUFS 0.07 0.03 0.14 0.02 0.08 0.28 0.04 0.01 0.18 0.09
SCFS 0.01 0.01 0.08 0.01 0.02 0.14 0.03 0.01 0.17 0.05
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Table 7

The Stability index (SI) from 10 runs by perturbing the 20% of the samples.
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon Average
LS 0.59 1.00 0.15 1.00 0.68 0.50 0.64 0.32 1.00 0.65
UDFS 0.30 0.09 0.16 0.38 0.57 0.24 0.28 0.24 0.58 0.31
NDFS 0.88 0.82 0.90 0.85 0.85 0.87 0.82 0.85 0.85 0.86
SPUFS 0.37 0.23 0.36 0.17 0.07 0.48 0.05 0.30 0.15 0.24
LDSSL 0.98 0.00 0.06 0.97 0.02 0.27 0.89 0.32 1.00 0.50
MaxVar 0.99 0.92 0.98 0.97 0.99 0.97 0.98 0.97 1.00 0.98
LLCFS 0.79 0.38 0.37 0.79 0.90 0.63 0.65 0.67 0.96 0.68
TraceRatio 0.99 0.88 0.99 0.99 0.99 0.93 0.98 0.99 1.00 0.97
MCFS 0.42 0.26 0.45 0.46 0.35 1.00 0.20 0.36 0.43 0.44
SCUFS 0.68 0.50 0.51 0.39 0.51 0.43 0.61 0.53 0.48 0.52
SCFS 0.80 0.76 0.77 0.77 0.81 0.82 0.86 0.80 0.86 0.81

Table 8

The running time of SCFS compared with the other methods (in seconds).
Dataset Lung Lymphoma Prostate-GE ORL Isolet BASEHOCK BA GLIOMA Madelon Average
LS 0.39 0.41 33.15 5.10 38.67 4.59 0.54 0.15 25.03 12.00
UDFS 821.77 2445.84 22720.17 62.17 133.99 3403.93 35.73 2978.69 270.80 3652.57
NDFS 1715.43 542.29 15616.99 107.62 72.55 601.63 14.31 612.98 255.38 2171.02
SPUFS 17.41 12.22 19.59 49.60 0.12 109.32 0.02 9.84 84.94 33.67
LDSSL 195.32 7184.70 1548.83 642.50 710.74 6125.77 15.57 312.33 9.84 1860.62
MaxVar 0.02 0.03 0.64 0.63 3.72 0.08 0.03 0.03 1.44 0.73
LLCFS 20.19 9.31 24.90 35.27 359.88 852.95 82.76 4.11 1375.66 307.23
TraceRatio 37.48 10.91 132.23 40.03 17.60 65.67 1.69 10.30 13.04 36.55
MCFS 0.08 0.04 12.58 0.07 0.82 3.65 0.27 0.02 7.11 2.74
SCUFS 76.52 3.13 15.38 141.74 556.75 1559.20 190.71 1.61 1763.96 478.78
SCFS 2.35 142.86 26.32 0.35 10.67 7.16 21.53 8.02 2.68 24.66

The stability of different used methods is evaluated by SI measure
with 10 runs and the 20% perturbation applied on the samples. Table 7
presents SI results. Although, SCFS is not the best one based on SI
measure, but it generally stands in the four best stable methods on
average.

Finally, we investigate the running time of the proposed method
compared to the other methods. The running time of different methods
are reported in Table 8. Although, the running time of SCFS is not the
best, but the average time cost is in the top four methods.

The proposed approach resulted in better performance based on a
variety of evaluation measures due to the following considerations,

+ Implicitly learn the similarity matrix to reduce the search space.

+ Adaptively compute the sample similarities to prevent suboptimal
result.

+ Perform clustering to learn underlying structure of data.

6.5. Parameter sensitivity and convergence study

First, the sensitivity of parameters a« and g in our model are inves-
tigated. The experimental results on Acc and NMI criteria for all of
datasets are presented on Figs. 5 and 6. For all candidate of « and g
parameters, the logarithms base 10 is taken. Figs. 5 and 6 demonstrate
that there is a slight sensitivity to these parameters. By considering the
results on the different parameters, we set « = 1 and g = 10 as the
default values. Furthermore, Fig. 7 represents the performance results
based on the default and their best parameters. As shown in Fig. 7,
using the default parameters setting, the proposed method obtains
relatively good results in comparison to the best parameters setting,
except on GLIOMA dataset in NMI measure with a significant gap
between the default and the best parameters setting. This may be due
to the mechanism of selecting default parameters which is based on
the majority process among all nine datasets. The default parameters,
a = 1and § = 102, are resulted in overall good results on all of datasets
except NMI on GLIOMA dataset. Therefore, the proposed method can
be practically applied based on the default parameters setting.

Next, we experimentally study the convergence behavior of the pro-
posed algorithm. Fig. 8 presents the speed of the convergence according
to the objective values with respect to the number of iterations on
different datasets. The stopping criteria is set as W < 1073,
where 0bj(1) is the objective function value of Eq. (3) in tl]1e tth iteration.
As shown in the Fig. 8, the proposed algorithm monotonically decreases
the objective function in a few iteration. A small point is that the
proposed algorithm is converged too slowly in lymphoma dataset as
compared with the other employed datasets.

6.6. Selected features

Here, we investigate the selected features obtained by the 11 meth-
ods (LS, UDFS, NDFS, SPUFS, LDSSL, MaxVar, LLCFS, TraceRatio,
MCFS, SCUFS, and SCFS), when 300 features are selected. Table 9
shows the most commonly selected features by the different applied
methods. This can be applied to illustrate features are providing more
advantage rather than the others.

The overlapping feature space among the methods are represented
in Fig. 9. Part (a) to (i) represent the number of common selected fea-
tures of the employed methods on the datasets of Table 2. Furthermore,
part (j) of Fig. 9 is dedicated to the average number of overlapping
features. It can be observed from Fig. 9 that there are similarities
among the proposed method, SCFS, and state-of-the-art methods, UDFS,
MaxVar, SCUFS, LLCFS, and SPUFS on choosing the common features.
This fact indicates the reliability and confidence of the SCFS that can
be applied on practical situations.

7. Conclusion

In this paper, we proposed a novel unsupervised feature selection
framework initiated from the subspace learning and regularized re-
gression to maintain sample similarities and take underlying structure
into account in the selected features. The proposed method, SCFS,
was designed to implicitly learn the cluster similarities in an adaptive
manner. Furthermore, a unified objective function was constituted



M.G. Parsa, H. Zare and M. Ghatee Engineering Applications of Artificial Intelligence 95 (2020) 103855

Acc %

(b) Lymphoma (c) Prostate-GE

4 3

(d) ORL () Isolet (f) BASEHOCK

(g) BA (h) GLIOMA (i) Madelon

Fig. 5. The performance of SCFS in terms of Acc using different values of the parameters a and .
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Fig. 6. The performance of SCFS in terms of NMI using different values of the parameters a and f.
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Selected features by the most methods on standard datasets.

Dataset Selected features #Methods
Lung 597, 775, 2110, 2579, 2750, 3021, 3128 8
Lymphoma 1103, 1141 7
Prostate-GE 159, 1362, 1828, 1992, 2594, 2984, 3724, 4486 6
ORL 22, 46, 57, 65, 100, 188, 200, 262, 530, 531, 562, 993, 1017 8
Isolet 20, 70, 83, 462 10
BASEHOCK 250, 483, 769, 1184, 1366, 1722, 2005, 2472, 2631, 2965, 3038, 3233, 3302, 4428, 4806 6
BA 22, 23, 26, 27, 36, 37, 38, 39, 40, 48, 49, 50, 51, 52, 53, 54, 55, 56, 59, 60, 62, 63, 67, 69, 71, 72, 74, 75, 76, 77, 11

79, 80, 82, 83, 87, 89, 90, 92, 93, 94, 97, 99, 100, 103, 105, 106, 107, 108, 109, 110, 115, 118, 119, 121, 123, 124,

125, 126, 127, 128, 129, 131, 134, 135, 136, 137, 138, 139, 141, 142, 144, 145, 147, 150, 152, 155, 156, 157, 158,

159, 164, 165, 168, 169, 170, 175, 176, 177, 178, 180, 183, 184, 185, 186, 187, 188, 189, 191, 192, 194, 195, 196,

197, 198, 199, 200, 202, 203, 204, 205, 206, 207, 208, 210, 212, 213, 214, 215, 216, 217, 218, 219, 221, 222, 223,

225, 226, 227, 228, 229, 231, 234, 235, 236, 239, 240, 241, 243, 245, 246, 247, 249, 251, 252, 253, 255, 258, 259,

260, 263, 265, 266, 267, 269, 270, 271, 272, 273, 274, 276, 278, 280, 282, 283, 284, 285, 286, 287, 289, 290, 291,

292, 293, 295, 296, 297, 298, 299, 300, 301, 303, 304, 305, 306, 307, 312, 313, 315, 316, 317, 318, 319
GLIOMA 3707, 4120, 4390 8
Madelon 80, 158, 481 11
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Fig. 8. Convergence curve of SCFS on different datasets.

from the main underlying characteristics of the proposed method. The
optimization algorithm was proposed to obtain the solutions in an
efficient way. In line with the computational complexity of the pro-
posed algorithm, its convergence was investigated through an empirical
study on real datasets. Extensive experiments on a variety of datasets
was performed to show the effectiveness of the proposed method.
Furthermore, the robustness and stability of the proposed approach
were approved through a variety of standard evaluation measures.
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Method LS UDFS NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

LS 300

UDFS 13 300

NDFS 16 6 300

SPUFS 11 169 4 300

LDSSL 64 80 0 82 300

MaxVar 72 119 5 168 74 300

LLCFS 66 125 5 171 83 228 300

TraceRatio 17 0 46 0 0 0 0 300

MCFS 31 59 10 68 39 69 63 1 300

SCUFS 17 127 8 168 88 116 115 0 57 300

SCFS 55 105 5 127 81 143 150 1 67 108 300
(a) Lung

Method LS UDFS NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

LS 300

UDFS 0 300

NDFS 12 31 300

SPUFS 0 7 55 300

LDSSL 13 23 30 25 300

MaxVar 75 30 24 56 30 300

LLCFS 14 43 27 57 30 80 300

TraceRatio 28 13 34 11 25 16 22 300

MCFS 5 44 28 42 26 26 26 17 300

SCUFS 16 32 71 68 26 33 23 82 36 300

SCFS 5 46 48 58 28 27 39 15 33 27 300

(b) Lymphoma

Method LS UDFS NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS
LS 300

UDFS 0 300

NDFS 1 58 300

SPUFS 2 112 110 300

LDSSL 0 2 0 0 300

MaxVar 55 46 48 66 0 300

LLCFS 1 41 38 55 3 46 300

TraceRatio ~ 60 5 4 1 0 46 36 300

MCFS 0 22 14 22 47 7 22 10 300

SCUFS 0 81 88 160 0 44 46 0 23 300

SCFS 1 45 38 58 0 55 29 2 15 42 300

(c) Prostate-GE

Method LS UDFS NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

LS 300

UDFS 46 300

NDFS 52 102 300

SPUFS 47 94 109 300

LDSSL 52 95 106 154 300

MaxVar 54 109 88 159 229 300

LLCFS 13 96 101 170 182 202 300

TraceRatio = 200 64 52 31 4 8 2 300

MCFS 66 97 126 113 93 94 99 62 300

SCUFS 55 106 112 96 93 90 92 52 105 300

SCFS 55 107 117 116 92 93 97 61 147 111 300
(d) ORL

Method LS UDFS NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

LS 300

UDFS 184 300

NDFS 189 250 300

SPUFS 93 29 27 300

LDSSL 141 132 144 153 300

MaxVar 242 145 154 137 149 300

LLCFS 227 144 149 141 147 274 300

TraceRatio 121 181 175 117 138 86 90 300

MCFS 162 199 200 85 139 141 143 159 300

SCUFS 187 233 232 56 138 149 150 165 198 300

SCFS 171 185 184 97 139 147 145 165 167 180 300
(e) Isolet

Fig. 9. The number of common selected features of the employed methods in our study on the different datasets from part (a) to part (i). The average number of overlapping on
all of datasets is shown in part (j).
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Method LS
LS

UDFS
NDFS
SPUFS
LDSSL
MaxVar
LLCFS
TraceRatio
MCFS
SCUFS
SCFS

Method LS
LS

UDFS
NDFS
SPUFS
LDSSL
MaxVar
LLCFS
TraceRatio
MCFS
SCUFS
SCFS

Method LS
LS

UDFS
NDFS
SPUFS
LDSSL
MaxVar
LLCFS
TraceRatio
MCFS
SCUFS
SCFS

Method LS
LS

UDFS
NDFS
SPUFS
LDSSL
MaxVar
LLCFS
TraceRatio
MCFS
SCUFS
SCFS

Method LS
LS
UDFS 75
NDFS 7
SPUFS 82
LDSSL 85
MaxVar 127
LLCFS 103
TraceRatio 113
MCFS 76

SCUFS 76

SCFS 84

UDFS

UDFS

UDFS

UDFS

UDFS

118
116
92
109
108
88
112
140
120
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NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

(f) BASEHOCK

NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS
NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

(h) GLIOMA

NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

(i) Madelon

NDFS SPUFS LDSSL MaxVar LLCFS TraceRatio MCFS SCUFS SCFS

92 65 73 63
107 90 96 90 92
128 124 93 104 103
110 115 100 119 116

(j) Average

Fig. 9. (continued).
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